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We show how a fundamental assumption in the Dirac formulation of quantum mechanics, namely that the
states of a physical system at a particular time are mathematically represented by unit vectors in Hilbert
space, can be deduced from certain aspects of our experimental procedures and of the observed outcome
of quantum mechanical experiments. Our assumptions have clear empirical meaning and the results hold
true for any dimensionality of the system, without anomalies in low dimensions which exist in the two well-
known axiomatic approaches to quantum mechanics. The propositional logic approach of Birkhoff and von
Neumann does not work for quantum systems of dimension less than four and requires an assumption
which does not have an empirical basis. Jordan algebra axioms, on the other hand, also lead to anomalies
in low dimensions and, moreover, are formal and cannot be directly physically interpreted. In our work it

was possible to avoid these shortcomings.

INTRODUCTION

Dirac in his classic work! developed quantum theory
starting from the basic assumption that the states of a
physical system at a particular time can be mathe-
matically represented by vectors in Hilbert space. The
assumption holds true even in relativistic quantum
mechanics and appears to be very deep and far-reach-
ing. It is, however, rather formal since it is not easy
to see how it can be related to the known empirical
facts.

Birkhoff and von Neumann,? with their work on the
“propositional logic,” were the first who attempted to
build quantum mechanics from physically motivated
rather than formal axioms. Plausible arguments led
them to the conclusion that the set of experimentally
verifiable propositions of a physical system form a
complete, orthocomplemented lattice. Their proposition
system is an unique direct union of irreducible proposi-
tion systems and each of them can be imbedded into a
projective geometry. The representation theorem?® then
tells us that if the projective geometry G has dimension
n=> 3 there exists a linear vector space L over some
field and a one-to-one correspondence between the ele-
ments of G and the linear manifolds of L. The property
of orthocomplementation defines a definite Hermitian
form in the vector space L and restricts the field to a
real, complex, and quaternionic field. The vector space
L thus becomes a metric space with positive definite
metric.

Much work has subsequently been done? to improve
and complete the approach of Birkhoff and von Neumann,
and especially to derive their axioms from physically
more defensible assumptions. Two serious difficulties
associated with their approach, however, remain.
First, they must assume that the greatest lower bound
exists for any, even an infinite, family of propositions.
There is no empirical basis to support this assumption.
The second difficulty is that the strong representation

2'Thig work was initiated and in part performed when the
author was at the Department of Physics and Astronomy,
University of Maryland.
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theorem mentioned above exists only for projective
geometries of dimension »>2 (in conventional quantum
mechanics they would correspond to systems with a
basis of dimension y=#% +1>3). In the case n=2 the
theorem becomes so weak that it is of little value®®
and when n=1, there is no representation theovem at
all. The axioms of Birkhoff and von Neumann therefore
can say nothing about the one- and two-dimensional
systems which, in fact, occur in nature (e.g., spin
systems with j=3 or 1), even if they are derived from
the empirically well-based assumptions.'®

The Jordan algebra axioms,!! on the other hand,
which give a strong representation theorem for all finite
dimensions, also lead to anomalies in low dimensions
and, moreover, are formal and cannot be directly
physically interpreted.'®

Our goal will be to obtain the representation theorem
for all dimensions from physically well-based assump-
tions. We shall do this in two steps. First we introduce
the states of a physical system as an abstract set over
which one can define a topology on the basis of certain
empirical observations. As we shall see, the require-
ment that the observations in physics be communicable
will have a profound effect on the topology, making it
satisfy the second axiom of countability. One can then
show that, with this topology, the set of quantum states
is homeomorphic to a subset of the unit sphere in the
complex Hilbert space. It will become clear that some
of the vectors representing the states must be super-
positions of others.

QUANTUM MECHANICAL STATES AND THEIR
TOPOLOGY

There is a profound difference in our observations of
classical and quantum physical systems. A classical
system, after we carried through the measurements,
is essentially still the same as it was before. Mea-
surements perturb a classical system so little that we
can normally neglect their effect on it, It is not so with
quantum systems. Here a measurement usually perturbs
the system strongly and in an uncontrolled way. The
outcome of the measurement is thus unpredictable and
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so is the change which the system itself undergoes in
this process. A measurement like in classical physics
can therefore give us hardly any information at all in
the case of quantum systems. One therefore creates a
large number of identical systems, performs the same
measurement on each of them and then looks at the
probability for a certain outcome of the measurement
to occur, But how do we know that the systems are in-
deed “identical”? We have no way of controlling the
large number of the microscopic constituents of the
apparatus which we use to prepare the system. Also
there could be unknown “hidden variables” which we
would need to specify. We call the systems “identical”
simply because we prepare them using (macroscopical-
ly) the same procedure.

Thus, to be able to say anything at all about a quantum
mechanical system and also to be able to communicate
the observations to others, we must be able to specify
uniquely the system which we investigate. We could not
create “identical” copies of it otherwise. Suppose that
we have assembled all the necessary equipment needed
to generate the physical system which we want to study.
Different states of the system must then correspond to
different settings of the meters with which we control
our instruments, If the states of the physical system
are introduced as an abstract set S, we can say that to
each element of this set there corresponds a unique set
of numbers which we read on our meters, that is, a
point in R”, to be completely general. Later on we shall
discuss this correspondence a little more in detail.

Let us emphasize again that such a correspondence
must exist since otherwise we would have no way of
reproducing the state and therefore we could not per-
form quantum mechanical measurements on it and we
could not communicate our observations to others.

Suppose now that we prepare our system in a state a
by passing it through the appropriate apparatus, often
called “filter.” If the system so prepared is then made
to pass through the filter corresponding to some other
state b, we can either get our system in the state b or
we can get nothing. It cannot be predicted which of
these two possibilities will actually occur. Sometimes
one occurs, sometimes the other. However, if the
experiment is repeated many times, one finds that there
exists the limit

lim [nla, b)/n]=pla,b),
where n(a, b) is the number of those experiments which
have for the outcome the system in the state b and » is
the total number of the experiments performed. The
limit is, of course, a function of both states a and b.

There exists therefore, a function p, usually called
transition probability, which maps the elements
{a, b) € $XS onto the points pla,b) < [0,1]. Transition
probability has the well-known properties:

(@) pla,b)=1<=>a=0,
1)
(&) pla,b)=plb,al.
Note that p(x,y) =1 means that x and y are indistinguish-

able. One can further assume that if 1 — p(x,y) is
“small” then x and y are “close,” i.e., similar to each
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other in physical properties, in particular that | p(z,x)
- plz,y)l is “small” for all z, Thus, one can assume
that, in addition to the properties (a) and (b) given
above, transition probability also has the following
property:

(c) Given an € >0, there exists a 5 >0 such that, for
all ze S,

[p(z,x) = plz, )| <€ if 1 -px,y) <5. (2)

For any ac S we can now define the family U(a) of seis
U (a)
14

U a)={x|xeS, 1 -pla,x)<1/v}, v=2,3,4,-+-. (3)

It is not difficult to show that the sets U(a) satisfy the
three axioms of Hausdorff!?:

(H1) Every element xc S possesses at least one set
in U(x) and is contained in all sets of U(x).

(H2) The intersection of two sets of U(x) contains a
set of U(x).

(H3) If y is in the set Ve Ulx) then there exists a set
W e Uly) such that W V.

The first two axioms are obviously satisfied. To
show that the sets U(x) satisfy also the third axiom,
we choose a set U, (a) CU(a) and a state b# a such that
be U,(a). We then have

1-pla,b)=1/v—¢, where 0<e<1/p,

Because of the property (2) of the transition probability,
there exists an integer p such that the inequality

[pla, b) = pla,x)| <e/2
holds true for all x which satisfy
1 _p(bsx)<1/p’

This means that for all x< U, (b) we have
1-pla,x) <1~ pla,b) +e/2=1/v-¢/2.

Therefore, for any be U, (a) there exists a Up(b) such
that

U,(b) U (a),
which was to be shown.

Since the sets U(x) satisfy the axioms of Hausdorff,
they form a fundamental system of neighborhoods (i.e.,
a neighborhood basis) at each point x< S and therefore
define uniquely a topology in S.2'!* We shall now show
that this topology, call it 7, has a countable basis, so
that the set S of physical states satisfies the second
axiom of countability.!*

We pointed out already earlier in this section that to
each state of a physical system there corresponds a
unique sequence of numbers, i.e., a unique point in
R, We came to this conclusion by imagining that we
have all the instruments assembled which are needed to
generate the system we want to study so that different
states of this system then correspond to different
readings on the meters. Even if infinite number of in-
struments were needed, each of them having an arbi-
trarily large (could be infinite) number of meters, the
set of all the readings would still be countable and thus
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could be represented by a point in R*, (This is because
the union of a countable family of countable sets is
countable.'®) We also pointed out that such a correspon-
dence must exist since otherwise we would have no way
of reproducing a state, and therefore we could not per-
form quantum mechanical measurements. It is clear
that a state can have physical meaning only if it can be
characterized by a finite number of data or if it can be
approximated by a state of such property to any desired
degree of accuracy. It is also clear that we should be
able to approximate any state, to any desired degree of
accuracy, by a state characterized by rational numbers
only. Let R* be the set of all points in R* which have
different from zero only finite number of components,
all of them being rational numbers. The set R* is
countable. The physical states which correspond to
points in R* form then a countable subset S*CS. It fol-
lows, from what we just said about physical states,
that for any a< S and an arbitrarily small ¢ > 0 there
must exist a be S* such that 1 - p(q, d) <e.

The family of sets
B={U,(x)|xcS*, v=2,3,4,*++ )
with U, (x) as defined in (3) form a basis of topology 7
in S. To show this, we choose an arbitrary set GCS
which is open with respect to the topology 7. For each
point ac G there is a member of its neighborhood basis

U, (a) such that U,(a) CG. Suppose that a& S*. We can
find a basic set U,,(b) C B, where b is chosen so that

1 -P(a: b) < 1/4V:
|p(a, %)= p(b,x)| <1/4v for all xeU,,(b).

Such a choice is possible because of the properties of
the set S* introduced above, and because of the property
(2) of transition probability. It follows then that

ac U, (b) and 1-pla,x)<1/2v for all xcU, ()

so that U, () c U,(a). We have therefore the relation
ac U, (B)CG. (5)

If acS*, a similar relation obviously exists. Thus,
since G and ac G are arbitrary, the relation (5) implies
that the family of sets B, defined in (4), form a basis
of topology 7. It is important to note that this basis is
countable since it is a union of a countable family of
countable sets,!®

The space of quantum states S is regular in the
topology 7. To see this, we note first that the closure
U,(a) of a set U, (a) defined in (3) is contained in

U @) c{x|1 -pla,x) < 1/v}.

Indeed, for any point y such that
1-pla,y)=1/v+e, €>0

we can find a v'=v'(€) so that if xe U, (y), then
[pla, %) = pla,v)| <e/2.

This means that 1 - p(a,x) > v +¢/2 for all xe U,.(y),
that is,

U,.(y)NU(a)=8.
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The point y is therefore an exterior point of U,(a), no
matter how small ¢ is. Clearly then, every neighbor-
hood of a point x contains a closed neighborhood of x,
that is, the space S is regular.

We see that the well-known empirical facts about the
quantum states, together with the requirement that our
observations be communicable, enable us to define a
topology 7 over the set of states S which has a countable
base and which makes S into a regular space.

QUANTUM MECHANICAL STATES AND HILBERT
SPACE

We shall now show that the space of quantum states
S, with the topology 7 constructed in the preceding
section, is indeed, homeomorphic to a set in Hilbert
space. The problem of metrization of topological spaces
that is, the problem of finding necessary and sufficient
conditions for a topological space to be metrizable (i.e.,
homeomorphic to a certain metric space), has been
regarded as one of the basic and most important prob-
lems in mathematics. The most general solution to
this problem was given by Smirnov in 1951.1''7 We
shall base our work on his solution which, for our
topology, can be simplified somewhat.

In the preceding section we showed that topology 7 in
the space S has a countable base B

B:{Bn}7 1’1:1,2,3,"',

and that the space is regular, It is not difficult to show
that every open set G in the space S is of type F,, i.e.,
it can be expressed as union of a sequence of closed
sets. In fact, since S is regular, for every xe G, there
exists a neighborhood B, ,, belonging to the basis B,
the closure of which is contained in G

Bn(x) 6.
It is therefore possible to find a subsequence B’ :{Bn,}
C B such that

G=UB,, B,cB foralln.
G is therefore of type F,.

The space S is normal. To prove this, we select two
disjoint closed sets C and D of the space S. For every
point x&C we select a neighborhood B, ,, belonging to
the basis B, whose closure is disjoint from the set D
and, analoguously, for every point yc D we select a
neighborhood B, ,, € B whose closure is disjoint from
the set C. Such neighborhoods exist in view of the
regularity of the space S. Furthermore, for every
x< C and every ye D we can define the sets

Vn(r):Bn(x)\ yUGD Bk(y)’

y)<nix)

— U B
Vn(y)—Bn(y) x&C Bk(x)'

kix)sn(y)

Clearly then the sets

V=U Vo and V=U V.,

are disjoint neighborhoods of the sets C and D. The
normality of the space S is thus proved.
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We can now construct a topological mapping of the
space of states into Hilbert space H. Since S is normal
and since every open set of the space S is of the type
F,, there exist'® continuous functions g,(x) satisfying the
conditions 0 < q”(x)s 1 for all x< S and vanishing at all
points xS\B,, and only at these points. With the help
of the functions g, (x) one can then define continuous,
complex-valued functions £ (r), for example, by

En(x)sz'"(l -a"®)/(1 +1al), Ima>0,

so that F(x)=3, | £.(x)12<2. The functions ,(x)
=¢ (x)/F'/%(x) then satisfy the following conditions:

(a) 0<1¢ () <1 for all xS and vanishing at all points
xe S\B_; and only at these points.

0 3, £, =1,

This means that the family {¢ (¢)}, where x is an
arbitrary point of the space S, is an element of the
Hilbert space H, which we denote by f(x). In this way,
we obtain a mapping f of the space S onto a certain sub-
set f(S) of the Hilbert space H. We shall now prove that
this mapping is one-to-one. In fact, if x and y are two
distinet points of the space S, there exists a certain
8, containing the point x and not containing the point y.
Then £, (x)#0, but £ (y)=0, from which it follows
that £ (x)# f(y). We show next that the mapping f is
continuous. Let x« S and ¢ >0 be chosen arbitrarily,
and let N be a natural number such that 2-¥ <¢2/8, We
can select a neighborhood O, of the point x so small
that for every y e O, the inequality

| £y (0) = £, ()| <e/VZn

is satisfied for all n, < N. From this we have the in-
equality

Z g0 - g,()]* <e/2.

In accordance with the choice of the number N, we have,
furthermore,

2 |E,() ~ £ (v)|2<4/2m<e?/2,
N
The two inequalities together give us
1/2
oLt 1 =(D e, - 5 ) " <,

by which the continuity of f is proved.

We shall finally prove that the one-to-one and con-
tinuous mapping f is continuous also in the other direc-
tion. Let the point ¢ € £(S) and the neighborhood O, of
the point x =f-(£) be chosen arbitrarily. We select
B,c B such that xe B,C O, and set e=1¢,(x)| #0. Then,
for every point ne f(S) such that p(t,n) <¢, we shall
have | £ ()| #0, where y=7"'(n). This implies that
ye B, CO,. In other words,

Hotg,elco,
by which all the necessary proofs are completed.

We have thus shown that the states of a quantum
system are mathematically vectors in Hilbert space,
more precisely, in l,. Since the basis in this space is
either finite or at most countably infinite, not all of
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these state vectors can be linearly independent, that

is, some of them are linear combinations of others.

(No two state vectors are proportional to each other,
though.) We have thus arrived at the celebrated “super-
position principle” for quantum states. The present
derivation is based solely on a few well-known facts
about our experimental procedures and about the ob-
served outcome of experiments performed on quantum
systems. The requirement that our observations be
communicable is found to have a profound effect on the
topology of quantum states, making it satisfy the second
axiom of countability. In our analysis we are not limited
in any way by the dimensionality of quantum systems.
We mentioned already that the propositional logic ap-
proach of Birkhoff and von Neumann does not work for
systems of dimension less than four. None of the two
approaches, however, seems to enable us to determine
the Hilbert space completely. Propositional logic allows
Hilbert spaces over real complex, or quaternionic
fields. In our case, as can be seen easily, a homeo-
morphism of the space of quantum states into a real
Hilbert space is also possible. We do not know as yet
what are all the possible Hilbert spaces allowed by the
assumptions upon which our approach is based. Thus,
the empirical basis for the complex numbers in con-
ventional quantum mechanics remains still unknown.
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The well-known limitations on the field of the quantum mechanical vector space, which, within the
framework of the propositional logic of Birkhoff and von Neumann, can be obtained only for systems of
dimension greater than or equal to four, are obtained here for all dimensions. The propositional logic fails
to provide any information about the quantum systems of dimension less than four and, moreover, one
does not know the empirical meaning of one of its basic assumptions. The Jordan algebra approach, on
the other hand, which provides the same limitations on the field, also suffers from anomalies in low
dimensions and is altogether formal rather than physical. In the present work, which is based on a recent
study of the topological properties of quantum states, there are no low-dimensional anomalies and the

assumptions have clear empirical meaning.

INTRODUCTION

Within both of the well-known axiomatic approaches
to quantum mechanics, i.e., the propositional logic,**?
originated by Birkhoff and von Neumann, and the Jordan
algebra,” there exists possibility of determining partial-
ly the quantum mechanical vector space. In the proposi-
tional calculus, one first shows that an irreducible
system of propositions can be imbedded canonically into
a projective geometry. There exists then the represen-
tation theorem which tells us that projective spaces of
dimension >2 (which in conventional quantum mechanics
would correspond to systems with a basis of dimen-
sion d=n+1>3) can be represented by vector spaces
over division rings.* If one analyzes which of the divi-
sion rings fulfil the requirements involved by the rep-
resentation theorem, one is left with real, complex, or
quaternionic fields.® The original work of Birkhoff and
von Neumann was later clarified and improved by
many authors. (See, e.g., Ref. 2 and the works men-
tioned therein.) However, a fundamental difficulty can-
not be removed.® The representation theorem mentioned
above exists only for systems of dimension > 4 and so
the propositional logic cannot tell us anything about the
quantum mechanics of some systems which do occur in
nature, e.g., Spin systems with j=% and 1.

The Jordan algebra axioms® lead to a much stronger
representation theorem than the propositional logic.®
One obtains real, complex, and quaternionic vector
spaces for all finite dimensions and a small number of
low-dimensional “anomalies,” namely, one non-
Desarguesian plane (Cayley—Moufang plane) correspond
ing to the Jordan algebra M} for dimension n=2, and
the N-spheres for n=1, corresponding to the Jordan
algebras S,. The axioms, however, are formal rather
than physical.

It was recently shown,” on the basis of the well-known
empirical facts about measurements, that there exists
a topology in the set of quantum states and that the
space with such a topology is homeomorphic to a sub~
set of the unit sphere in the complex (or real) Hilbert
space. These results hold true for any dimensionality
of the quantum system. There are no “anomalies” in
low dimensions, and the assumptions have clear em-
pirical meaning. The question not fully discussed so
far is whether the homeomorphism of the quantum
states into the complex (or real) Hilbert space is the
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only one possible, We will continue the studies of

the Ref. 7 by proving that such a homeomorphism can-
not exist unless the Hilbert space is over real, com-~
plex, or quaternionic field. Even more can be shown to
be true: A one-to-one correspondence between the
quantum states xe S and any sequences {f,(x), f,{x),* "},
where f,, n=1,2, >, are continuous functions over S
with the range in some continuous field F, is possible
only if F is a real, complex, or quaternionic field.

CONNECTEDNESS OF QUANTUM STATES

First, let us us recall some of the important findings,
obtained in the Ref. 7. Let S be the set of all quantum
states of a physical system. Empirical observations
lead us to the conclusion that there exists a function p,
usually called transition probability, which maps the
elements (a,b)c SXS unto the points pla,d)c [0,1] and
has the following well-known properties:

(a) /7((1,[)):1 <= a=h,
(b) pla,b)=pib,a), 1)

(c) given ane >0, there exists a >0 such that, for
all ze S, 1plz,x)=plz, ) <eif 1-plx,v)<5.

One can then show that the sets
Un(a):{x txe S, 1-pla,x) <1/}, n=2,3,+--, (2)

form a fundamental system of neighborhoods (i.e., a
neighborhood basis) at each point ac S and therefore
define uniquely a topology 7 in S. The requirement that
our experiments be communicable, so that they can be
repeated, makes this topology 7 satisfy the second
axiom of countability. The assumptions, introduced
above, have clear empirical basis and are sufficent

to prove that the set of quantum states S, with the
topology 7, is homeomorphic to a subset of the unit
sphere in the complex (or real) Hilbert space. These
assumptions by themselves, however, do not seem to
be complete enough to prove that homeomorphisms of
S into the Hilbert spaces over other fields are impos-
sible. We will now show that, together with another,
apparently innocent property of quantum systems, they
do restrict the field of the vector space to real, com-
plex, or quaternionic numbers.

To make clear what the essence is of some of the
arguments, we will first discuss the simple case of
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polarization states of a photon. We will then show that
similar arguments can be made for any quantum sys-
tem so that the subsequent analysis therefore will be
of general validity.

Let S be the space of all polarization states of a
photon, with the topology 7 as introduced and described
in Ref. 7 and above, and let A be the subspace of S,
consisting of linearly polarized states only. A being a
subspace of S means, of course, that its topology 7, is
the relative topology® with respect to 7. If ac ACS,
then the following class V ,(a) of subsets of A is a
74-local (i.e., neighborhood) basis at ac A ®

Vi@ ={An U (): Uae V(a)}, @)

where V(a)={U,(a)} is the T-neighborhood basis at ac S,
defined in (2). It is clear, of course, that

ANU (@) ={x:xc A, 1 =pla,x)<1/n}, n=2,3,++, (4)
The elements of V,(a) we shall designate by U,, (a).

Recall now a simple, but very important empirical
observation concerning the linearly polarized states: If
our polarizer at the moment produces the state a, we
can obtain any other state # < A by simply rotating the
apparatus by an angle ¢, around the appropriate axis.
(By ¢, I mean the smallest such angle.) Even more: To
each ¢, 0 < ¢ < ¢,, there corresponds one, and only one
state in A. Thus, when we rotate the polarizer from the
state a to the state b, the corresponding quantity ¢/¢,
takes on all the values from 0 to 1 exactly once. These

observations can be recast into a more formal language.

A continuous function s of the unit interval I=[0,1] into
an arbitrary space X, i.e.,

s:l—X

is usually called a path in the space X. It follows then,
from what is said above, that for any two states a and
b in A there exists a path s :7— A such that s(0)=a and
s{1)=0. The function s is continuous with respect to
the relative topology 7,. The subspace A is therefore
pathwise connected.? Since A is pathwise connected, it
is also connected. To see this, we pick an element
xo& A and choose for each element xc A a path

s i I—A

such that s (0) =x, and s_(1)=x. As continuous image of
a connected space I, sx(I) is a connected set for every
xe A. Furthermore, x,< s (I) for every xe A and

A:xLE)A S‘xu),

and, since the union of any family of connected sets with
a common point is connected, it follows that A is con-
nected in the relative topology 7,. This, however,
implies that the subspace A is connected also with re-
spect to the topology T on S, since a subspace of any
topological space (X, 7) is connected with respect to 7
if and only if it is connected with respect to its own
relative topology.®

We have thus established that the topological space
(S, 7) of all polarization states of a photon contains at
least one nonempty connected subset A, which is not a
singleton. The same, however, can be said about the
states of any quantum system. In principle, at least,

1527 J. Math. Phys., Vol. 18, No. 8, August 1977

we can always rotate a quantum system about an axis
and then use the arguments given above to show that the
states which correspond to particular angles of rotation
form a connected subset in the space of all states of the
system. Other operations may also be possible which
can be used to show that there are connected subsets
within the space of quantum states. Rotations of the
system, however, are always possible and, as we just
showed, they are sufficient to establish the existence

of connected subsets of quantum states,

THE POSSIBLE VECTOR SPACES

It remains now to show that, because of the connected
subsets existing in the space of quantum states S, only
certain one-to-one maps are possible over S. In the
Ref. 7, it was found that to every quantum state xc S
there corresponds a vector h(x) in the Hilbert space H,
i.e.,

xﬁ' {f1(x)rf2(x)7 te .}’

2 |f,0)]2=1, for every xc S, (5)

and that this correspondence % is a homeomorphism.
fp» n=1,2,-+-, are continuous, complex, or real valued
functions over S. Continuity of the functions f, is nec-
essary for the function 4 to be continuous. This can be
seen easily. The neighborhood S _[A(x)] of a &(x) in H is
defined by
1/3
2 <

Sr[h(x)]:{h(v): [Zn) 7,60 = 1,001 } 7’} .

If & is continuous then for every neighborhood S_{h(x)]
of h{x) € H there exists a neighborhood O, of xc S such
that

1(0,) S, [h(x)].

It follows then immediately that the functions f,, »
=1,2,-++, are all continuous.

Being a homeomorphism, % is, of course, a one-to-
one map. However, a one-to-one correspondence be-
tween quantum states x< S and the set of sequences
{A(x), f,(x),+++} where f,, n=1,2,---, are continuous
functions over S with their range in some continuous
field F, can exist only if F is a real, complex, or
quaternionic field. To show that this is indeed so, we
first note that a topological field can only be either
connected or totally disconnected.!® Suppose first that
F is a totally disconnected field. Single elements are
then the largest connected sets in F. In the preceding
section we found that there exist connected subsets in
the space of quantum states S$ which are not singletons.
Let ACS be one of these connected subsets. Since every
continuous image of a connected set is connected,® it
follows that each function f, maps all elements of the
set A into the same element a, < F, i.e.,

fA)=a c F.

To every quantum state xc A there corresponds there-
fore the same sequence {a,, a,, " *} of elements in F. It
is clear that a one-to-one correspondence between the
quantum states x< S and the set of sequences {f,(x),
fo(x),+++} cannot exist in this case. The values of the
functions f,, n=1,2,+++, can therefore lie only in a
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connected field. There are, however, only three con-
tinuous connected fields: the real, the complex, and the
quaternionic field.!® Herewith is our assertion proven.

It was shown in the Ref, 7 that homeomorphism exists
between the space of quantum states S and a subset of
the unit sphere in complex Hilbert space. Here, we
found that quantum states can be mapped homeomor-
phically into Hilbert space only if this space is over a
real, complex, or quaternionic field. Even more, a
one-to-one correspondence between the states x< S and
any sequences { f,(x), f,(x), -} where f,, n=1,2,+++,
are continuous functions over S with the range in some
continuous field F, is not possible unless F is a real,
complex, or quaternionic field. These results hold true
for any dimensionality of the quantum system, There
are no irregularities in low dimensions as they are
known to exist in other well-known approaches. Also,
the assumptions upon which our considerations are
based have clear empirical meaning.

An interesting question emerges now naturally: Are
the three possible quantum mechanics, i.e., the real,
the complex, and the quaternionic quantum mechanics,
equivalent? This question was already studied by a
number of authors. (See, e.g., Ref. 2 and Refs. given
therein.} So far it has been answered only partially. The
real quantum mechanics was found to be, up to a
superselection rule, equivalent to the complex quantum
mechanics, at least for simple systems. It has also
been found!? for the relativistic form of quaternionic
quantum mechanics that it is equivalent to complex
quantum mechanics in case of systems consisting of just
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one particle, It is not known if the same is true in case
of more general systems.

ACKNOWLEDGMENTS

I wish to thank Professor D. I. Fivel for all I have
learned from him on this subject. Furthermore, I wish
to thank Professor Willi Rinow for helpful correspon-
dence and Professor C. H. Woo for his comments and
encouragment.

1G, Birkhoff and J. von Neumann, Ann. Math 37, 823 (1936).
%3, M. Jauch, Foundations of Quantum Mechanics (Addison-
Wesley, Reading, Mass., 1968),

3p, Jordan, J, von Neumann and E. Wigner, Ann. Math, 35,
29 (1934).

‘R.J. Bumcrot, Modern Projective Geometry (Holt, Rinehart,
Winston, New York, 1969), Chap, 3.

SE.G. Betrametti and G, Cassinelli, Z. Naturforsch. 28a,
1516 (1973), and the references therein.

®D.I, Fivel, “A New Approach to the Axiomatic Foundations
of Quantum Mechanics,” Univ. of Maryland Technical Report
No. 73-102 March 1973.

'A. Miklave, J. Math., Phys. 18, 1521 (1977),

83. Lipschutz, General Topology, Schaum Outline Series
(McGraw-Hill, New York, 1965), Chaps. 5 and 6.

95.T. Hu, Elements of General Topology (Holden-Day,

San Francisco, 1965).

101, 8, Pontrjagin, Topologische Gruppen (Teubner-Verlag,
Leipzig, 1957), Teil 7, Chap. 4.

g, C.G, Stueckelberg, Helv. Phys. Acta 33, 727 (1960),

12G, Emch, Helv. Phys. Acta 36, 739, 770 (1963).

Adolf Miklave 1528



Symmetries of the stationary Einstein-Maxwell field
equations. I*
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The Einstein equations for stationary axially symmetric gravitational fields are written in several extremely
simple forms. Using a tensor generalization of the Ernst potential, we give forms that are manifestly
covariant under (i) the external group G of coordinate transformations, (ii) the internal group H of Ehlers
transformations and gage transformations, and (iii) the infinite parameter group K of Geroch which

combines both. We then show how the same thing can be done to the Einstein-Maxwell equations. The

enlarged internal group H' now includes the Harrison transformations, and is isomorphic to SU(2,1). The
enlarged group K’ contains even more parameters, and generates even more potentials and conservation

laws.

1. INTRODUCTION

The static axially symmetric class of vacuum gravita-
tional fields was completely solved by Weyl in 1917,
Even today it still represents the largest collection of
realistic exact solutions of the Einstein field equations
that we have available. The stationary axially symmetric
fields are the ones which should logically be considered
next, both from a mathematical and a physical point of
view. The stationary field equations have indeed been
the target of many recent interesting investigations.
Despite their apparent simplicity, the equations have not
yet yielded more than a handful of solutions.

They have been found to contain a remarkable amount
of symmetry and internal structure. Moreover, when
the stationary Einstein—Maxwell equations are con-
sidered, the symmetry group persists, and is con-
siderably enlarged. In the belief that such a beautiful
and unexpected structure cannot be a mere accident, we
have tried to systematically explore this approach to the
stationary problem. In as much as the symmetries may
be used to produce new solutions from old ones, it is
entirely possible that a complete understanding of the
symmetry group may eventually prove the key to finding
the general stationary solution,

Since the existing publications on this topic have been
somewhat compressed, one aim of the present paper
is to give a simpler and more detailed discussion of our
current understanding. We hope thereby to attract a
wider interest to this important problem.

2. NOTATION

Stationary axially symmetric gravitational fields are
spacetimes which contain two commuting Killing
vectors. We may therefore choose the metric to be in-
dependent of two of the coordinates, say x'=¢ and x*= ¢.
We require also that the spacetime possess “orthogonal
transitivity.” Physically, this assumes the existence of
a reflection symmetry, or motion reversal,

(t,0) = (~t, —@).

Mathematically it means that the metric must be block
diagonal,
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ds®=ds? - dsZ,
ds2 =7, pdtax®, A,B=1,2,
dsh =Ry ydx¥dx™, M,N=3,4,

To raise indices in a two-dimensional space we may
use either the inverse metric (f,;)™* or the alternating
symbol ¢A2=zx1, and both choices have certain advan-
tages. Unless otherwise stated, we will raise indices
using e? and (#,,)"'. When it becomes necessary to
raise an index using (f, ;)" or ¢*, that index will be
marked with a tilde.

(2.1)

For example, since

(Fap)t=- p-ZEACGBDfCD >

where
p®=—det(f, ;)
we will have
FAB = _ gPfAB fAszc — —PzéAc‘

To express derivatives we may use V,, the two-dimen-
sional covariant derivative associated with ds3. Thus

Vz.vz h-l/Z(hl/ZhMNVM)'N_

(2.2)

However in two dimensions the expression h'/2p¥¥ ig
conformally invariant, Therefore, we might also con-
sider some other 2-metric dsZ which is conformally

related to ds?,
ds:=e*Tds2. (2.3)

Then V,»V =0 and V,° V=0 are equivalent. If desired,
we can also write the equations in terms of a 3-metric,
dsj=ds; + p*d¢?,
in which case
Ve V=pI1V,(pV). (2.4)

The simplest approach is to now choose 7, =6, .
Acting on a vector

V=(Vy)=(V,,V,)
the tilde operation becomes

v:(EMNGNPVP)z(V‘;,—Va) (2- 5)
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and satisfies

V=-v, (2.6)

VeW=-V.W, (2.7
We can use it to define a second set of V’s, e.g.,

V,=(2,,-2,). (2.8)
For all scalars U we have the identity

V,°(V,U)=0, V,e(p"V,U)=0. (2.9)

The vacuum field equations fall into three groups:
R,p, Ryy, Ryy, of which R,, vanishes automatically for
our block diagonal metric. We find that

RAL=—5pV, - (p FAPY of5c)-

Hence this portion of the field equations may be written
in the form of a vanishing divergence

(2.10)

Yy (07 fABV, o) = 0. (2.11)
The remaining field equations are
Ryy=0="R,,+V,%,1np
+ 107 BCFAXY,f, W (Vafop). (2.12)

They may be written in terms of the flat 2-metric ds2,
using

(2) _ X72
2 RMN - GMNV2F

and eventually lead to integrable equations for V,T,
which can be solved once f,, is known. They are not
needed in the rest of this paper.

3. THE GROUP G

The field equations Eq. (2.11) have been written in a
form which is manifestly covariant under linear trans-
formations® of the coordinates. One such transformation
is the rescaling

t— A, @—Ag, 3.1)

The rest of the transformations form a three-parameter
group G, isomorphic to SL{(2,R). For its three genera-
tors we may take?

t—t+ap, ¢— ¢, (3.2)
t=t, 9= @+bt, (3.3)
t—ct, ¢—~clo. (3.4)

As is well known, SL(2,R) is isomorphic to S0(2,1),
the three-dimensional Minkowski group, and it is often
convenient to recast the equations in language appropri-
ate to SO(2,1). An SL{(2,R) symmetric tensor T,, is
equivalent to SO(2,1) vector T,. The correspondence is
given by a connecting quantity oraAB, analogous to the
Pauli matrices,

T,=0A5T,,, T,5=0,T,. (3.5)

S0(2,1) indices are raised and lowered by means of the
metric tensor

Gab = 0'aABO’I:AB .

In particular, to obtain the desired correspondence

TZ;—. T3 b

(3.6)

Tl;ﬁ Tl ’ TIZ‘_’TZ ’
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we use the matrices

10 0

O«iﬁB: , o, AB

ol

00

— AB __
00 2_%0,03»01, (3.7
This implies the metric tensor

00 1
0-3 0}
100

G,= (3.8)

abd

The invariant norm of an SO(2,1) vector is then
GabTa T,= e4CePP TypTeps
2(T1T3 - Tsz): 2(T11Tzz - T12T12)-

We can now translate Eq. (2.11) into SO(2,1) language,
putting
Jar =45
and using the relationship®
oaABobBc — %G"DGAC - sabco.cAc_ (3.9)

We are left with two terms which must vanish indepen-
dently: the trace!

Yy [p2feVf, = Vo [pVp]=0, (3.10)
and
V,eve=0,
ve=pebef, Vf,. (3.11)
For any scalar function U, we have the identity
Vo [piVU]=0. (3.12)

Conversely, any conservation law
V,eV=0

may be regarded as the integrability condition for the
existence of a potential U such that
V=pVU, (3.13)

Qur field equations therefore imply the existence of a
set of “twist potentials” 4.,

p-lvac =p 2 A8V g,

~ (3.14)
Ve =P 4PVf5e-
This equation can also be split into its trace,
Vi, =2Vp, (3.15)

and a symmetric part, equivalent to an SO(2,1) vector
Vye = p-lesbef, Vf, (3.16)

Equations (3.14) and (3. 16) may be inverted and
solved for Vf,p,

VfAB:p'lfAchpCB,

b (3.17)
Vf, == 207 gapof "V = £,071Vp.
The inverted forms imply further field equations,
obeyed by 4.,
Va'[p_zfABVd)Bc]:O, (3.18)

Vs o [07284,,/*VI° - 2p7%f,Vp]= 0.

These are of course nothing more than the integrability
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conditions for the existence of the original metric
functions f, 5, given ¢,..

In terms of complex Ernst potentials

6,43 =fap T an

Eqs. (3.14) and (3.17) may be combined into a single
complex equation,

VEap==1p"f, Vs

(3.19)

(3.20)

4 THE GROUPH

Following Lewis and others,® we now focus on a par-
ticular parametrization for f, ;,

fu=f, fi=-fo, fup=fo* -t 4.1)
We have
vi= priVyl = 20 VS + Vo
+p 2 f2w?Vw - 2pwVp, (4.2)
V2= p VR = 2(F 1V
+pflwVw) - 2071vp, (4.3)
v® = plVR = p2f 2V, (4.4)

Because of the identities
_favd = V_fa A4 Va = 0’

the three field equations Veve=0 are not algebraically
independent. Any two of them suffice to determine f, w
and hence the metric. E.g., for a=2, 3,

v, - [0+ 07wV w] =0,
v, - [0*Va] = 0.

(4.5)
(4.6)

In this f, w formalism the G covariance of the equa-
tions is obscured, since the transformations of f, w
under G are not especially simple. The reason for intro-
ducing it is that it enables us to find a second invariance
group H. We must now proceed in a way which is not
G covariant, eliminating w from the field equations in
favor of one of the y¢’s.

Let ¥ =¢,. Equation (4.4) is

Vi= - p YV, Vo=pf 2V 4.7
and using this in Eq. (4.3) we obtain
V, o [f1Vf+ prlwV )

=9, [ + o7 V{wip) - p7 9V

=Vy o [V + £Vl =0. (4.8)

This result, taken together with the integrability condi-
tion for w,

Ve lf?ey]=0, (4.9)

gives us a set of two divergence equations for the two
variables f, §.

The close analogy of this pair with the original pair,
Egs. (4.5) and (4. 6) was pointed out by Neugebauer and
Kramer,® who discovered that the mapping

f—of?t, w—iy (4.10)

transforms one pair into the other directly. What this
means is that Egs. (4. 8) and (4.9) also possess an in-
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variance group H, isomorphic to SO(2,1). The images
of f, under the map must form a 3-vector F, under H.
Removing an invariant factor p, they are

Fy=f", F2=f'l¢,
Fy=f1f2+y7), FoF,=+2.

The field equations, Eqs. (4.8) and (4.9), are now seen
to be the ¢=2, 3 components of an H covariant set

(4.11)

V,°Ve=0, Vo=g®°F,VF,. {4.12)
The a=1 component,
Vo [2r VS + AR - SV =0, (4.13)

can easily be shown to follow as an algebraic conse-
quence of the other two.

While H acts linearly among the three particular ex-
pressions F, it produces a nonlinear action on f,y
themselves. Three particular symmetry transformations
which may be taken as the three generators of H are

S5 ¥Td-a, (4.14)

F=8f, B, (4.15)
SO SV b i I

f (1 - 7¢))2+ ‘Yzfz ’ d) (1 — y¢)2 + Y2f2 (4 16)

The first of these is a gage transformation, originating
in the fact that Eq. (4.7) defines ¢ only up to a constant.
The second is a rescaling,” and the third is the gravita-
tional duality rotation discovered by Ehlers,®

We continue to apply to H the same procedure we used
for G. Equation (4. 12) permits us to define a set of
potentials ¥¢ which form an H vector,

Ve = pg®eF,VF,. (4.17)
Inverting,

VF, = p"'e,, FOVE°, (4.18)
we find necessary field equations for ¥,

Vs e+ (072645 FPVE ] = 0. (4.19)

However the potentials ¥¢ are not entirely new. We can
show that a partial identification of ¥¢ with some of the
previous variables is possible. Writing Eq. (4.17) out
explictly,

VI, = pf 2y,
Vi, = pf 2V + 4,
Ve, =pf @AY+ (- FTY),
and comparing with Eqs. (4.4) and (4. 3), we find
V¥, =V, _ (4. 20)
V&, =V (wy+P,) + Vp.

Recall that VZp=0. We let z denote the harmonic func-
tion conjugate to it. Then

Gp:_vz

and by a proper choice of the integration constants we
can put
¥i=w, V,=wiht+P,-2. (4.21)

Knowledge of ¥_ is indispensable if these symmetries
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are to be used to generate new solutions. It is the rela-
tion between ¥, and w that permits us to carry the action
of H back to the original metric variables. For example
under the Ehlers transformation, Eq. (4.16), we can
now write

W™ w=-2vF, + Y, (4.22)
2 3

Discovery of an internal symmetry group like H takes
great ingenuity if one must construct ab inifio a non-
linear transformation like Eq. (4.16), It is far more
reasonable to begin by seeking variables such as F,
which make the action linear.

We might mention here another possible approach to
linearizing H. This approach requires greatly enlarging
the number of variables, Equations (4.14)—(4.16) show
that £,y form a two-dimensional nonlinear vealization of
SO(2,1). We will indicate how to convert this realization
into an infinite-dimensional linear one, In terms of the
Ernst potential

E=f+iy, (4.23)
Eq. (4.16) is

< .

E TT57F (4.24)

Expanding in a power series,
&= 2= iyyém

suggests that the set of functions {£",n=1,2,+«} forms
the basis of a linear representation. In fact, when fur-
ther infinitesimal transformations are applied to {€"} we
find

EmEn—ané™t, ErEnb ™. (4.25)
Comparison with a list of representations’® of SO(2,1)
shows that {€"} transforms according to 1)*(0), the tail
of the scalar representation.

As a further illustration of this approach, apply the
Ehlers tranformation to Eq. (4.7),

o)
(1 — .yw)z ¥ )’Zfz
- _p-le G(('J — 2‘)/\112 + VZ\I’(]) .
- W__ 711))2 s ),zfz]z

Expand as a power series in ¥ and equate coefficients.
In this way an infinite sequence of potentials is gene-
rated, and corresponding to each one of them is a con-
servation law. For example, from ',

V(R - f2) = — 207224V w — V)

=V, [pEfR(2yVw - VE,)]=0.

Of course these potentials will be functionally dependent;
their main interest lies in the linear action produced
upon them by H.

To avoid any possible confusion which might arise,
we would like to show how to translate our own approach
to the one used by Geroch.!! Geroch describes the
Ehlers transformation as

Guv = Bup=AVELE AN (g,, — ML L), (4.26)
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where
A= A )
) (cos9—:usin9)2+7xzsin2~9 (4.27)
£, =£,+2xa, sinfcosb —rg, sin’e,
In our notation, A is f, w is ¢, and
£, =(f, - fw,0,0),
o, =, —wp+¥,,0,0), (4.28)

5u:(f2+ ZLZ—I, _w(fz+¢2)+‘1"330’0)'

We get Geroch’s transformation with the choice of
parameters

y=tané, B=sec?d (4.29)

performed in that order.

5. THE GROUP K

Since the preceding discussion of H was carried out in
a non-G-covariant way, we must now consider what
happens when the coordinate transformations of G are
applied in combination with the internal symmetries of
H. Conjugation with elements of G should lead to other
internal groups, H= gHg™, but it is not clear a priori
how many such groups exist, What is needed is a de-
scription of the total symmetry group K of the stationary
vacuum Einstein equations, in which the subgroups G
and H have not been given preferential treatment.

As Geroch has shown, '? the infinitesimal part of K
can be built up by induction. The starting point is to
write the infinitesimal transformations of H in a form
which suggests their G-covariant generalization. Thus
for the Ehlers transformation, we have, to first order
in vy,

F=r+2ufy, (5.1)

and this suffices to determine the action on all three
components of ¢, The three transformations can be
written together as

fo o 2v(F90 - GoRf,yh) + 22093, 2),

The parameter v is evidently the 3-component of a G-
vector v,, and the generalized form is

fa —.fa -+ Zyc(fcd}a _ G“(fblpb) + 2£ab¢:sz)'

The number of subgroups conjugate to H is therefore
three. We denote them H,.

ww -2,

(5.2)

As Geroch has also pointed out, one of these other
subgroups (H,, corresponding to ¥,} could have been
easily anticipated. H, will be obtained in place of H; if
we interchange the two Killing vectors. The transforma-
tions of H,, on the other hand, are an essentially new
and unexpected feature. Unfortunately they cannot be
used for the practical generation of new solutions until
they have been written down for finite values of the pa-
rameters, and so far this has not been accomplished.

Proceeding in similar fashion we obtain the transfor -

mation of y% under H,
98— 48 + v, (I°yR — foFe + 2g000r,), (5.3)

where 7° is defined by
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Vit = g2be(y, Vi, + V1) + 42V E. (5.4)

We can also consider the action produced upon F , ¥,
by the infinitesimal transformations of G. Under Eq.
(3.2),

=7
This too can be regarded as a gage transformation con-
nected with the arbitrary additive constant in Eq. (4.7).

Under Eq. (3.3), to first order in b,

w—w+a. (5.5)

S+ 2bfw,

w = w - b(w? + p*fF), (5.6)

y— (l) - 2b¢2’
and we find

Fo— Fo 2 (Fo¥° — Go°(F,¥®) + 2¢°F, 2) (5.7

oo — h (FOFe + p? FF® + 2698 z), (5.8)
with II¢ defined by

ViIe = gbe(¥ V¥ + p*F,VF,)

+42V¥e, (5.9)

A great deal more remains to be done to elucidate the
complete structure of K, but in the present paper we
will not pursue this topic further. We turn instead to the
discussion of a more general problem,

6. EINSTEIN-MAXWELL EQUATIONS

Suppose now that the spacetime also contains an
electromagnetic field,

F_=A, -4

v Vel PR

(6.1}

If the spacetime is stationary and axially symmetric,
then F,, is independent of ¢ and ¢. We further assume
that A, can be chosen to be independent of ¢, ¢ as well.
The only surviving field components will be

FAM:_AA,M! FMN:AN,M ‘AM,N'

The Maxwell equations which remain to be solved are
Fev  =0= (\/fg Fry,
and fall into two sets. The first is
0=(Vog FHN), =V, (0F¥¥)= F¥N — Cp-leH¥,

Such a term in F*¥ corresponds to a magnetic field in
the ¢ direction, falling off as p!. It would be produced
by a line current along the symmetry axis, which is a
situation we want to exclude. We assume C=0, and
hence also A, =0. The final set of equations is

0= (‘/:ZYFAM):M

(6.2)

=V, (PfXEVAB)

= Ozvav(p'fABvAB), (6.3)

Now we need the stress-energy tensor
417, =F °F, - ingu"F",.
we find that
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4nT4, =fACVA, « VA,
_%GAJCDVAC VA4,
Making use of Eq. (6.3), this can be written as a
divergence,
4nTA, =pV, - [p(FACA,VA,
- 304 ,7CPAVA,)]. (6.4)

Since T*, = T4, =0, the Einstein—Maxwell equations
are

RA = -8rT4,.

Using Eq. (2.10) we once again have a field equation in
the form of a total divergence,

V, o [p T (fACVS oo — 4fACA VA,
+264,f°PALVA,)]=0. (6.5)

Equivalently, using the identity
VAp = Vpt=0645VC,

we can write it as

Y, [03(FACVS 5o — 2FACA VA,
- 2f°AAVA)]=0. (6.6)

As before, the field equations imply the existence of
potentials B,, ¢,p,

VB, = - p"f,BVA,, (6.7
Vo= =0 BV e = 2/, PAc VA,
—2f BA,VA,). (6.8)

The inverse relations

VA, = P'lfABGBa ) (6.9)

Vo =0 B (Vige + 245 VBy +245%B.), (6.10)
yield further field equations

vs"[P-zfABVBB]:O, (6.11)

Va"[p'z B (9450 +2ACVBB+2ABVBC)]=0. (6.12)

We also have the condition necessary to maintain the
symmetry of f,.,

FAB(Vyg, +2A, VB, +2A,VB,)=0, (6.13)

Just as in the vacuum case, a simpler form for the
field equations can be obtained by introduction of
appropriate complex potentials. Letting

$,=A, +iB,, (6.14)
Eqs. (6.7) and (6.9) can be combined,
Vo, = -ip-Yf,5Ve,. (6.15)

To do the same for Eq. (6.8), we must first bring f, ,
outside the parenthesis. Let

Qo =Vuc + 24, B, (6.16)
=>VQ, o=~ p f, P (Vfpc ~ 24, V4,
~2B,VB,). (6.17)

Equations (6. 10) and (6.17) can now be written as one.
Let
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Eac=fac+ e (6.18)
Then
Vé—AC:_ip-lfAB(%EBC ‘ZQCGQB*), (6.19)
VE e = 2cVEL :_iPEfAB(%C'Bc —‘ica‘bg*). (6.20)
Alternatively in terms of the potential
Gac=Cac—® %0, (6.21)
VG ac+ @, Vo=~ ip7f, B (VG 5o + 857 V). (6.22)
Finally, in terms of

’L/AC:gAc+€AcK5 (6.23)

where K is given by Eq. (8. 34), we obtain the Einstein—
Maxwell equations in a most attractive form, analogous
to Eq. (6.15), and the vacuum case Eq. (3.20),

VHAC =-ip” ABV}L/BC'

These equations are all invariant under an enlarged
external symmetry group G’. G’ consists of the coordin-
ate transformations G, plus the electromagnetic and
gravitational gage transformations

(6.24)

(6.25)
(6.26)

b, "¢, ta,,

— * * .
Gac ™ Gac— s 8o —®,a" o —a* yac tia,g,
where the arbitrary constants «,. and a, are respec~

tively real and complex. (These are the most general
linear transformations of ¢, and § ,. that preserve

Jac:)
7. THE GROUP H’

Just as we did in the vacuum case, we now abandon G’
covariance. We transform to an “internal” set of vari-
ables, using only some of the B,, ¢, to eliminate some
of the A,, f,..

Written out in terms of fand w, Egqs. (6.7) and (6. 8)
are:

pIVB, = — p (VA + wYA,), (7.1)
p VB, = — fVA, + pfw(VA, + wYA,), (7.2)
PV, = p2f2Vw + 4p A, (VA, + wVA,), (7.3)
PV, = — FIVf = p 20w Vw + 27 1A VA,

+2072F (A, — wA VA, + wVA4,), (7.4)
p’lezplz :p-1€¢21 +2p71vp, (7.9)
p 1V, = 2 WV + Vo + p2f20?Vw

-2p ' wVp + 4f 1A, VA,

—4p2fwA,(VA, + wVA,), (7.6)

and the vanishing of the divergence of each of these ex-
pressions constitutes the field equations. Only four of
them are independent.

Restricting attention to the simplest ones, Eqgs.
(7.1)—(7.4), we can derive the following:

P IV(A, + wA) = ~fU~fVB, + A, Viy, + 44,°VB,),  (1.7)
p'V(B, + wB,) = — f2(fVA, + B,V + 4A,B,YB,),  (1.8)
P VW=~ f2(Vy,, +4A,YB,), (1.9)
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PV (5 + Wiy + 2B, A, + 20B,A,)
== R+ P Vi, - 2f A, VA,
—2fB,VB, + 4y, A, VB, + 2A,B,Vy,,
+8A,A,B,VB,). (7.10)

The vanishing of the divergence of each of these expres-
sions constitutes a complete set of field equations for
f’ d)ll’ Al’ Bl'

We can return now to the complex potentials, and let
& =¢&, and G =G, for short. Equations (7.7)—(7.10)
become

Voo [f2(F Ve - &{V(G + 26*Vd — VfP]=0, (7.11)
Y, o [f3(VG + 26* Ve - VF)]=0, (7.12)
Vo [f20VG - if 7R

-iQ{VG +286*V$ - Vf})]=0, (7.13)
or equivalently

V% = (VG +26*V%) - Vo, (7.14)

FYG = (VG +26* Vo) - VG, (7.15)

the form given by Ernst. '3

Equations (7.14) and (7. 15) areinvariant under the
gravitational and electromagnetic gage transformations,

®—~d, (G +ia, (7.16)
where « is real, and
¢ ~d+a, GG -2a*¢ -ad*, (7.17)

where a is complex. [They follow from the arbitrariness
of the integration constants in Eqs. (7.1) and (7.3), and
the definitions of @, ¢ |

As may be easily verified, the equations are also in-
variant under a discrete symmetry

&=Gle, GG
Under this involution, the gage transformations must map

into still other symmetry operations, e.g., G-' =G
+4y, or

(7.18)

—o_¢__’ —’_i__
P 1+i)’g g 1+i7§ (7.19)
and
$ + ¢
¢ 1-2c*¢ —cc*( ’ (7. 20)

g_.l—2c*<1> —cc*G

Equation (7.19) is actually the Ehlers tranformation, but
now it has been generalized to allow for the presence of
an electromagnetic field. Equation (7.20) is the trans-
formation discovered by Harrison'® that mixes electro-
magnetism with gravity.

Neither of them commutes with the gage transforma-
tions. Consideration of the commutators leads to another
two-parameter symmetry,

@ ~pei*s, GG,

where « and 8 are real. It is a combination of the

(7.21)
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FIG. 1. The generators of H, and their action on F;.

electromagnetic duality rotation and the rescaling of

Eq. (4.15). Further commutators lead to nothing new.
The continuous transformations of Eqs. (7.16), (7.17),
and (7.19)—(7.21) therefore close on themselves to form
a Lie group H’ with eight real parameters.® A root dia-
gram for the eight generators of H’ is given in Fig. 1.
H’ is isomorphic to SU(2,1), and contains the vacuum
group H as an SU(1,1) subgroup.

The Ernst equations, Egs. (7.14) and (7.15), are
individually invariant under H’, but the equivalent diver-
gence forms, Eqs. (7.11)—(7.13) are not. The action of
H’ on them produces other divergence equations. It is
therefore interesting to find all of the equations that can
be generated in this way, and to write the entire collec-
tion in a form which is manifestly H’ covariant, We can
most easily do this by discovering a set of variables on
which the action of H’ is linear. It is thus appropriate
at this point to digress on some of the representations
of SU(2,1).

8.SU(2, 1) FORMULATION

SU(2,1) is defined on a complex 3-space of variables
u, v, w. It is the group of unimodular 3 X3 matrices
which leaves invariant the Hermitian form wu* + vo™*
—ww*. It has a complex three-dimensional spinor
representation, typified by the position vector

u® = (u,v,w).

We may consider also complex conjugate spinors,
such as

uz":(u“)*

and we may raise and lower any index using the invariant
Hermitian metric

%8 =n,; = diag(1,1, - 1). (8.1)
Higher rank objects such as Taﬂ." may be reduced by
means of %8, 8%;, or the alternating symbol €, .

The octet representation consists of objects P which
are Hermitian and traceless. It can be written using
connecting quantities rf 3, i=1,...,8 which generalize
the Pauli matrices,

Pi= i ypob, (8.2)
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The identity analogous to Eq. (3.9),

M BN Y =245 7 + AN T Hif R, (8.3)

defines the matrices gi/, d¥*, and f¥/*. Here gV is
symmetric, d** totally symmetric and traceless, and
fH* ig totally antisymmetric. Octet indices are raised
and lowered by means of g¥/ and its inverse.

The explicit representation of ;,® most convenient
for our purposes is

1 01 00¢ 10 -1
A= 000,)\22000,7&3—000,
-10 -1 i 00 10 -1
0 10 000 010
=0 00,h5=101,ks:000, (8.4)
0-10 000 010
00 O 1 00
n={1 0 -1}, =0 -2 0},
00 O 0 0 1
implying
815=2, £47=8sc= 821, £=3,
dyag=2, d167:d345=_d228:1’ d478:d568:_%5
(8.5)

1. _
dyge =~ dpgr =28, dggg=—3,

o T g6 L gler — s prTe 588 Ly

The linear representation of H’ that we need will be
an extension of the vector F,, Eq. (4.11). Starting with
the first component f-!, we let H’ act, and thereby
generate an octet of field variables

Fy=f", F,=f7%%,
F,=f1Q, Fs=f"oG*,
Fo=f7'GG*, F,=f"0*G,
F,=f"®, F,=f"(f-302*).

(8.6)

The field equations Eqs. (7.11)—(7.13) are then seen
to be only the i=2,3,6,7 components of a covariant set

of conservation laws,
vV, [fi*F,VF,]=0, (8.7

a direct generalization of Eq. (4.12). We will have an
octet of potentials defined by

pIVEi = - fii*F VF,. (8.8)

Explicitly,

PV = f2[f (gVQ - QVg) - 1GC* (VO - J)],

PV = £ Vg + QYR - J)],

pIVES= 42 VR - ],

PV = i (Ve -2 VG)
—@*G(VQ - J)],

P VS = (pm VX

P IVEE = F2[if VX — (VO - J)],

pIVET = (pmlTE )

pIVEE = F2$@* VO + gJ],

where g=7f-®¢*, =8,,, and

(8.9)
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J=i(@*Ve - dVE¥). (8.10)
The inverse relation,
VFi=4p l fiF Y, (8.11)
implies field equations for ¥,
Vyo[p?fRF, V¥, ]=0. (8.12)

Some interesting covariant relations which can now be
derived are:

gUFF,=%, (8.13)
gUF,Y,=0, (8.14)
dURF,F,=%Fi, (8.15)
dYRF VY, = Ve, (8.16)
fijkvq,j.G\yk:pzfijkVFj.GFk. (8.17)

The last of these implies the existence of another octet
potential,

VIE = ik Vo, — pPfHIRF,VF, + 22V¥, (8.18)
which is the enlargement of Eq. (5.9).

Comparison of Eqs. (7.7)—(7.10) with Eq. (8.9) shows
that we may identify

¥, =w, (8.19)
,=8, + wiyy, (8.20)
Y,=¥*=¢,+ wd,. (8.21)

Since we began with just two complex field variables,
not all of the eight components of F; can be functionally
independent. Hence the existence of nonlinear constraints
like Eqs. (8.13) and (8.15) is not at all surprising. F,
is thus a rather special sort of octet, and this leads us
to suspect that it can be expressed in terms of a simpler
covariant object. Writing F, in its equivalent spinor
form

F,=)F (8.22)
and using the identities
g“?xi“éA;é:Z(n“én’é—én“z‘n’é), (8.23)
{Iijkhj aé)tkvb — naé)\iré + nréhioz'b
_}j(naé)\iyéJranAiab), (8.24)

we find that Eqs. (8.13) and (8. 15) can be identically
satisfied if we assume that F 3 faciors,

Foy=FofG, (8.25)

Fore=1. (8.26)
The inverse of Eq. (8.22) is then

FoFy=3F ) o+ 37,5 (8.27)

which enables us to determine F,_ up to a phase. Using
Egs. (8.4) and (8.6), we find

Fy=3e 21+ Q),
F,= ein-l/Z@ ,
Fy=tei 1201 -Q),

(8.28)

or®
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F,-F, F,
= @ = . 8. 29)
g F,+F,’ F,+ F, (
Using the further identity
f“kkiaB)\jYG Akec
=2i(5,%5,%5,% — 6,26,%,%) (8.30)

in Eq. (8.7) gives the field equations also in terms of
F

)

V,:[F,VF, - F,YF,+2F F,(F,VF)]=0. (8.31)

Unfortunately the determination (and even the exis-
tence) of the required phase remains problematic,®

Finally, we can extend the results of Sec. 5 to the
Einstein—Maxwell case. Under an infinitesimal Ehlers
transformation, the octet experiences

F\ = F,-2yF,, F,™F,~vF,,
F,— F, - ivF,,

(8.32)
Fs_’F5+i7F75

and F,, Fs, F,, F; remain unchanged. Similarly for ¥..
From this we can deduce

F=r+2vQ,
W~ w—2¥(Q,, + wQ),
Q= Q- 2GG* -297),
Q™ Dy — V(¥ — WGG* - 20%,,),
&~ -iyd(,
G, &y + V(= ¥+ 20 Q,, +iwdG*).
This leads at once to the G-covariant generalization

San " Sapt20epf PR an) - Yanf " Qcp)- (8.33)

To obtain the transformation of the remaining compo-
nents of Q,, we must appeal to the invariance of Eqgs.
(6.15) and (6.19). We find that new potentials are re-
quired, all quadratic in the field variables:

VK= *VeC, VL =@ *VHC,,

(8.34)
VM, =H* caV®C, VN,p :H*CAVHCB'
[The integrability conditions V.« (p-'VK)=0, etc. are
easily verified. ] The results are
Han = Han =1V T H oy = i7" Nyy
— iV (N + 20 L+, HY ), (8. 35)
$, 7P, —i¥PCe G, —iv, L. (8.36)
Under an infinitesimal Harrison transformation
F,—~F -2c*F,+c.c.,
F,—~ F,-ic*F +c.c.,
F,~F,+cF,+icF,, (8.37)

Fe—= Fg+cky,
F,—~Fy-3c*F,+c.c.,

where c.c. denotes a corresponding infinitesimal term
in ¢, F, remains unchanged, and F; and F, transform
like F,* and F*. Hence

fft2c*fe +c.c.,

W=~ w-2c*(@,+wd,)+c.c.,
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Q= Q-ic*eG +c.c.,

Q) = Uy —ic* (W + 2i0, - w0BGT),

=% +2c*29 + (G,

G, @, + 2c*0d,+ (¥, + iRy — WG
+ 203 ,* + 2wdd*),

leading to the generalization

Fan = fan T2 S p®, +c*pfuc®C) Tl (8.38)
Invariance of Eqs. (6.15) and (6.19) implies
Hap = ap+2c*H 52, - 2¢,Ly
+ 2%, (M, + 29 K +H 1 2%), (8.39)
&, ®,+2c*@ &, +cH, -2c,K. (8.40)

*Supported in part by National Science Foundation Grant
PHY76-12246.

INonlinear transformations would produce ¢ or ¢ derivatives.
We are considering here only the local properties of the
spacetime as determined by its line element ds®, and ignoring
all questions of a global nature, such as the periodicity of the
¢ coordinate.

3We are taking for the Levi-Civita symbols the values £ 95
=Ean = 1, thereby avoiding many appearances of vZ, The
distinction between tensors and tensor densities is irrelevant
here anyway, since the allowed transformations all have de~
te;mina.nt unity. This notation implies that £ %%G 4Gy, Ges
= 2 E .

4Equad€ifon (3.10) may be identically satisfied by imposing the
canonical coordinate condition x°=p. However we shall not
make this restriction.
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1éwithout X, the three given expressions for F; would fail to
transform like a 3-spinor, One can show that X must be gage
invariant, and that under infinitesimal Ehlers and Harrison
transformations
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WN—~iX —c*® —cd*,

No combination of the basic field variables behaves in this
manner,
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Symmetries of the stationary Einstein~-Maxwell field

equations. II*
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From Einstein—Maxwell fields which are stationary and axially symmetric, we show how to construct an
infinite hierarchy of potentials. The potentials form a representation of K', the infinite-parameter
symmetry group of the Einstein-Maxwell equations. For flat space, the hierarchy is calculated explicitly.

1. INTRODUCTION

In a previous paper! (referred to as I), we investigat-
ed the Einstein—Maxwell field equations for spacetimes
which are stationary and axially symmetric. Since we
could not solve the equations, we attempted to learn
as much as possible about them through their symmetry
group.

Considering first only the timelike Killing vector,
we found® a symmetry group H’ =SU(2, 1). H’ is gen-
erated by Ehlers transformations® and Harrison trans-
formations® along with several gauge transformations.
Considering both Killing vectors simultaneously, we
found that H’ was the beginning of an infinite parameter
symmetry group K’. The vacuum subgroup KCK’ had
been discovered previously by Geroch.®

In the present paper we will examine in detail the
structure of K'. Using the electromagnetic and gravita-
tional fields, we show how to construct an infinite
hierarchy of potentials. The action of K’ on these poten-
tials is then analyzed. In the last section we calculate
the potentials explicitly for the simplest case possible:
flat space.

First we must summarize the notation and results
of 1. We assume the metric

ds? =f, 5 dx* dx® — &7y dx¥ ax®,

(1.1)
A, B=1,2, M,N=3,4,
where f,,, I' are functions of x°, x*.
We have®
fofxz;: -PzﬁAC, (1.2)

where indices are raised and lowered using e,z ==1.
We introduce the two-dimensional gradient operators

V=03,,3), V=(,,-3,. (1.3)

For any 2-vector V, the equation V.V =0 implies the
existence of a scalar potential U:
V=vu. (1.4)

The Maxwell equations are written
V- (i 4XvA,) =0, (1.5)

where A, are components of the usual electromagnetic

4-potential. Using Eq. (1.4), we define another poten-
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tial B,:
VB, =p"f*VAy

<=> VA, =-p" f FVBy. (1.6)
The complex combination
(vDA:AA+iBA (1.7)

enables us to write the Maxwell equations in the simple
form
Vo, =—iptf XV, (1.8)

Our next objective is to establish a remarkable fact:

The Einstein—Maxwell equations
R4y =—8nT4, 1.9)

can be written in a form which is virtually identical to
Eq. (1.8), differing only in the presence of an extra
index. The equations are

Velp ™ (f AV Sy - 2f AL VA,
~2f X A%VA,)]=0. {1.10)

Using Eq. (1.4), we define y,, such that {71“3 is equal to
the bracket above. We also define

Qun=yan +24,B;. (1.11)
Then

Vf ap=p™ f,X (V9 +24,VB, ~2B,VA,),

N N (1.12)

VQ,p=-p [, X(Viyp ~24,VA, ~ 2B VBy).
The complex combination

Ep=Fap Ti%up (1.13)
satisfies

VE o= ip ™ [A ¥ (VE 4 = 20,90 %) (1.14)
while

gAangB"‘Pﬁ‘PB (1.15)
satisfies

(VG a5 + 04" V05) =~ ip"fo(ngs + ‘Px*e‘/’a)- (1.16)

At this point we make use of a quadratic potential K,

defined by
VK= @VoX, (1.170

To show that Eq. (1.17) does define a scalar K, we
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need to verify the integrability condition
V. (@ VpF) =0 <= Vo, *-Vo* =0,
The lhs is manifestly real; but using Eq. (1.8) and the

symmetry of f,;, we can show that it must be imagi-
nary. Hence it vanishes. The quantity

Hap=G ap TeasK (1.18)

casts the Einstein—-Maxwell equations into the desired
form:

VH ap =~ ip™ fe XV g p. (1.19)

We take ¢,, # ,p as the basic potentials for the electro-
magnetic and gravitational fields, and Eqgs. (1.8),
(1.19), as our basic field equations.

2. THE HIERARCHY

We now notice that there are actually four expressions
quadratic in the field variables, which lead to new
potentials:

VK= @ ¥VeX, @.1
VLig =@ *VH%,, (2.2)
VM, = H*¢ V05, (2.3)
VN5 =H* e aYH 5. 2.4)

The integrability conditions necessary for the existence
of these potentials may be easily verified. The proofs
follow the pattern we used for K; they hinge only on the
symmetry of £, , and the fact that ¢,, #/,, satisfy

Egs. (1.8), (1.19).7

The next step is to show how these “potentials” can
be used to construct more “fields,” i.e., solutions of
Egs. (1.8), (1.19). Consider the following
combination:

Ry=My+2Kp 4+ H 41 0%, (2.5)
= VR =(Hax + HEa+ 20,490 V0*
+2KVp, +oXVH
=2f,  VoX + 3K - K* +i0% ,\Vg ,

+ QXVH oy,

Multiplying by f42, and using Eq. (1.2), we find that R,
does satisfy Eq. (1.8). Similarly

Pup =Ny +2¢ Ly +H 5%y
may be shown to satisfy Eq. (1.19).

{2.6)

Now these fields may also be used in any combination
to construct cubic potentials, e.g.,

VS=Ry*VgX, VT =q,*VRY, etc.

In fact it is now abundantly clear that an infinite hierar-
chy of fields and potentials is involved, and we turn to
the complete description,
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Suppose we have an infinite sequence of fields ] 45
ars #=1,2,...,with

1
‘}’A=§"As Has=Hass (2.7
all obeying the same field equations:
Vb= ip" £, Yoy, 2.8)
V;I/Aﬂz“ip‘lf,{xeglxac (2.9)

From the fields we define four families of potentials:

VE =8, VP, (2.10)
mn m n

VLB=(pX*V/~/xE, (2.11)
mn m n

UM, = HE 9%, @.12)
mn m n

VN o =HE,VHE,. (2.13)

Conversely, from the potentials we construct solutions
of the field equations,

n+l 1n in n

¢A=i(MA+ 2(P4K+/‘/Ax¢x), (2.14)
nel in in n

H43=i(NAa+2¢ALB +/‘/Ax/'/xa)y (2-15)

thereby providing a recursive definition of the original
fields.

Several properties of the potentials follow quite easily
from their definition. Integration by parts on Eqgs.
(2.10), (2.13) leads to

mn am

K—K*=<73x*<2", (2.16)
mn nm m n

Ly-M}r=0H*s, 2.17)
mn nm mn n

Ny = N =HEuH* 5. (2.18)

Also, we can obtain recursion relations between adja-
cent potentials by inserting Eqs. (2.14), (2.15) into
Egs. (2.10)—(2,13):

mynel mei,n mi in mi n

- K =2KK+iL %, (2.19)
myn+l mel,n miin mi n
Ly ~ Ly =2iK Lg+iLyH*,, (2.20)
myn¥l  mél,n mi in m n
M, - M, =2iM,K+iN 0¥, (2.21)
mynel  mel,n mi 1n mi n
Nug~ Nyp=2iM, Ly +iN o H%5. (2.22)

To this point, we have, of course, been using the
restriction m,n= 1. However, for some purposes it is
useful and quite natural to define an extended set of
potentials, in which the integers m,n may also be zero
or negative,

Equations (2.14), (2.15) will hold for »=0 provided
we define

10

K=~ %i, (2.23)

o »

HA3="€AB- (2.24)
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But, then, from Egs. (2.12), (2.13) we may identify

on

MA——'UPA» (2.25)

n n
NAB:—i;L{AB. {2.26)

Thus both fields and potentials become incorporated into
the same extended hierarchy, leading to a considerable

simplification. Equations (2.14), (2.15) themselves are

now nothing more than special cases of Egs. (2.21),

(2.22). Equations (2.16)—(2.22) will hold for il values
of m,n, provided we define
-8, p Pylap
=~ K =3i, (2.27)
Pyep -5, p
Nap=~ Nup=t,5 (2.28)

where p= 1. All other quantities with m,n<0 are as-
sumed to vanish.

If desired, Eqgs. (2.19)—(2.22) may now be written
in an even simpler form, in which only quadratic terms
appear. For example, Eq. (2.19) is equivalent to

ms 2-$,1 ms l=spn

0= Z(zzK K -L, M%),

where s is summed over all integer values, positive
and negative.

3. THE GROUP K’

The infinitesimal transformations y, p and ¢, dis-
cussed in 1 are also the beginning of an infinite family
of transformations comprising the symmetry group K'.
The other ones may be constructed by repeatedly form-
ing all possible commutators, until closure is obtained.
It turns out in this way that there are fiaree classes of
transformations in K’ 4,5, ¢, and §, where % is any
mte ger, -~ <k<+w, The 1nﬁmte simal parameters
-yAB are real and symmetric, cA are complex, and &
are real.® The corresponding action they produce on the
hierarchy is as follows:

k=syn

ms
')/AB K— K+y”(2‘, Ly My),

mn m,n ms k=s,n
LB"LB +VXB L X+“/XY(E Ly Nysg),
mn mn » mek,n ms  hes,nt

My 4y M X 4y5Y( ENAX My),
R Mmen+k

+yxe N 4°

2 m+k,n

NAB—. NAB+VAX N XB
k ms R=-38,n
+VXY(§:NAX Nys);
(3.1)

L mn mn mrR~1,n ms k-s,n

CoiK—~K+ &% M, +2 Z}K My)]
Mmyn+i=1 ms koS,n
+ XLy -2 Ly K

mn S k=S4 11

Ly —-L + & NXB+2z(Z)K Nyl

ms k~s,n

—2i¢*, "g +CX[ 2z<ZJ Ly Ly,

mn ms h=s,n mehyn

M, ——M +c*X[2z(Z) M, My)] +2ic, K

My N¥R=1 ms  RA=Sn

+E X[ NAX-zz(Z) N, K,
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NAB"NAB+C*X{21(Z;MA xa)] 220* MA

R=Sen meh,n

kx s k
+c X[~ Zz(ZNAX L,)}+2ic, Ly (3.2)
k miR, " me Ntk ms k=s+tl.n
CK~K+i 'K i K ~28(TK K,
mn mn ¥Ry 1t ms husu,n
Ly~Ly+ib Ly-28(LK L),
m,n+k ms hestl,n
M, =M, ~ib M, - 28( T, K,
mn » ms kR-S+l,n
ap =~ Nap-20(L M, Ly ).
(3.3

The action produced on the fields follows automati-
cally from Eqgs. (2.25), (2.26). All of the above sum-
mations are assumed to run only over positive values
of s. This has been done in order to display explicitly
those terms which are linear. If negative values of s
are included, the linear terms may be absorbed into
the sums, making the entire transformation formally
quadratic. On the other hand, for 2<0, all of the terms
which are genuinely quadratic vanish, leaving linear
transformations. What we have to deal with is a non-
linear realization of an infinite parameter Lie algebra.®

The commutators are

(6,6]=0, [v,7]1=0,

kel LA
5,01=¢, C,=3i8¢,,
Rl Rl
[’)’,Y]—~ Y, 'YAB"'ZY <A7’8)x’

1 kel Bl R g
[C,Y]—~C; Ca=C " sx,

k1 Rel-1 R+l-l k+l-1

{c,cl= v + o, E¥ Ea)),

‘YAB“zz(C(ACB)- C{aCpy

*x+c*xéx (3.4)

A root diagram for K' is given in Fig. 1. It is seen to
be a natural enlargement of the SU(2, 1) diagram for H’
given in I. In fact, the transformations of K’ immediate-
ly surrounding the origin are precisely those special
cases we have met before: cA and y, p are the Harrison
and Ehlers transformations; cA and¥,; are the elec-
tromagnetu: and gravitational gauge tra.nsform%tlons

& is the electromagnetic duality rotations; and ¥,z is an
infinitesimal rotation in the (x!, x®) plane. "

For many purposes we would bgﬂ interes",at‘ed primarily
in vacuum ﬁelds The potentials K, fa, M, as well as
the fields @ 4 may then be dlscarded leaving only K AB
and ﬁ The subgroup K<K’ which preserves vacuum
consxsts of the ¥ 45 alone.
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FIG. 1. Root diagram for K’.

The figure extends indefinite-
ly to the left and right.

oO-
x
O

é&

Our inclusion of electromagnetism throughout this
work has been an enormous help rather than a hin-
drance. It has revealed a striking interrelationship
between electromagnetic and gravitational fields that
could not possibly have been anticipated. Moreover,
the Maxwell equations and Harrison transformations,
being simpler than their gravitational couterparts,
have served as a useful guide.

4. FLAT SPACE

As an illustration, and as an essential first step in
%derstanding the potentials, we would like to construct
N,p explicitly for the simple case of flat space, in
cylindrical coordinates. They will be functions of the
coordinates p and z.

" mn
The nonvanishing quantities //,, and N, are related
by

mn m n
VYN p=H*x 4 V%5, (4.1)
n+l 1n n
H ap =N g +H 4x H 5). (4.2)
In differential form
n+l n n
va/AB :i(/‘/Ax + H*XA) VHXB + ifL/XBviz/Ax-
n n n
= =20, VHx + ¥y VHup +iH* 5V H ax - (4.3)
For flat space,
1 0
0 22
fas= 0 ~p? ’ bap = (0 0) (4.4

Inserting these into Eq. (4.3) with A=1 leads to an
equation which can be immediately integrated, giving

nel n n
Hip=2it5 + 22/ 5. (4.5)
For A=2, we get
n+l n n n
V)L/zsz2ipzv/-/18+sz;L/28+2ip7L/IBVp. (4.6)

We try to satisfy Eqs. (4.5), (4.6) by means of the
following ansatz:

n n
/7,11 =p"-1an-1(x)) /-/21 = ip"b" (x)’
n

n
/—/lzzip”a"(x)’ szz_p"“bml(x)’
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where
x=2z/p. (4.8)

From Egs. (4.5), (4.6) we obtain necessary recursion
relations among a,, b,

a,=-2b,+2xa,_, 4.9)
(n+1)b,,,=2na,, +2nxb,, (4.10)
bhey =2a,_, +2xb). (4.11)

Further manipulation leads to more recursion rela-
tions and a differential equation:

a,=2na,_,, (4.12)
b =2(m-1)b,,, (4.13)
2n(1 +x®) b= (n+1)xb,,, —na,, (4. 14)
(1+x®)a, - (2n-1)xa)+n’*a,=0. (4.15)

The latter serves to identify «,, b, as “modified
Gegenbauer polynomials”!!

a,(x)=i"Ctm (ix),

b,(x) = —"Cl ™ (ix).

(4.16)
(4.17)

Despite the contrary appearance, «, and b, are both
real. They are polynomials of degree » and »n — 2
respectively.

mn
The next step is to calculate N, from Eq. (4.1). Our

n n n n
ansatz has made #4,,, /. real and //yy, #,, imaginary,
and imposed the relations

n+l

n
Haa=tHa, - (4.18)
mn
These immediately lead to conditions on N,z
mn X mel,n mn M n+l mn mel,n+l
Npyy=—1i Ny, Np=i Ny, Np= Ny, (4.19)

mn
so that it is sufficient to calculate just N;:

mn m n m n
YNy =H Y+ /’/21V7L/u
:ipm+n=2[nam_1b" + (n - ].) bman-l] Vp
+ip™rta, bl +b,al  JVx.

The necessary integrability condition must be satisfied
identically; and it is, by virtue of the recursion rela-
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tions (4.12)—(4.14). Thus,

na, . b, + (- l)bma"_l] -

mn . [
— g amen=
Ny=ip m+n-1 (4.20)

A most important question to resolve is which, if
any, of the transformatlons of K’ preserve asymptotxc
flatness. For finite yAB, Eq. (3.1) is symbolically

R+l

ety F O e

Since the potentials for Minkowski space itself are
polynomials in p and z of ever increasing degree, one
might suppose that all of the y, k=1, would necessarily
violate asymptotic flatness. However, this conclusion
is not justified. Equation (4.21) is effectively a power
series in (p*) for smally. We cannot draw any con-
clusions from it regarding p* large until the series has
been explicitly summed.

(4.21)

*Supported by National Science Foundation Grant PHY76-
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Stability of solutions of the compressible Navier-Stokes

equations
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The purpose of the paper is to consider the effect of the viscous terms of the compressible Navier-Stokes
equations in situations where significant variations of the flow variables occur only over many mean-free
paths. Under these conditions it is shown that the magnitude of the viscous terms is comparable to the
addition in the inviscid equations of a forcing term which is small relative to appropriately normalized
initial data. The appropriate normalization is discussed. Stability, in terms of a stability parameter, is
defined relative to such perturbations. A large value of the stability parameter implies that the solution is
ill-conditioned. Application of the results proceeds in the following manner. Let V(t,x,y) be a given
solution to the Navier-Stokes equations. Let V(t,x,y) be the corresponding solution to the inviscid
equations. Let M be the maximum deviation that occurs between ¥ and V. From V, one obtains an ¢
which represents an upper bound on the magnitude of the viscous terms. If M is not significant, then it is
clear, without any further analysis, that the viscous terms are not significant. If M is significant, one
proceeds to obtain a lower bound on the stability parameter A, namely A> M/e. If € is small, it is now
possible to conclude that the solution ¥ is ill-conditioned. (If € is large, the analysis remains valid, but no
useful information is obtained.) Two particular applications are made. The first considers the known
solutions to shock wave structure equations (particularly the case of the weak shock). The second considers
solutions to the incompressible equations. It is shown that in many situations the use of the time-dependent

incompressible Navier-Stokes equations is unjustified.

1. INTRODUCTION

The Navier—Stokes equations, as a model for fluid
flow phenomena, are based on the hypothesis that the
flow is a continuum. When significant variations of the
phenomena under consideration occur over distances of
a few mean-free paths, this hypothesis becomes ques-
tionable. Thus, it is generally agreed that the use of
the Navier—Stokes equations can be justified on physi-
cal grounds only if significant variations do not occur
over a distance of only a few mean-free paths,1~?

The purpose of this paper is to consider the effect of
the viscous terms in situations where significant varia-
tions occur only over many mean-free paths. The
Navier—Stokes equations can be obtained by introducing
second order terms into the inviscid (Euler) equations
of hydrodynamics. These second order terms affect
the solution in two ways:

(1) The required boundary conditions, in order to
determine a unique solution, may be changed.

(2) The flow profiles internal to the flow may be
changed simply because the equations are modified.

It is not the purpose of the present paper to discuss the
first point (this is not to say it is unimportant), Rather,
the intent is to show that, in an internal region of the
flow where significant variations occur only over many
mean-free paths, the viscous terms provide only a
small perturbation on the forces described by the in-
viscid equations. In Sec. III, using a simple order of
magnitude analysis, the following is shown: If a particu-
lar solution of the compressible Navier—Stokes equa-
tions is such that significant variations of the flow vari-
ables occur only over distances of many mean-free
paths, then the magnitude of the viscous terms is com-
parable to the addition in the inviscid equations of a
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forcing term which is small relative to appropriately
normalized initial data.

The appropriate normalized variables are discussed
in Sec. II. Also definitions of stability and a stability
parameter, the latter being essentially a condition
number, are introduced in Sec. II.

To apply the result to a given solution of the com-
pressible Navier—Stokes equations, one proceeds as
follows. Let V{¢,x,y) be the given solution to the
Navier—Stokes equations, and let V{f, x, y) be the solu-
tion obtained with the inviscid equations. (Note that
the analysis requires both 7 and V to be known,.N) Let M
be the maximum deviation that occurs between V and V;
that is, M=max, , [l V- VI, where the norm is a usual
vector norm. From V, using the estimate of Sec. III,
one obtains an € which represents an upper bound on the
magnitude of the viscous terms. There are now several
possibilities. The first possibility is that M is insig-
nificant; in this case, without further analysis, one con-
cludes that the viscous terms are insignificant. A sec-
ond possibility is that the solution V is not stable rela-
tive to € perturbations, where € is the value obtained
above; if € is small, then of course little physical sig-
nificance can be attached to V. In the third case, that
M is significant and V is stable, the results of Sec. II
produce a lower bound on the stability parameter A,
namely A = MN/e. If € is small, one now concludes that
the solution V is ill-conditioned. (It should be noted
that in some situations, such as a strong shock, € will
be large. In these cases the analysis remains valid,
but no useful information is obtained regarding the solu-
tion V.)

In Sec. IV two applications are considered. First,
known solutions for shock wave structure equations
(particularly for the case of weak shocks) are examined

Copyright © 1977 American Institute of Physics 1543



in order to see that such solutions are compatible with
the analysis of the present paper. The second applica-
tion is to solutions of the incompressible equations
(particularly the Poiseuille solution), under the assump-
tion that such solutions constitute close approximations
to solutions of the compressible equations. Assuming a
typical flow situation, it is shown that these solutions
give rise to a very large stability parameter. Conse-
quently, one must judge these solutions to be highly ill-
conditioned.

Obtaining an estimate for the magnitude of the viscous
terms is an important part of the analysis. The esti-
mate of Sec. IIl, as noted above, puts the viscous terms
in the form of a forcing function which is then added
directly to the inviscid equations. Intuitively, it is more
informative to express the second order viscous terms
as first order terms. In such a form the viscous terms
can be compared directly to terms of the inviscid sys-
tem; in particular, if one has a solution (either analytic
or numeric), the estimates of the present paper can be
checked by simple numerical calculations. A procedure
for expressing the viscous terms as first order terms
is described in the Appendix. This procedure was not
adopted in the main body of the paper because the re-
mainder of the analysis becomes considerably more
complicated.

11. STABILITY AND NORMALIZED VARIABLES

Hyperbolic differential equations of the following form
will be considered first.
=AW, +F, W(0, x) = (x), (1

where

F=F(t,x,W), A=At x, W=(ay) is an nX# matrix,

P4 wy f
e=(:1), w=[:], ana F=|: ) .
®n Wy fa

By hyperbolic one means the following: There exists a
region R O(0, xg, §1(xg), - » . , Pnlxg)) of 2 +n space such
that in R, A has n real eigenvalues {7\1, - , 7\,,} and there
exists a real matrix M for which MAM- =
=diag{\y,...,7,}, where A, =)\ (t,x, W) and M

= M(t,x, W). It is also assumed that the a;; are twice
differentiable in all variables, D is continuous, and M
can be chosen to be continuous.

The following norms will be used:

| wi =m§x|w, l, (22)

4] =max (£ fay ]|, (2b)

| W] 10 = max [ wie, ) |- (2c)
xcI(t)

Let V(t,x) be the solution to Eq. (1) corresponding to
initial data ¢ (x) and let ¥(¢,x) be the solution to Eq. (1)
with initial data ¢(x). Fundamental existence theo-
rems?®’® establish stability relative to perturbations of
initial data. Thus, there exist positive constants C, B,
and #; such that for || b - Allregy <6, |l V= Vil < <C6
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for 0<¢=<¢;, where the intervals I(®t) depend continuous-
1y on £, These results do not give information concern-
ing the magnitude of C. The value of C is important,
for, if C is large, it may be that Eq. (1) is well-posed
in the usual mathematical sense, but ill-conditioned in
the usual sense of linear algebra. (This “degree of
amplification” is also discussed by Homsy. §)

A primary difficulty in estimating C is that its value
depends on the scaling of the variables. This can be
illustrated by the following example. ’

Example 1: Let A = (_1 ¢ ) where ¢ is a positive con-
stant and W= (). Assuming initial data p(0,x) and
u(0, x) the solution can be written as,

u(t, ) = tu(0, x ~ ct) +u(0, x + ct)]
+(c/2)[ p(0,x = ct) - p(0, x + ct)],

plt, ) =1/2¢)ul0, x - ct) — u(0, x +ct)]
+3[p(0,x = ct) + p(0,x + ct)].

Although continuously dependent on initial data, the
solution can be sensitive to perturbation if ¢ is either
large or small. The difficulty here is that perturba-
tions of u and p do not have effects of comparable mag-
nitude (if ¢ is not near 1). Thus, » and p are not “con-
sistent” quantities in terms of perturbation. In this
example, the dlfflculty is removed by scaling the varia-
bles, #=u/c and p =p. This gives W,=AW,, where
=(% ¥)and W= (") The solution is,

%t x) = 3300, x ~ ct) +7(0, x + ct)]

+ 1500, x - et) = 5(0, x +ct)],
B(t, x) = 2{7(0, x = ct) = 5(0, x + ct)]

+ 3 3(0,x - ct) + (0, x +ct)].

This scaling problem was considered in Ref. 7, One
result obtained there is as follows: Suppose in Eq. (1),
that A is constant and F=0; suppose A is irreducible
(that is, independent permutatlons of rows and columns
cannot produce a form ( 2) where M; and M; are
square matrices and 0 1s a zero matrlx) suppose also
that A has distinct real eigenvalues; then, a smallest
value of the constant C (called the condition number K)
could be obtained for a best normalization of W (say,
W=TW where T is diagonal); if A=TAIr-!, K=|M||
ol M)} for some M which satisfies MAM™ =D
=diag{Ay,...,A,}. The scaling of W is such that equal
perturbations of the components of the initial data have
roughly equal effects (as indicated in the previous
example).

For purposes of the present paper, one requires
stability relative to perturbations of the matrix A and
the vector F, The results provide an estimate for the
corresponding constant C in the case of global stability,
where perturbations are measured relative to normal-
ized variables. The following definitions and Theorem
1 establish local stability and show that, in the non-
linear case, the local condition number of A and the
local normalized variables are still the pertinent quan-
tities. In the following, V(t,x) will represent a solution
to Eq. (1), and V(, x) will represent the solution to
Eq. (1) where {&, &, F} replaces {4, ¢, F}. Also, it is
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assumed that V is in normal form at the point

(0, xy, P (xo)).

Definition 1: At any point of R, let MAM™ =
=diag{y, ..., A} and let MAMA=D= dlag{”,,
Then {4, &, F} is an € perturbation of Eq. (1) if,

o Ak

(1) @, are twice differentiable,

@ [D-Dp|<e,

(3) M can be chosen so that | 37— M| <e,
@ [[&-2]<e,

(5) |F-F|<e.

Definition 2: Eq. (1) is locally ¢ stable at (0, x() with
stability parameter A, if for some ;> 0 there are inter-
vals I(¢) continuous in ¢ for 0<¢<{; and with %< I(0),
such that for all e perturbations of Eq. (1), Il V(¢, x)

— V({t, )lzpy Sex for 0st<t, and xc I(t).

Theorem 1: Let € be such that for any e perturbation
of Eq. (1) the following holds: For some #;> 0, there
exists open intervals I(#), continuous in ¢ for 0<f<
and with x4 I{0), such that V(t x) exists for 0<f<t;
and x= I(t). Let Aj=A(0, x,, ®(x,)) and let A, have condi-
tion number K. Let MyA Mg =Dy=diag{h,..., N}
where || Myl = || M| =VK. Then, Eq. (1) is locally
€ stable at (0, x,) with local stability parameter A, where
X =K + Ry(€) + tR,(e) + tR3(t, €), where lim,_oRy(e) =0,
lim, . R4(¢, €) =0, R, arises from F(0, x;, ®(x;)), R,
arises from nonlinearities in the matrix M, and R,
accounts for other nonlinearities.

Proof: Let V(t,x)= V(t, x) - V¢, x). Then (V)),= V v
-_A(t x, V)V -Alt,x, V)V, +F(t,x, V) - Ft, %, V)
=A(t,x, N(V,), +[A(t % M -Alt,x, V]V, +(F-F).
Considering V as known, one obtains,

V), =A*(t,x, VIV, + F*(t,x, V),

where lim, || F*|| =0. LetAo—A*(O x4, Ve(0, x,))
=A(0, xo, 8(x,)) and let i, A, M; _Do_dlag{"i, ey b
Let

(3a)

wy 81
W=,V = , Co= I, F*0, %0, VO, 2= * | ,
Wy &n
¥
Y=MyV,(0,x) = . .
bn

Then the linearized form of Eq. (3a) can be written
as W,=D,W, +Go and has the solution w;(t, x)
—zp,(x+)t,t) +g;t. The solution to Eq. (3a) can now be

written as,
V(t, x) =M W(t, x) + H(t, %),

where the solution is valid in I(f) given by the choice
of €, and H(¢, x) is of order greater than 1 in # and of
order at least 1 in e, Thus,

v )l <l | U+ el Goll 1+ | a2 |
< [14; Goll 1+ | &, 0],

(3b)

or,
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Vol Ll V0, x) - V(0, ) o

+t]| F(0, %, 8) — F(0, %, ®) | 1oy + || B, 2) || sy
Thus,

” Ve(t9 x) ”I(t) < z ” * tRZ(G) * tR3(t’ 6)]6'

(3c)
It remains to estimate HMO’II | #,ll. Let

113240, x,, B(xg)) — M(0, x¢, D (x))I]
”‘I’(xo) - ‘b(xo)”

K,:max{

over all & and & satisfying [[®(x,) ~ 3 (xo)ll <e. It can be
assumed that || 7, || = || #1l.
My — ¥y =M(0, x4, ®(xy)) = M0, xq, 8 (x,))

=M(0, x,, ®(xy)) — M(0, xq, B (xy))

+ M(0, xq, $(xp)) = M(0, xp, B(x;)
or
| M, - ¥ || < Ky | @ Gxo) = o) | + 1| (0, %0, B (x,))
— (0, x, (%)) “ < (Ky +1)e.

Thus,

133, |) = || 3q = o= BT) || < | Moll + | M, = By || < VE +€(1 + K.
This gives

| 554 | 8, || < VE +€(1 + K B =K +e@VE)(1 + K,)

+e(1+K,)* =K +Ry(e).

Substituting into Eq. (3c) one obtains A =K + R,(e)
+ IR, () + tR4(t, €), with the properties given by the
theorem,

Remark: As noted earlier, Theorem 1 implies that
the local condition number is essentially unchanged by
the nonlinearities of the equation. Consequently, even
for the nonlinear case, the local (linear) normalization
is still appropriate.

Next, consider the more general equation,
W,=AW,+BW,+F, (4)

where (x, y) is in a closed bounded set S in 2-space and
t= 0, where W(0,x,y) =¢(x,y), where F

—F(t %, 9, W, W, W,,, W,,), and where boundary con-
ditions are as required for the particular problem.
In regard to Eq. ( 4), the effect of perturbations of
A, B, and F on steady-state solutions are to be

considered.

Definition 3: Let 7 be the domain ¢ = 0 and let $*
=8X 171, Let V{¢, x, ) be the solution to Eq. (4) in S*. Let
(¢, x,y) be the solution to Eq. (4) in S* where {4, B, F}
replaces {A B, F}. Then, V{t,x,v) is an asymptotically
€ stable solution to Eq. (4), with parameter A, if
7= Vil <ex in S* for all {K B, F} which are € perturba-
tions of Eq. (4).

Remark: € perturbation is in the same sense as in
Definition 1. Also, if a lower bound for A is large, then
V(t, x, y) will be said to be an ill-conditioned solution
[although Eq. (4) might still be well-posed in the usual
mathematical sense],
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Example 2: Let u,=cu, in R, where c is a positive
constant. Let u(t,1) =3(#) where lim, ... $(f) = @ =const.
The solution is constant on the lines x + -lc=const, or
lim, .. u(¢, x)=a for all x. If > 0 and () - p@) | <e,
then l%(2, x) - u(t, x) | <ex(t), where lim, . A(f)=1. Thus,
the solution is asymptotically e stable for lel<e¢ <c.
The value of X depends on .

Example 3: Let A be as in Example 1, Each compo-
nent of W, » and p, individually satisfies a wave equation,
or the system may have solutions which are periodic
in time, Such solutions will not be asymptotically stable
(given any A> 0 and ¢ arbitrarily small, maxXgc,< Il V(t,x)
- V(t x)|l = ex for ¢ sufficiently large) However, sup-
pose the equation is transformed to W, DWx, where
W=MwW, W=(°), W=_(, 1) and D=(¥ 9. Suppose the
following boundary cond1t1ons are given: wy(¢, 0) =
= const and uy(t, 1) = &y =const. Then, as in Example 2,
the solution is asymptotically stable.

Example 4: uy=u, +2Pu, +€, 0<x<1, and >0, € and
B are constants, u(0, x) =f(x) and «(¢, 0) =u(f,1) =0. The
solution can be written as u(t,x) =~ U (x) 4371 Cn
X exp(~ Bx)(sinnmx) exp(— B*t) exp(- n’n’t), where c,
=2 f‘[f(x) + U{x)] exp(Bx) sinnmx dx and

1 — exp(— ZBx)]
Ulx) = [3 [" ~ T exp(- 28)

[Note that at =0, U(x) reduces to (¢/2) x(x - 1), which
is the correct value, ] The solution is locally stable and
asymptotically stable with respect to both € and 8.

Example 5: Suppose V(t, x) is a solution to Eq. (L.
Suppose in a neighborhood of (0, x,), F(t,x, N=A47..
Thus, ¥(t,x) is a solution to W,=AW, where A =A +A4,.
Let V(¢,x) be the solution to W,=AW,, where (0, x)
=V(0,x). Then if Eq. (1) is locally ¢ stable, then by
Theorem 1 ||V ~ V|| <eX near (0, x,).

Example 6: Suppose V(t,x) is an € asymptotically
stable solution to Eq. (1) such that for all (t,x) F=A.V
where ||A,V]l <e. Then, by Definition 3, Eq. (1) with
F=0 must have a solution 7(¢, ), satisfying the same
boundary conditions and initial conditions as V{¢, x),
such that ||V = V|| <ex for all x and ¢.

In applications to the Navier—Stokes equations, the
situation will be as in Examples 5 and 6. The given in-
formation will then be used to obtain a lower bound on
the stability parameter X. This is the thrust of the
following theorem.

Theorem 2: Let V(¢ x,y) be an asymptotically € stable
solution to Eq. (4) such that in S* at least one of the
following two estimates hold:

(i) F=A_V,+B,V, where A, and B, constitute ¢
perturbations of A and B,

(i) | Fll se.

Let V(,x, y) be the solution of Eq. (4) with F=0, Then,
A= (1/e)maxex ||V - V.
Proof: By Definition 3 V exists and |V - 7|l <ex in S*.

Remark: If the lower bound for A, produced by
Theorem 2, is large, then the solution V{2, x, y) will
be said to be ill-conditioned. If the bound is small,
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then the analysis remains valid, but no useful informa-
tion is obtained.

I1l. AN ESTIMATE FOR THE VISCOUS TERMS OF
THE COMPRESSIBLE NAVIER-STOKES EQUATIONS

Apn important part of the analysis is of course involved
in obtaining an estimate for the viscous terms of the
compressible Navier—Stokes equations. It is significant
that little precision is required in this aspect of the
problem. That is, the following lemma, which is used
to estimate the viscous terms, is a simple result.

Lemma 1: Let f(x) be differentiable in an interval [
of the x axis. For any A > 0 associate e¢(A)> 0 such that
the following conditions hold whenever lax{< A and
x+AxinI:

) |f(x+Ax)-f(x)l$e,

flx+ox)—flx) df | _
b) | =2, — W e

Then, {(df/dx}(x)=¢,(x)/& where le(x)|<e(l+A).
Proof: From (b),

Y () ety 8) » LB 1)

where |€1<e. From (a),

d ~ &x,A
L=z T8,

where [E]<e, or

ar ., glx)
ax ="

where le < €l +ale] <e(l+a).

Using Lemma 1, the viscous terms will now be ex-
pressed as a perturbation, in the form of a forcing
term, of the inviscid system. It is perhaps intuitively
more satisfying to see the viscous terms expressed as
a perturbation of the matrix which defines the inviscid
system. A procedure for accomplishing this is given
in the Appendix.

The one-dimensional equations can be written as
follows:

WA g (5)
t x
where
u o 0
weo) a1 , Lo
e AT b Y obaT |
T
0 4 u
pc,
0
2u+)\>62u
F= p ] ot ,
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p=pressure =plp, T),

p =density,

u=x component of velocity,

T =temperature,

t=time coordinate,

x =distance coordinate,

¢, = specific heat,

i =coefficient of shear viscosity =const,
A = coefficient of bulk viscosity =const,

k=coefficient of thermal conductivity = const.

The following quantities will also be used:

20+ A
pcs

T=the mean-free path = s

P:=%(2u+x)=%‘rﬁ~i,

_@ptN) e _ 2p +2) cgpe, _ pck

b P T pQu+1) p "’
2_ 9P p_
©s=3p " plc, 3T "

Remark: The definition of T corresponds generally to
that used in fluid mechanics.®® P} is essentially a
Prandtl number, However, the Prandtl number is de-
fined normally in terms of ¢,, rather than c,.

Suppose a twice differentiable solution V(¢ x) to Eq.
(5) is given about any base point (¢, x,). Let A=T7 and
let I be an interval of the x axis containing x,. Apply-
ing Lemma 1 successively to the case where f =2/
9x%, du/dx, and 9°T/3x?, one obtains

2

o‘u €
=4
T
61,{2 €9 ou
(B_x) =7 o’ ©)
T _ ¢
T T

where ¢, is the variation of 3u/ax, ¢, is the variation
of u, and ¢, is the variation of 37/8x. F can now be
written as follows:

0

&
(2u +A)p_r

F=
2K +2) (fz) zu(_k_) &
pc, T/ ox pc, ) T
0
Csei
= =F,.
€ i (_b_ %) +£§E_*3
pc, \c¢; ox Py

Thus, the solution V(¢,x) of Eq. (5) also solves the fol-
lowing equation in a neighborhood of (¢, x,),
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oW oW

= A— . 7

m A= +F(t,x) (7)
F, does not depend on W because F was evaluated in
terms of the known solution V.

Rewmark: It has been assumed for simplicity that the
viscous coefficients are constant. For example, in the
variable case the second component of F could be esti-
mated as follows:

0 ou €
= ((2u+x) 5;) == @u+n),

where e=¢/(21 + ) and E, is the variation of (2u + )
X (3u/9x). (See the Appendix. )

Theorem 3: Let €, €,, €; be as defined in Eq. (6).
Let

€* = max l:leil- I—Ez-l—, [es] Bf%] .

2
Cs Cs

Then, in a neighborhood of (¢, x,), the viscous terms
constitute an e perturbation of the equation 3 W/d¢
=-A(@W/ox).

Proof: The result follows from Definition 1, after it
is shown that €* is in terms of normalized variables.
The following was established in Ref, 7. The normalized
variables for 3 W/at= - A(dW/dx), where A is given by
Eq. (5), are W =T'W, where I' =diag{1/p8;,1/c,
pc,/pBy} is evaluated at the base point (£y, x;). The B,
and the condition number are defined as follows:

Let

du

1 b
* e o

, =+ 2
p¥ ¢,

€ =€* max [1

20 2
A=t arak-1 AT aro®-D
_bbr =~ 4a
Pe=pte,r TS Trar

and K = condition number =3[3 + (1 +4&)1/?]. (The
factors B; are such that 1 <8, <3.)

Now one needs only to note that Eq. (7) can be written
as,

10w 0w 1
Csl" T =~ A*T i +cer"
where
X 1 0
CS
1 1 2P u pp
A*¥= —TAD- = — — A
s ¢ 3 ¢, ple,ct
o 1 X
cS
and
0
5
T 3
cg ¢
€b (1 ou + E3PCy
Bycs \c, ox Prp
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Remark: 2 <K<(3+75)/2~2.62, or the inviscid sys-
tem is well conditioned in the sense that it has a small
condition number.

Remark: .he ¢; represent, for the corresponding
quantities, the relative deviation that exists over a dis-
tance 7. In general, the ¢; need not be small. For ex-
ample, in the case of a strong shock, the ¢; would be
quite large.

Consider next the two-dimensional equations,

oW _ ow 114
'é_t_—_A ax —B'a';_"F, 8)
where
u p 0 O
1 9p 10
b “ par
A= 0 0 u 0 ,
0 4 0 u
pc,

(s}
il
A‘l':\
(=] mlm o o<
=R u~]
= [ e ©
=
ca‘w-e o ©
vl
2 ey © ©
3k

v =1y component of velocity,

p x p [/ dxdy p
u 2% (7\+u 2tu 2 +a\ 8%
B @™\ 7o )y "\ 5 ) o
. (82T+82T _x_(gz v\ ?
7 pe, \ox% " 3* ) " pc, \3x ' 3y

Let

Tz‘_)lc_ max[ (2 +1), |+, u, [2]],
S
9)

_pck
P b=

Letting V(t, x, y) be given solution to. Eq. (8), Lemma 1
will now be applied to the various terms of F,

2u+A) *u 2ph+n
) a_xTz oT 4 =€1Cq,

where from Eq. (9)

- X+ a2 Atu .
leilsleil! ( “> Bxla)y = p'r” €3 =€C,

p
[T LTI TR [T L)
E a_yT:E-%:escs: 0 W—ch,
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- b (DB) B

T pe, \c,) P x

e 2 1 %

- (69 pc,,) b (cs ax) ’
d (V' (2 (1 22)
pe, \?y] ~\pc,} "\c, 3/’
Bo(2\T_ (. DY\ (1
pc, \ax/ ~— \Mpc, cs 3x/)’
bo(on\t_ (. b\ (1
pc, \3y] ‘zpcv) Cs ay>’

2 iﬂ@_?[ﬁiﬁhﬁﬁﬂ
B cs 3x ¢ 3y]’

2 3w du_ P lesh 3v, geh dul
pc, 0x 8y pc, ¢ 9x ¢, Oy

Thus, the solution V(¢,x,y) of Eq. (8) also solves the

following equation in a neighborhood of (¢, xq, ¥o),

IW oW oW

W——A%;-Ba—y- +Fe(t,x,y). (10)
As in Eq. (7), F, does not depend on W because F was
evaluated in terms of the known solution V. The follow-
ing theorem can now be stated.

Theorem 4: Let {¢;} be as defined above. Let

leg | . pc .
e*:max[c‘s :z#?,B;T"le,I:z:LS] ,
and let
e:e*ma.x[3 —2—+8b5]
1 P;’.‘ H
where
5_lmax[§z o) |au) 2w
T e ax|’ lox|” |ayl” foyl]”

Then, in a neighborhood of (¢, x4, ¥o) the viscous terms
constitute an e perturbation of the equation 3 W/d¢
=-A(@W/ax) - B(aW/ay).

Proof: One needs only to note that the normalized
variables can be taken as W =I'W, where

. 1 1 1 pc
I=diag|—, —, —, =2 |.
1ag[pﬁ1 ’ cs’ Cs’ Psz]

IV. APPLICATIONS

The previous analysis provides a technique for esti-
mating the stability parameter of an asymptotically
stable solution to the compressible Navier—Stokes equa-
tions. In order to apply the results, one needs to ex-
amine the given solution over distances of one mean-
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free path. This examination produces an €, such that a
linear approximation to the flow variables and their
derivatives is accurate to within this €. By Theorem 4,
the viscous terms roughly provide an e perturbation of
the inviscid equations. By Theorem 2, it is then possi-
ble to obtain a lower bound on the stability parameter.

It is perhaps worthwhile emphasizing that by measur-
ing over distances of a mean-free path, the equations
simplify in form in a rather remarkable fashion. That
is, Eq. (10) is exact in the neighborhood of the base
point and indicates that if the ¢; are small, then the
viscous terms are small.

There are two areas where versions of the compres-
sible Navier—Stokes equations have been studied ex-
tensively, namely shock wave structure and boundary
layers. In general, these solutions exhibit steep
gradients (significant variation occur over small dis-
tances) and also exhibit pronounced viscous effects.
Such solutions are in agreement with the results of the
present paper. The ¢; of Eq. (10) will be large. How-
ever, there are also solutions in which viscous effects
are important, but in which significant variations occur
only over large distances. One such case, that of weak
shocks, will be analyzed in detail in order to see how
such a situation is compatible with our results. As an
application of the analysis, solutions obtained from the
incompressible equations are considered as possible
candidates for approximations to asymptotically stable
solutions of the compressible equations.

A. Shock wave structure equations

It is well known that the thickness of strong shock
waves is on the order of a few mean-free paths (see,
for example, Ref. 10). Before considering a full set of
equations, it is of interest to examine the case of a
single equation in order to see directly how the analysis
proceeds. The pertinent equation is the following?!:

du dp
U T “af =0,

where, from the continuity equation, pu =const.

o

After an integration, one obtains

W du
2 -
P [ +=p- o dx] =const.

Suppose now that, in the vicinity of the shock, # and

du/dx can be approximated to within ¢ over distances
less than or equal to 7, where 7=the mean-free path
=u/pcg, i.e., in terms of Lemma 1,

Jule + 7) — ulx) | <,

ulx + 7) — ulx) du
T

(x)

Then, from Lemma 1 du/dx:e,(x)/r, where le |
<e(1+7), Thus,

K du

o dx O (11)

Note that the above analysis can always be made. How-

ever, interesting conclusions, regarding the relative
importance of the viscous terms, can only be obtained
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in the case that ¢; is small. If ¢ is large, as would be
the case for a strong shock, Eq. (11) produces no use-
ful information,

Consider next the one-dimensional steady-state shock
structure equations for the case of a Prandtl number
=32, The equations are, 17

pv =m =const,
p+mv— (2u +A) v’ =const=cy,
mce, T — BT’ +cqv — mv* /2 =const,

where ()’ =(d/dg)( ), &=u,f-x, u,=wave velocity
=const, and v=u,, — u.

If the Prandtl number =3[(2u +1)/k]c, =1, then the
solution can be written in the form,

m(7+1)
2vv

y+1 -T\ (T.a-T
kT = 2mc] < ¥ )(v%—v_m) <v+v,w) ’

where + © denotes the value at x =+, One can now
demonstrate analytically, without using Lemma 1, that
estimates of the form of Eq. (6) are valid.

(2u +2) v’ (v—v.) (v~ v,.),

(12)

Assume now that the solution of Eq. (12) is the steady-
state limit of an asymptotically € stable solution to Eq.
{5), where ¢ is given in Theorem 3, Then, Eq. (5) has a
solution ¥(t,x) valid for 0 <¢<« and x(f) <x <%, Sup-
pose this solution to be generated by boundary conditions
simulating a piston moving into a stationary fluid with
velocity u, 12; thus, x(f) =x(0) +u,t, Also, lim,_. V{,x)
= solution of Eq. (12) in some neighborhood of the
moving shock wave. Next consider the inviscid equations
with the same boundary conditions and with initial data
= INf(t, x) for any £. Under these conditions it is known
that the inviscid equations will have a solution, V{¢,x),
which in a relatively short period of time will develop
a discontinuity. Thus, for ¢ large, max[IV(t,x) - V(z, )|l
zluy/e - 0121,

From Theorem 2 one can now calculate a lower bound
for the stability parameter X, namely X =1/e, In the
case of a weak shock, € is small or A is large. This in-
dicates that the solution is ill-conditioned: such a con-
clusion is in agreement with the physical behavior of a
weak shock. In the case of a strong shock, where € is
large, one can only conclude that X is larger than a
small number, Thus, although the analysis remains
valid, it produces no useful information.

B. Solutions of the incompressible equations

It should be noted that the results of this paper are
not valid for the incompressible equations. The esti-
mate of the viscous terms according to Lemma 1 can
still be accomplished. However, the inviscid time-
dependent incompressible equations are not hyperbolic
and thus the normalized variables and Theorem 1 would
not be applicable. There exist many calculations, with
the incompressible Navier—Stokes equations, that
exhibit viscous effects in regions where significant
variations occur over many mean-free paths. Results
of the present paper indicate that for the compressible
case such solutions could be asymptotically stable only
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if the stability parameter were very large. This would
indicate that the solution is ill-conditioned. (In fact,
many of these solutions appear to be such that small
perturbations of initial data produce large variations
at later times.)

As a specific example, consider the case of water
flow. In the study of Ref. 13, the following properties
were chosen:

p=py+ci(p - py): equation of state,

cs =4820 ft/sec: speed of sound,

1b. mass
=Tx10"4 —— 222
H=1x10 ft. sec ’
X:—(2/3)[J.,
1b. mass
py=62.4 i .

With these assumptions, the energy equation is un-
coupled from the system. The mean-free path is cal-
culated as,

. 1 =~3,1%10% ft.
pc

s

In Ref. 13, the problem was that of flow through a tube
of radius R =0. 02 ft. The intention was to produce rela-
tively smooth profiles, and it is immediately clear that
significant variations would occur only over thousands
of mean-free paths,

The incompressible equations have been extensively
used to model water flow in a tube. The classical
Poiseuille flow gives a parabolic velocity distribution
with at least the qualitative behavior (namely, curved)
that is expected

Suppose now that Poiseuille flow is a good approxi-
mation to an asymptotically stable solution of the com-
pressible Navier~Stokes equations. In particular, the
following is assumed:

There exists a solution of Eq. (8), V(t,7,2), valid
for 0s¢=<o, 0sy<sR, 0sz<s%=, The solufion is deter-
mined by inflow conditions at z=0, a nonslip boundary
condition at the wall, and ¥(0,r,2)=0.1% For t= ¢, let
€(t,) be the estimate for the viscous terms for ¥(z,7, z)
given by Theorem 4. Let € be the estimate for the vis-
cous terms for the Poiseuille solution given by Theorem
4, Then, for {, sufficiently large and z > z*, for some
2%, e(ty) =e.

Remark: Transformation to cylindrical coordinates
does not affect the estimate of Theorem 2.

As noted above, e will be small. Next, assume that
V(t, 7, z) is asymptotically e stable. Then, the inviscid
equations must have a solution V(f, 7, z) satisfying the
same boundary conditions as X~/(t, ¥, z) and having initial
conditions V(0, 7, z) = V(t,, 7, z) for any #,. It is expected!?
that V(¢,7,z) will approach “plug” flow for ¢ large.
Whether or not the flow actually becomes discontinous,
one can conclude that ||V, 7, z) - V{t, 7, 2)ll = 1 5(2)

— Upay | Where lim, ., 6(f) =0 and uy,, = maximum velocity.
Thus, from Theorem 2 the stability parameter A must
be such that A = |y, — 6(¢)|/e. Because ¢ is very small,
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one must conclude that the solution is highly ill-
conditioned.

There is experimental evidence to indicate the
existence of pipe flow with a curved but relatively
smooth profile (having stability parameter much less
than that given above). The problem is to find a theore-
tical model that can predict such profiles while main-
taining appropriate stability properties. The results
of the present paper indicate the following alternatives:

(a) Either the inviscid compressible equations can
predict these kinds of profiles (in which case the solu~
tion would not tend to plug flow, as postulated above),
or

(b) A mathematical model different from the time-
dependent compressible Navier—Stokes equations is
required,

It should also be made clear that it is not possible to
conclude, from the above analysis, that Poiseuille flow
gives incorrect steady-state values., Rather, one con-
cludes that Poiseuille flow cannot be the steady-state
limit of a well-conditioned solution to the time-depen-
dent equations,

As noted earlier, there exist many calculations, with
the incompressible Navier—Stokes equations, in which
the viscous effects are pronounced and yet significant
variations occur only over many mean-free paths. The
analysis of the present paper indicates that the use of
the time-dependent incompressible Navier--Stokes
equations in these situations is totally unjustified. How-
ever, it is conceivable that the solutions to the steady-
state equations, perhaps fortuitously, have physical
significance,

It is of interest to note that even in the capillary tubes
studied by Poiseuille our results indicate that the vis-
cous terms of the compressible equations are small.
For, the smallest tube that Poiseuille considered was
with radius R =0.0015 cm, % or R~ 15,600 mean-free
paths. Thus, the variation of the flow variables over
one mean-free path would still be quite small.

The following, in order to complete the discussion
of the water flow problem, considers the possibility of
viscous effects in the energy equation. P¥ and b of
Eq. (9) are needed. Let

¢,=1BTU/Ib, mass °R,

BTU
E=2 0X10% ————rr
k=2, 0X10% =g
Pressure =1 atmosphere,

or py=(2116) (g)=(2116.0)(32.2).

Then,
4 pe, 4 (7.0x10%H(1) -
*x __ v o_. .~ =
Pr=3% =3 3. ox10% 4. 67
and

- pct _ (62.4)(4820)°
T p T (2116.0)(32.2)

=9, 13%X10%,
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In the problem of Ref. 4, the maximum velocity was
1 ft. /sec,

ol |b]y 2.18x00%
c, | |egl” 0.482x10%

Thus, for both the one-dimensional and two-dimen-
sional cases, the effect of the viscous terms is again
small.

APPENDIX: THE COMPRESSIBLE NAVIER-STOKES
EQUATIONS WITH THE SECOND-ORDER TERMS
EXPRESSED AS FIRST-ORDER TERMS

The purpose of the Appendix is to describe a pro-
cedure for expressing the second-order viscous terms
as first-order terms. Such a procedure would seem to
be more “natural,” and, as noted in the Introduction, is
intuitively more satisfactory. That is, the effect of the
viscous terms is more directly displayed by Eq. (15)
than Eq. (7); the viscous terms are displayed as first-

order terms in Eq. (15) and as forcing terms in Eq. (7).

The second-order terms are expressed as first-
order terms by applying the following lemma.

Lemma 2: Let f(x) be differentiable in an interval
I of the real axis.

For any A > 0 associate €> 0 such that the following
conditions hold whenever |Axi<A and x + [Ax! inI:

@) | flx+ax) —flx) | <e| f0)],

flo+ax) —flx) df
L Y v

<€

ar

Then,

ar  &lx)
&= [

where lg(x)I<e/(1-¢).
Proof: From (b),

Lot S f) S () e a0 L (),

where |€1<e, or,

ar (x) = flx +8x) - flx)

dx T Ax(1+9) :
From (a),

d

Lo o o

where € ]<e.

Thus,

‘ﬂ r'd—f—_if( )9

dx

where leg | se/(1-e).

The vector F of Eq. (5), for the case of variable vis-
cous coefficients, becomes
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(13)

2p+r fouyt 1 3 aT
= + o — (==
pc, ox pc, ox ox
Suppose a twice differentiable solution, V{t,x), to
Eq. (5) is given. Choose a base point (fy, x¢). Let 7=4
and let I be the interval (x,— 7,2+ 7). Applying Lemma
2 successively to the case where f= (2p +1)(3u/dx),
f=Pk(dT/8x), and f=u, one obtains,

2 ou) _ g ou
3% ((2“”) 8x> =7 @+N 3

3 ( ﬂ) _G 3T Bu_
9x T 9x -

-

(14)

Substituting these terms into the modified Eq. (5),
one obtains,

OW __ awy 2V
ot ’—_(A ) x 1) (15)
where
u p

Note that Eqs. (14) are exact expressions. By contin-
uity, it can be assumed that ¢; =¢;{¢, x). Thus, if Eq. (15)
has a solution, V(¢,x), with initial data at ¢, taken from
the given solution, then in some neighborhood of
(to, xo), V2, x)=V(t, x).

Note that the matrix A* of Eq. (15) is written in terms
of normalized variables. It remains to show that this
matrix is an e perturbation, for some ¢ of the same mag-
nitude as the {ei}, of the matrix A*, This can be estab-
lished in a straightforward fashion, although the alge-
bra becomes tedious (bounds can be obtained on the per-
turbed eigenvalues and the perturbed diagonalizing
matrix).

For the two-dimensional case, vector F of Eq. {8)

becomes,
_1 39 1 9 v
= + = = —
p dx (A 8y>

(16)
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The same argument can be carried out, except for
the terms which arise from the tangential shear term
in F, [that is, (8v/8x)? + (du/29)*]. It turns out, because
of the two equal eigenvalues in A and B of Eq. (8), that
with these terms not identically zero, the resulting
matrices cannot in general be diagonalized. Thus, with
the possible exception of the tangential shear term in
F,, the viscous terms provide an e perturbation of the
matrices A and B.

Finally, one other difficulty arises in the use of
Lemma 2, namely the use of a relative error. In re-
gions where f(x) or df/dx is small, this condition will
not be meaningful,
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The Fermi method of quantizing the electromagnetic field
as a model for quantum field theory
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In a previous paper we demonstrated that the Fermi method for quantizing the electromagnetic field had
a rigorous C*-algebra version. Here we investigate some properties of our formalism and show (a) that the
Fermi method provides an example of spontaneous symmetry breaking in a quantum field theory, (b) that
it raises some interesting questions about automorphisms of Weyl systems, and (c) that it provides a

prototype for higher-spin zero-mass field theories.

INTRODUCTION

Recent work has demonstrated that the three proce-
dures of heuristic field theory, Gupta—Bleuler, radia-
tion gauge and the Fermi method, all have rigorous
versions, '~ each of which from the viewpoint of
Wightman field theory, * suffers some defect. The most
highly developed of these, the indefinite metric formal-
ism,1 has a clearly stated axiomatic formulation® which
makes evident the departure from the usual field theory
axioms.* However Segal has argued? that his radiation
gauge proposal (which appears not to have received the
attention it deserves) represents from a physical view-
point the minimal necessary modification of massive
field theory. Most of the difficulties of zero mass the-
ories can in fact be traced to the insistence on a field
which transforms in a manifestly covariant way. Our
modern understanding of relativistic invariance, 87
suggests that this demand stems from historical pre-
judice (albeit a prejudice with material benefits). Segal’s
scheme retains Poincaré invariance while dropping the
requirement of manifest covariance. In a previous pa-
per® we revived the Fermi method (to which we refer
the reader for a detailed discussion, see also however
Refs. 8 and 9) and showed that, in a sense, it is the
natural generalization of the quantization methods which
have been used for the scalar fields (as distinct from the
ad hoc character of Gupta—Bleuler). Furthermore, it
is important to emphasize that in Ref. 3 we were able
to show that the radiation gauge theory of Segal could
be deduced from the Fermi method.

Since the Fermi method attempts to retain manifest
covariance it deviates from a Wightman theory* in other
respects. These peculiar features of the Fermi method
were discussed in part in Ref. 3 and it is the purpose
of this paper to explore them in more detail. We begin
in Sec. 1 with a summary of Ref. 3, noting in particular
that the Fock representation of the CCR algebra for the
vector potential (which provides the rigorous version
of the Fermi method) contains a noninvariant vacuum.
To overcome this we introduced in Ref. 3 a covariant
representation for the Fermi method and in Sec. 2 of
this paper we show to what extent this covariant repre-
sentation is a model of spontaneously broken symmetry.

An important question in the C*-algebra approach to
field theory is whether certain automorphisms of the
algebra of observables (in particular the time evolution)
are in some sense inner. Since the algebra of obser-
vables for the electromagnetic field is “smaller” than
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the Fermi CCR algebra (which is the algebra for the

full four-component vector potential) we need to deter-
mine how the time evolution “restricts” to the obser-
vable algebra. This problem is tackled in Sec. 3 and the
analysis extended to all automorphisms of the Fermi
CCR algebra induced by the Poincaré group. This makes
contact with more general questions on automorphisms
of the Segal/Manuceau'® CCR algebra. Part of this
problem is to determine the behavior of the radiation
gauge states (for the one-particle theory) under Lorentz
transformations, a question previously investigated by
Bender.!* Qur approach, being adapted specifically to
the Weyl algebra formalism, differs from his in that

we do not write down the transformation law for radia-
tion gauge explicitly. Rather, we write it in a form
which enables us to demonstrate that the Poincaré
transformations for radiation gauge actually define auto-
morphisms of the whole Fermi CCR algebra.

Finally in Sec. 4, we prove a theorem which con-
strains the Weyl algebra formalism for zero mass the-
ories, showing in particular that there is a Fermi
method only for certain higher spin tensor fields.

1. THE FERMI METHOD

We begin with the following space of real valued solu-
tions of the wave equation. Let §(R*, R*) be the Schwartz
space of R! valued C” functions F of fast decrease on
Minkowski space. Let D denote the Green's function of
the wave operator, that is,

0D =0,
9
D(X, 0) =0, -a't‘D(X, t) =-6(x).
t=0

Define the space M, to consist of all functions ¢ on
Minkowski space taking values in R, of the form F*D
where Fe S(R*, R*). (Here convolution is defined com-
ponentwise ¢, =F,x D, u=0,1,2,3.) Then M is a
space of smooth real valued solutions of the wave equa-
tion. We can define a symplectic form on M, by

B(g, ¢")=- [ dxl¢* ()l () - 6" (0gu (0] (1.1)
The Poincaré group acts on M, by
(@, N (x) = Ap(A™ (x - a)), (1.2)

where a is a translation and A a Lorentz transforma-
tion. The symplectic form B is well known to be in-
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variant under these transformations. Further, M, is
also invariant.

In Ref. 3 a rigorous, C*-algebra version of the Fermi
method for quantizing the electromagnetic vector poten-
tial was presented. We summarize the essential fea-
tures of that paper.

Every element of M, may be written as

¢, (x,1) Z'(E}T)l—g;rg-/%‘%{{au(k) exp(—i(kt —k-x)]

+ ¢, (K)* expli(kt -k -x)]}, (1.3)

where k= |kl and ¢, is a C-valued function on
Xt={kc R*|k,>0, k3 =K%.

The C*-valued functions @ form a complex pre-Hilbert
space with inner product
d°k 2 ’

6,600 = TE[B003 W + fl0SHRAT. (1.0
(For the zeroth component the complex conjugation ap-
pears on the second variable because the form is se-
squilinear with respect to Jz.) This inner product
arises by modifying the complex structure on M; from
the Lorentz invariant one of multiplication by ¢ to the
structure J; given by

Wrd) (k) = —igp (k)

lg=diag(-1,-1,~1,1) is the metric tensor and we
write

¢ (k) = (o (), oK) 1.

Now Jr does not commute with Lorentz transformations
and so the inner product (1.4) is not invariant. Neverthe-
less we have, after transferring B across to the mo-
mentum space picture,

(1.5)

(3, 8")r =B($, Jpd") +iB($, '), (1.6)
We complete }\710 in the norm defined by (1.4) to give a
Hilbert space M, say. Henceforth we will drop the ¢
notation and write ¢ for the elements of M.

By (1.6), B is the imaginary part of the scalar pro-
duct (1.4) and so we are in a position to apply Manu-
ceau’s variant'’ of Segal’s Weyl algebra formalism.?
We denote by A.(M) the C*-algebra of the canonical
commutation relations over (M, B) and refer the reader
to Refs. 3,10, or 13 for its precise definition. A dense
subspace of A.(M) is spanned by the functions 6, on M
where

5,(0')=1 if ¢=¢' and zero otherwise.

Multiplication of the functions &, is given by

8400 = 8440 €xpl— (i/2)B(e, ")].

12,3

In the usual way, we consider generating function-

als p: M -~ C such that

() p(0) =1,
(ii) p(r¢ + ¢') is continuous in A R for all ¢, ¢’ e M,
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(iii) for every finite sequence {c,} in C and {¢ j} in M,
21¢,exp(®; = @) expl— (i/2)B(9;, ¢))> 0.

Then define states E, on &,(M) by $,3;8,,~p(3 ;¢
to give via the GNS construction, a cyclic representa-
tion m, of A,(M) with cyclic vector 2 such that

p(A) =(Q, 7,(A)D
for all Ac A (M).

The Fock representation of A,{M) is given by the gen-
erating functional p(¢) = exp(~ 2i¢p1%), which is clearly
not invariant under pure Lorentz transformations (i.e.,
boosts) because of the noninvariance of I l,. Thus the
Fock representation contains a noninvariant vacuum
(the cyclic vector Q given by the GNS construction).
Furthermore, one can show® that only the subgroup H
of the Poincaré group consisting of translations and
spatial rotations is unitarily implementable in the
Fock representation.

To overcome this difficulty we introduced in Ref. 3 a
new covariant representation of A,(M). Before describ-
ing it we digress on a technical point. It will be con-
venient to use both the C*-algebra 4,(M) introduced by
Manuceau'® and that of Segal, *2 in what follows. The
connection between them is found by noting that if 7 is
the family of all complex linear finite dimensional sub-
spaces of M on which B is nondegenerate, then &,(M)
is the inductive limit of the C*-algebras A,(F), Fe 7
where F is equipped with the symplectic form obtained
by restriction of B.!% In Segal’s formulation the C*-al-
gebra of the CCR’s i/ (M, B) is defined as the C*-induc-
tive limit of the algebras (W (F, B), F< #, where i (F, B)
is the weak closure of A,{F) in the weak topology of the
Schrédinger representation, Clearly therefore, there is
a continuous injection of A,{(M) into & (M, B) and, using
the characterization of physical representations by
generating functionals, there is a 1—1 correspondence
between the physical representations of each algebra.

If (@, A) is a Poincaré transformation then we denote
by 6(a, A) the corresponding automorphism of A (M)
defined via

9((1, Ao, = 6(a,A Yoo

If we inject &,{M) into // (M, B) then we will denote the
elements in i/ (M, B) corresponding to the 8, by W(¢).
Thus 6(a, A) is the automorphism of i/ (M, B) given by

6(a, Ny W(¢) = W((a, M) 9).

The norm given by (1.4) is invariant under the action of
H and these transformations are unitarily implemented
in the Fock representation, however the Lorentz boosts
cannot be unitarily implemented. We therefore introduce
the homogeneous space,

X={peR|pi-p°=1, po>0}

of the Lorentz group. Letp —A(p) be a map which
assigns to each p € X Lorentz transformation A(p) map-
ping 5 =(0, 0, 0, 1} to p. [Note that we write four vectors
as (p,py). ]| We choose p —A(p) to be measurable with
respect to the Lorentz invariant measure du on X.

Let p, be the generating functional
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p,(¢) =exp(- A () pl12).

[p, satisfies (i) and (ii) trivially while (iii) follows
from the invariance of B under Poincaré transforma-
tions. ) Then using the GNS construction there is a
Hilbert space K, and a representation 7, of 4.(M) and
W (M, B) in K, with cyclic vector €, such that

pp(A) =(Q,, 7,(A)9,)

for all Ac A, (M) or W (M, B), We will write W,(¢) for
m,(8,). We note that the representations m, are all in-
equivalent [this follows from the fact that the automor-
phisms 6(0, A(p)) are not implementable in the Fock
representation, see Shale“].

We form the direct integral

K.—:fopd;i(p)

of these Hilbert spaces. We note that in the Hilbert
space K, the translation subgroup of the Poincare
group can be unitarily implemented, while a Lorentz
transformation is unitarily implemented if and only if
A(p)AA(p) is a spatial rotation. [This is because
py{A¢)=p,(¢) if and only if

AP Apll=lIAp)oll.]
The elements of K are equivalence classes of y-mea-

surable functions F on X such that F(p) c K, and
satisfying

[F@)IZduEp) <=

where || ||, denotes the norm in K,. Following Shale, **
we define a map Y, 5: K, =K 4 4, =K}, for each Poincaré
transformation (a, A) by

Y, 0 1,(A)Q, =T, (8(a, A)A)2y, 1.7

[noting that the vectors 7,(4)R,, A€W (M, B) are dense
in K,. ] It follows by Theorem 6. 1(b) of Shale'* that

Y, s is unitary for each (2, A) and that

Y, aW,(9) Y74 = Wy,((a, M) o). (1.8
Now, a representation 7 of A,(M) [and i (M, B)] is
defined in K by

TA)F(p) = 1,(A)F(p) (1.9

while a representation U of the Poincaré group is defined
by
(Ua aF)p) = Yo AF(17'D).

It was observed in Ref. 3 that there are no subspaces of
K invariant under both these representations. Further-
more we have the relation

U, aT(W(o)) Unt o = 71(W(68(a, M) ¢)).

Thus the Poincaré transformations are unitarily im-
plemented in this representation of W (M, B).

(1.10)

We note finally that
¢, 0" ~(MD) 0, A(P) ¢ )p

is an inner product on M which has B as its imaginary
part. Thus the representations p, are “Fock-like.” We
may think of them as being associated with the complex
structure

Ap)IpA ().
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2. SPONTANEOUS SYMMETRY BREAKING

The covariant representation (1.9) of the CCR
algebra exhibits all the features of a spontaneously
broken symmetry in a field theory—but in this case the
symmetry broken is Lorentz invariance. That is, the
decomposition of (1.9) into irreducibles, each with a
unique vacuum, destroys the Lorentz covariance.

The representation U of the Poincaré group acting in
K can be thought of as an induced representation. This
ie because the properties of ¥, 4, endow K with the struc-
ture of a Hilbert Poincaré bundle (in the terminology of
Varadarajan®). That is,

Yo ai Ky =K ay

and in the fiber K;, (a, B)~Y, r is a unitary represen-
tation of the subgroup H. [This is because 8(a, R) is
unitarily implemented in K;. ] U is therefore the repre-
sentation of the Poincaré group induced by the repre-
sentation a, R~Y, z of H in Kj.

The behavior of this covariant quantization of the
electromagnetic potential as a spontaneously broken
symmetry may be seen more clearly by analyzing the
“vacuum’ and “one-particle spaces”. We take /, to be
the subspace of K defined from functions F of the form
Fp)=c(p)Q, where c(p) is a complex number for each
peX,

[ le@ [Pdup) <=,

and the subspace 7/, is taken to consist of the direct
integral of the one-particle spaces in each K,. #; can
be constructed directly as follows. For each ¢ ¢ M we
write

T(W(¢)) =expiR(¢),

where R(¢) is self-adjoint and may be regarded as the
second quantized version of the potential ¢. The annihila-
tion and creation operators are defined by

(2.1

a(9) = 75 [R(9) +iRUz0)],

(2.2)

a(d)* = {1—_2[R(¢>) - iRz ) ].

The domains of these operators are the direct integrals
of the domains of the corresponding operators a,(¢),
a,(¢)*, and R,(¢) in each K,. Explicitly we have

(R(¢)F)(p) =R, () F(p),

where expiR,(¢) =7,(W(¢)) and F(p) lies in the domain
of R,(¢) for nu-almost all p € X. Similar expressions hold
for a(¢) and a{gp)*.

If F is a function of the form F(p) =c(p)Q,, c()
e C, then F defines an element of K in the domain of
R(¢). The one-particle space //; consists of the linear
span of {R(¢)FIFc H,, ¢<M}.

The various “vacuum states” Q, where Q,(p)
=c(p)R, each satisfy a(¢)Q, =0 for all ¢ c M. If c(p)
is nonzero for f-almost all p then 2, is a cyclic vector
for the representation 7. (If not, we could consider the
subspace K’ of K generated by {n(W(¢))®, | ¢ € M}. Then
in the central decomposition of 7, K’ decomposes as
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K'= [ K dup)

with K;C K,. The subspaces K, are invariant for i-
almost all p € X under {WP(¢>) | € M} and hence are
either zero or equal to K,. Since ¢ is nonzero p-almost
everywhere, then K; =K, for u-almost all p. Thus
K'=K and Q, is cyclic.)

We note that the vacuum expectation values have the
expected form for a free theory

(R, R($)Q) =0
and
(2, R(p1)R()2) =35 [|c(p)|?

X{A (D) d1, M) b dulp).

Next we observe that the one-particle space is isomor-
phic to a direct integral over X of Hilbert spaces M,
where M, is the completion of M in the norm

lglly, = B(¢, Ap)TA () ¢)

for ¢ c My, Let
M= [, M,dup).

The map between // and /4, is given by
R($)Q, ~(1/V2)f,

where f(p) =c(p)¢ and ¢ = M,. Note that
NANVDAP=3 [ [c@) | el3, dulp)

=llR(¢),II?
so this map extends to an isometry of /| with #,.

Let Xj={kc R*|k*=0, k,>0}. We may now regard the
elements of //; as equivalence classes of C*-valued
functions F defined on X XX} and such that

[ Fp, D*AP) *A @) Fp, k) du(p) d®k/2k <=, (2.3)

The representation U leaves the spaces //,, #, invariant
for:

U(a) A)R(¢)Qc =R(l1, A)¢)Q’(a,1\)c € /_/1’

where [(a, A)c](p) = c(A?p). Thus on the functions p, &
-~ F(p, k) we have

[U(a, MFp, k) =explia*k, )AF(A-Yp, A1E). (2.4
That this representation is unitary on #4 can be verified
directly using (2. 3). Restricting this representation to
the translation subgroup we observe that the energy—
momentum spectrum lies in the cone

V' ={krec R} k>0, K*> 0},

from which we deduce that the covariant representation
m of the CCR algebra satisfies the energy—momentum
spectral conditions. Finally we remark that (2.4) can
be decomposed into irreducibles although the argument
is tedious. One obtains a direct sum, over the four
helicities of the vector potential, of a direct integral
of zero mass, continuous spin representations of the
Poincaré group. It is not clear what the physical mean-
ing of this could be.

We summarize the observations of this section as a
proposition.
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Proposition: (i) The field operators R(¢), ¢ € M are
densely defined in K and are self-adjoint.

(ii) The Poincaré group is unitarily implemented,
i.e.,

Ula, A)R(¢)U(a, A)? = R((a, A)¢)
and the spectral condition is satisfied.

(iii) The representation 7 of the Weyl algebra of the
CCR on K is cyclic. There is an invariant “vacuum
subspace” #, whose elements @, satisfy

a(6)Q,=0 for all pc M.
3. AUTOMORPHISMS

A general question which arises in C*-algebra
approaches is whether the automorphisms of the algebra
of observables (in particular the time evolution) are in
some sense “inner.” In the Fermi quantization of the
electromagnetic field one starts with an algebra A (M)
which treats each component of the vector potential as
an independent object, The physical algebra of observ-
ables is constructed as follows. Take N to be the closed
subspace of M defined by the functions satisfying

B ¢, (R)=0

and T to be the closed subspace defined by the functions
of the form

d)u(k) = kulp(k)y
where ¢ is a C-valued function on Xj. We note that,
with the complex structure Jz on M, N and T are real
(but not complex) linear subspaces. Form the algebra
A(T) [resp. A,(N)] as the C*-algebra of A (M) generated
by the elements 5, such that ¢ € T (resp. ¢ € N). The
“physical photons,” being those with transverse com-
ponents, form the subspace S of M defined by the
conditions

$,=0, k-¢k)=0,
S is a complex linear subspace and we associate with
it the algebra A (S) in the same way as with A (N) and
A (T). Clearly S is not Poincaré invariant and conse-
quently A (S) is not invariant under the corresponding
automorphisms of 8,(M). Since N=S& T (Hilbert
space direct sum), the map 33,60, —~ 32,8 o, where ¢;
=S-component of ¢ < N is well defined. In Ref. 3 it
was shown that this map extends to a C*-algebra homo-
morphism of A_(N) onto A,(S), thus defining an algebra
5,(NY/I isomorphic to 4,(S). We interpret A,(N)/I as the
algebra of physical observables. The ideal I is gen-
erated by those elements 3,150, (¢, € T) such that
YA, =0. Any automorphism of A _(N) which leaves these
elements invariant defines in the obvious way an auto-
morphism of &,(N)/I. The automorphisms 8(a, A) are
examples of such implying that A,(N)/I is Poincaré
invariant,

Now the automorphisms 6(a, A) of &.(M) cannot be
expected to be “inner” for the physical algebra &,(N)/7.
However we know that there exists a representation of
the Poincaré group by automorphisms of 4,(N)/I. What
we shall do below is show how these automorphisms
can be extended to all of & {M).

We need to distinguish the Lorentz invariant complex
structure on M, from that which gives rise to the inner
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product on M, This is because it is the Lorentz invari-
ant complex structure which arises in the analysis of
automorphisms. For example, time translations are
given by

(T, o) K) =exp(itk)pk).

Thus we define J ¢ =i¢p. We have the representation
(1. 2) of the Poincaré group by operators which are
bounded and real linear but do not commute with Jg.
Thus we need to write (1.2) as

(a, AYp(k) =exp(J k*a, ) AG(AE).

At this point we digress to make contact with the
heuristic formulation of the Fermi method. We note
that in the Fock representation the generators of time
translations, as defined via (3.1), is the formal
operator

(3.1)

Hszf%[ao(k)*ao(k)+Zjaj(k)*ai(k)]’

where the “operators” g,(k) are not related to the anni-
hilation and creation operators (2. 2) by simply smearing
with test functions. Their precise definition is a
technical matter and we will not need to go into it in

this paper (see however Ref.8 ). Note that H, can
nevertheless be given meaning as a quadratic form on
Fock space just as in the case of the scalar field, ']
Now H, is not the energy of the electromagnetic field.
This is given formally by

Hp= /d kI ao(k)*ay(K) +22,a (k) *a (k)]

It is interesting to note that Hy is the formal generator
of the second quantized version of the one-parameter
group on M,

(Tf 9)(&) = exp(ptk) (k).

Thus we see a further reason for introducing the Fermi
complex structure Jp—it gives rise to the second quan-
tized version of the classical expression EZ +B? for

the energy of the electromagnetic field.

In the Fermi norm M is a tensor product
C*®L(X;, d%k/k)

of Hilbert spaces, where C* has the complex structure
given by the operator —ig. The representation (3.1)
acts on this tensor product by

(a, Nv®yp=Av®V(a, A, veC?
with ¢ € L3(X3, d%k/ k) and

[V(a, Ap)(k) = exp(ika, ) (A" k).

Now V is a continuous unitary representation of the
Poincaré group on the complex Hilbert space L*(X}, d°k/
k). Hence by a theorem of Nelson!® there is a dense
subspace /) of L*(X}, d°%k/k) cansisting of analytic
vectors for the Lie algebra of the Poincaré group. If

X is a generator of the Poincaré group in the represen-

tation (3.1) then we have
X=Ay +5f,

where A, is a 4 x4 matrix (in the Lie algebra of the
Lorentz group) and X is a differential operator (we in-
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clude operators of multiplication by complex valued
functions of k in X). For y /),

L xwenl|=Z, Llage1+120mey|
rl

-7, L, ( Vatoo k|
ST, S5 ko | 15

~ -k
Clasol S|

This last expression is finite by the fact that y is
analytic, We denote by /)’ the space €*®/). This proves:

kok'

Lemma 3.1: M contains a dense subspace /)’ of vec-
tors which are analytic for the generators of the Poin-
caré group.

Lemma 3.2: The projection Py from M onto T is the
real linear operator of multiplication by the matrix func-
tion of &,

K(k);,;=3kk,/F?, i,j=1,2,3,
K(R)py=1, K(k)y;=K(k)jy=Fk,/k, j=1,2,3,
and satisfies
B(Pr¢,Jdpd')=B(¢,JpPrd’). (3.2)

Pryoof: Direct calculation gives the first part of the
lemma while (3.2) follows because P, is self-adjoint
(as an operator on M) with respect to the real linear
inner product

(wb, Zp—’B(‘i),JFdJ)-

Lemma 3.3: P, leaves the space /)’ of analytic
vectors invariant,

Proof: Let ¢ be an element of /)’. Then by Lemma
3.1 it is sufficient to consider the components of P¢,
each of which has the form

(Pr®)y: b~k 20 k0, &) 1.
Thus we can define the map
Lo, (k) =v(k)o,(k),

where (k) =k, k,/k? and it is now sufficient to show

that I'¢, is analytic. Let X, denote that part of X arising
from the Lorentz Lie algebra. Then X, is a differential
operator and we define

y"(B) = (X)), n=0,1,2,--

Because )ZO is homogeneous of degree zero a brief
calculation reveals that

|[y?(k)|<1 for all keXjandn=0,1,2,3, -
Thus it follows that
X~"r¢u=&=o(?)r(")in-t¢:

where I'™ denotes the operator of multiplication by
y"(k). Now,

o t" by -o
Z:n=0 ET“X"P(;DV “S 1=0 l' Z;7'1 H ”Xﬂ-llp H

l)'
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which is finite. Hence I'¢, is analytic for X completing
the proof.

Remarks 3.4: The projection P, and P onto the sub-
spaces N and S respectively also leave /)’ invariant
as they are given by multiplication by a matrix valued
function of k with the same properties as K(k).

Now let X be an arbitrary element of the Poincaré
Lie algebra in the representation given by (3.1). Con-
sider the operator

Zy=(1-PXP,. (3.3)

By Lemma 3.3 and Remark 3.4 this operator has a dense
set /) of analytic vectors. Before discussing its proper-
ties we disgress to consider the simpler case where X
is a generator of the translation subgroup. In this case
X is just multiplication by a scalar valued function of

k, say w(k), and so commutes with 1 - P, and P,

Hence (3.3) reduces to Z, =XPg=P. X as (1-P,)P,
=Pg. Now XPg is self-adjoint as an operator on the
complex Hilbert space M and so we can write, using

the spectral theorem,

v,9 =exp(jstXPg)o.
Similarly we define

w, ¢ =expld stX(1 - Pg)lo.

(3.4)

Thus we have factorized the operator exp(J ¢X) into

the product v,ww, =w,v,. This factorization corresponds
to the decomposition of M into the subspace S of physical
photons (one-particle) states, and its orthogonal
complement.

We now establish a relation analogous to (3.4) for
general X,

Lemma 3.5: The operator Z, defined by (3.3) on /)’
is essentially self-adjoint.

Pyoof: We note firstly that we can write
(1 -Pp)XPy=(1 =PpWpJpXJp)(1 =P}
because
Jr(l—Pp)r=-g(l =P )g=-P, and J5=-1,
But now by (3.2),
B((1 = Pp)pd,§) = - Blo, (1 - Pr)d py)

for all ¢,y < /’. Further, as exp({J ;X) is a one-param-
eter group of symplectic automorphisms, it follows
that

B 3Xo,y)=-B(¢,J X¢)
and hence
B(JFXJFd),Zl)):B(‘b;JFXJFw)’
for all ¢,y < /)’. Consequently
B((1 = PL)XPyo, ) =B(9, (1 = PL)XPyyp).

for all ¢,y < /)’. Hence in order to prove that Z, is
symmetric on /)’ it remains only to check that Z
commutes with J,. Now we recall that X leaves N and
T invariant while J; consists of multiplication by - ig.
Thus if we write each ¢ /)’ as

¢=¢bn+ds+or,
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where ¢, ¢ and ¢4, are the components of ¢ in S, T,
and the orthogonal complement of N, respectively, and
we use the relation gPrg=P , it is easy to check that

Zygp=(1 —PT)X¢’S
(note that g acts as the identity on S). Further,
gZyd=g(1 ~Pp)Xos=(1 - P}

as (1-P;)X¢pge S, Thus Z, and J, commute on /)’ and
Zy is therefore symmetric. But /)’ is a dense subspace
of M consisting of vectors analytic for Z,, Hence by a
theorem of Nelson'® Z, is essentially self-adjoint.

Corollary 3.6: The map ¢ — explJst(1 ~ P )XP,]is a
strongly continuous one-parameter unitary group of
operators on M,

Theorem 3.7: For each one-parameter subgroup of
the Poincaré group which, in the representation (3.1),
has generator X, we can define a strongly continuous
one-parameter unitary group f— v, of operators on
M, with generator (1 - P;)XP, such that

(a) v, coincides on N/ T with the action of exp(tJ ¢X).

(b) v, acts trivially on T and hence defines an auto-
morphism of the quotient algebra A (N)/1.

Proof: (@) For ¢ + T < N/T we have
(1-PrpXPuydp+T=(Q1-P)Xop+T=X¢p+T,
from which (a) now follows.
(b)If ¢ T then XP,p =X = T. Hence
1-Pp)XPyp=0
and the assertion follows from previous remarks.

In accord with the notation of Sec, 1, 7, denotes the
Fock representation of A (M) on K,, Let A/, 7, § and
S§* denote the weak closures of m,(a_(N)), n,(8(T)),
To(8.(S)) and 7,(A(SY)) respectively (here S*is the
orthogonal complement in M of S).

Lemma 3.8: The commutant of A/ is 7.

Proof: From Manuceau (Ref, 10, 3.4.1) there is a
unitary operator U from K, to // 2/, where // (resp,
#,) is the Hilbert space carrying the Fock representa-
tion of a,(S) [resp. AC(S‘)], which sets up a spatial
isomorphism of § with B(#4)®/), and §* with €, ®B(#4,),
respectively, B(4), etc., denote the bounded operators
on /4, etc. Thus §' & (B(#)®C,Y =C,3B(#,)2 §*. As
§+7 67 this means §' = §*. Thus A/ =§'n 7T’
=+ 7', To prove that A/’ =7 it remains only to
show that 7 is maximal Abelian in §*. Clearly, we
need only show therefore that the image 7, 0f 7 in
B(#,) under the above spatial isomorphism is maximal
Abelian in B(// ).

Recall the notation of Lemma 3.5 where we introduced
the subspace T’ of S" such that 7@ T’ =S". Now as Jp7’
=T we have S = T'$®JeT'. Thus T’ and T play the role
of the real and imaginary subspaces of S" with respect
to the Fermi complex structure Jr. It then follows by
a fairly well known procedure12 that the Fock represen-
tation of A,(S) may be constructed on L%7", dv), where
dv is the canonical Gaussian cylinder measure on T’

(as a real Hilbert space), by defining:
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(V(¢)F)(0) = expliB(g, D IFW), ocT, T,

(U(¢y) F(¥)) = expl= B¢y, Jp¥) = 2B(e1, Jp 01} [F(5 + ),

preT’, T,

where Fe L¥7’', dv). The vacuum, in this realization,

is the constant function and is cyclic for [, as the linear
span of the functions ¥ —expiB(s, J¥), (¥ T’, ¢ T) is
dense in L3(7’, dv). Hence 7, is maximal Abelian as
required. (More on this may be found in Ref. 17.)

Covollary 3.9: [ is the center of V.

Theovem 3.10: Let ¢t - B; and { — &; be the one-param-
eter groups of automorphisms of 4,(M) corresponding
to /~r, and / — exp(tJX), respectively. Then &, and B,
induce the same automorphism of A,(N)/I. In any cyclic
representation of 4,(M) arising from a generating func-
tional on M, ¢ -8, is implemented by a one-parameter
unitary group which in the Fock representation, lies in

Proof: It remains only to verify the assertion in the
last sentence, the rest following from previous results.
Now as v, is unitary for all fc R, ¢~-f, is implemented
by a one-parameter unitary group in any cyclic repre-
sentation of &,(M). 1 Thus in the Fock representation
Ty, this group is implemented by { = V,, say. But v,
acts trivially on 7, so B, acts as the identity on &.(T)
and hence V, lies in the commutant of m,(A.(T)). That
is V,e/N by Lemma 3.8.

Remarks 3.11: (a) This theorem shows in what sense
t - B, is an “inner” automorphism. In particular, for
the free time evolution ¢ — exp{JJXPs)¢ (where X is
multiplication by %), the corresponding automorphism
group /— 8% of A.(M) will be unitarily implemented in
any cyclic representation 7. Thus we can work with its
generator, the physical Hamiltonian, as an operator
on the Hilbert space in which 7(5,(M)) acts. This fact
has already been exploited in perturbation theory cal-
culations based on the Fermi method.'®

(b) The problem discussed above, of determining
whether a given automorphism is in some sense inner
for the algebra of observables, is of course of more
general interest (cf. Kadison'®). Note that the above
analysis shows that in the direct integral decomposition
of /V produced by “diagonalizing” its center / (see Ref.
3), the Poincaré automorphisms are also “diagonalized.’
This is important for any discussion of Poincaré trans-
formations of the Fermi physical states.®

Proposition 3.12: The automorphism groups { ~ B,
of Theorem 3. 11 are unitarily implemented in the co-
variant representation 7 [defined by Eq. (1.9)] by one-
parameter unitary groups in 7(a(N))".

Proof: For each representation m,, pcX, we have
{Theorem 3.11) a one-parameter unitary group /- U5
implementing the automorphism group 7~ B,. The op-
erator U; on K given by

(U.F)(p) = U,() F(p)

clearly implements ¢ — 8, in the covariant representa-
tion. Now the proof of Lemma 3. 8 carries over to the
representations 7, [as these are Fock representations
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associated with the complex structures A(p)JyA(p)™]
and so U,(#) € 7,(8,(N))” for all tc R and all pc X. Hence
U, e 1(A,(N)" as required.

Pyoposition 3.13: The map X — Z,' /)’ is a Lie alge-
bra homomorphism.

Proof: Clearly X - Zy is linear so it remains to prove
[Zx, ZY]:Z[_X,YJ'

To demonstrate this it is sufficient to show that ZyZ,
=Zyy. Now recall the notation of Lemma 3.5. If ¢
€/}’ we have

ZyZy¢=(1=Pp)XPsYos
= -Pp)XY¢s-(1~Pp)X(1-Ps)Y¢s.
Now (1= Pg)Y¢pgse T and so X(1 -~ Pg)Y¢psc T. Thus
ZxZyd=(1-Pr)XY¢s=Zyy0,
completing the proof.

The above argument actually implies more. In fact
we have

[(1=PpXPyI"=(1 = Pp)X"Py
so that
exp(tdsZy) = (1= Py) exp(tJsX)Py + (1 = Pg).

Thus we can write

exp(tdsZ )" S=(1 - P;) exp(tJsX) - Pyl S, (3.5)

Now for each (g, A} in the Poincaré group let a(a, A)
be the operator on S given by

ala,A)op =(1 = PpYa, N)Py¢ (dc S). (3.6)

Thus for each one parameter subgroup ¢~ (a(f), A(})
of the Poincaré group (3.5) shows that a{a(t), A(#)) is
a unitary operator on S. Since the Poincaré group is
generated by its one parameter subgroups, we have
a(a, A) unitary on S for all elements (a, A) of the
Poincaré group. This proves

Theovem 3.14: The map (a, A) — a(a, A) defined by
(3.6) is a unitary representation of the Poincaré group
on S,

This theorem (which is implicit in Ref. 3) has conse-
quences for the radiation gauge quantization of the elec-
tromagnetic field. We note that @ induces a represen-
tation of the Poincaré group by automorphisms of &,(S).

We conclude this section by noting that many of the
above arguments and results carry over to more gen-
eral situations involving the Weyl algebra formalism.
Whenever the physically observable algebra is “em-
bedded” in a larger algebra then this question of relat-
ing the automorphisms of the two algebras will arise
(for example in a theory with a gauge group). In the
case of the electromagnetic field this problem really
arises from the gauge freedom implied by the 4-vector
potential.

4. GENERAL THEORY OF ZERO MASS FIELDS
The arguments and results of this and our preceding

paper® are sufficiently general to be applicable to higher
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spin tensor fields. We leave the generalization of the
preceding results {in particular the construction of

A N), A[(S), and A (N)/I=A (S)] to the reader. The
arguments of this section are intended to point out the
applicability of the Weyl algebra formalism in other
zero mass theories.

Consider the space §, of C™ functions on X}, taking
values in some complex vector space V which carries
an irreducible tensor representation of the Lorentz
group (finite dimensional) and satisfying

(a) every fe §, is of fast decrease (together with all
its derivatives) ag k| -~ =,

(b) every fe 5, vanishes at the origin.

On 5, we can impose a skew-symmetric form as
follows. Every tensor representation of the Lorentz
group preserves a matrix 1 such that 7*=n, =1
(say 1=-g0 —g® -+ & - g). Define

(6,19 = [ ®U)*ne’ (k) dk/k
for ¢, ¢’ € §,. Now write
B, 6) =516, 10") - (@, 167).

Then B is a skew-symmetric nongenerate form on § .
Consequently we can form the algebra A,(5,) for the
CCR’s defined by B. Clearly (¢, 7¢’) cannot be positive
definite, A positive definite form analogous to the Fermi
inner product may be defined by

(¢, ¢") =B, Jo") +iB(¢, ¢"), 4.2
where J¢ = - in¢ is a non- Lorentz invariant complex
structure on $y. Thus for every tensor field there ex-
ists a Fermi method, viz., form the completion M of
Sy in the norm defined by (4. 2) and construct A,(M) and
its representations.

In general a zero mass tensor field contains re-
dundant components just as for the electromagnetic
potential. These redundant components are eliminated
by supplementary equations and gauge conditions,
neither of which make sense as operator conditions on
the quantized fields. To make sense of them one needs
to interpret them as defining subalgebras or quotient
algebras of 4,(M).

Now a physical zero mass particle has only two heli-
city states corresponding to helicities + s say (s =0, 5,
1, %, --.). This follows by a group theoretical argument
by choosing an appropriate subspace of M (or quotient
space of a subspace) which carries a unitary represen-
tation of the Poincaré group equivalent to the direct
sum of a zero mass helicity + s and a zero mass heli-
city — s representation. It is the purpose of wave equa-
tions and gauge conditions to choose this “physical
space.”

There is however a constraint placed on zero mass
theories which is a consequence of the fact that, when-
ever the tensor representation of the Lorentz group in
V is irreducible, the corresponding manifestly covari-
ant representation of the Poincaré group on § is in-
decomposable. 2’ This constraint follows from the
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Theovem 4.1: Let U be an indecomposable represen-
tation of a group G by bounded operators on a Hilbert
space // (real or complex). Let 1 be a bounded self-
adjoint (resp. skew-adjoint) operator such that 7°=1
(resp. =-1) and the form

L=, nf)

satisfies
(U f, nUf) =(f, nf")

for all f, ' </ and g G. I U is not irreducible we
suppose that //* is a vector space direct sum (possibly
infinite) of closed subspaces of #/, each of which carries
an irreducible subrepresentation of U. Then

(f,nf)=0 forallf,f' cH’.

Proof: Note firstly that f, f' — (f, nf’) is nondegenerate.
Now let //, be an irreducible (closed) subspace of /.
Let

s={reH|{f, nfy) =0 for all foe H .

Then //} is a closed G-invariant subspace of / and so
the irreducibility of #, implies /(N H4=(0) or H,. Now
it is not difficult to show (cf. Krein?) that the ortho-
gonal complement in /4 of the closure of /o +/{ is
nH M) . Hence if HonH5=(0) thenH =H,®H} a
Hilbert space direct sum of invariant subspaces of 4.
Now we have assumed that // is not decomposable and
neither / nor //{ is zero, thus we must have 4,4}
—H,.

Now let /; be a second irreducible {closed) subspace
of /. The considerations of the previous paragraph also
apply to#;. Form

Hz :H 0 +7L/1
(a vector space direct sum) and
s={r e H|(f, nf") =0 for all fe H,}.

By the above argument 4, N 4}#(0). So let feH,NH}
and write f uniquely as the sum f, +£;, where foe/,
and f; €/1,. As

(f, nf)) =0 for all fhetH,
we have
(i, 1f5) =0 for all fict,.

The set of all f; €/, such that f; €/} is an invariant
subspace of //;. Suppose it is the zero subspace. Then
f=fy€H, and by the irreducibility of #,, H,NH4=H,.
But if fi €/, then f{ € //{ and further (f{, nfy) =0 for all
focH o as H,CH5. This implies that /,N /4 contains /),
a contradiction. Thus 4,N /4 contains elements of
and, being G invariant, therefore contains all of //,. A
similar argument to the above gives A, C#,, /4 imply-
ing that H,nHy=H,.

An induction argument gives the result for any finite
vector space direct sum of irreducibles. One assumes
that it is true for # irreducibles /4, ...,/,, and shows
that the (¢ + 1)th irreducible is in //{ for each i by the
argument of the previous paragraph. Since /. CHpu
we have the result.
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Infinite direct sums are dealt with as follows. Apply
Zorn’s lemma to obtain a maximal null direct sum of
irreducibles say /4, (null meaning #/,,<#). Suppose
#, is irreducible and is not contained in # . Form
H o =H =+, (vector space direct sum). 4, can be
shown to be in /) for every irreducible //;C/,. Thus
H it NH'a =H mat, a contradiction. Thus any maximal
direct sum of irreducibles is null, completing the proof.

This result shows that if the “physical fields” of heli-
city + s form an invariant subspace of M (and conse-
quently are equivalent to the direct sum of two unitary
irreducible representations of the Poincaré group) then
there is no Poincaré invariant form on §, which is non-
degenerate on the physical subspace. Consequently there
is no physically sensible Fermi Weyl algebra formalism
for this case (the obvious “Weyl algebra” being Abelian
on the physical subspace).

These considerations apply to the antisymmetric
tensor form of Maxwell’s equations,

F,, =0, F'F°+EF" +E°F" =0,

as the solutions to these equations carry a representa-
tion of the Poincaré group which can be shown to be
equivalent to a direct sum of irreducibles. The above
theorem also applies to any zero mass tensor theory
which does not include gauge conditions.

Conversely, if the physical components of a tensor
field span a subspace of §, on which some Poincaré
invariant symplectic form (derivable from an inner pro-
duct on §, by means of a complex structure J) is non-
degenerate, these physical components cannot form a
Poincaré invariant subspace of S o- Hence gauge condi-
tions are essential in such a theory.

We see therefore that in a zero mass tensor theory
to which a Fermi Weyl algebra formalism is applicable
there are two alternative procedures:

(a) a Fermi method in which A (M) is constructed and
certain subalgebras and quotient algebras specified as
physical,

(b) a Segal “radiation gauge” formalism in which the
symplectic space M is taken to be a quotient space of a
subspace of §,, specified by supplementary and gauge
conditions.

The considerations of Ref. 3 imply that the features
of (b) can be extracted from (a).

5. CONCLUSIONS

We have observed that the Fermi method of quantizing
the electromagnetic 4-vector potential provides:
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(a) an example of spontaneous symmetry breaking in
a field theory,

(b) a problem in the analysis of automorphisms of
Weyl systems which may be of more general interest,

{(c) a unitary representation of the Poincaré group
for the radiation gauge formalism,

(d) a prototype for higher spin zero mass quantum
field theories.
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Wavepacket scattering in potential theory?
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A contour integration technique is developed which enforces the initial conditions for wavepacket-

potential scattering. The expansion coefficients for the exact energy eigenstate expansion are automatically
expressed in terms of the plane wave expansion coefficients of the initial wavepacket thereby simplifying
what is usually a tedious, mathematical process. The method is applicable regardless of the initial spatial

separation of the wavepacket from the scattering center.

INTRODUCTION

In this paper we present a formalism which, although
specifically designed to treat the potential scattering of
a wavepacket when the packet is initially at a finite dis-
tance from the scattering center, is applicable also if
the wavepacket is within the potential well. Thus decay-
ing states are included in the analysis.

The basic idea is analogous to the Regge pole analysis
in that the discrete sum over bound states is replaced
by a contour integration. We show that given an initial
wavepacket

¥(x, 0) = f dp a(p) exp(ip - x), (1)

a contour , in the complex Ip! plane, can be found
such that

Y(x, ) = fc dp a(p) ¢(p, %) exp(-iE?) (2

is a solution to the time dependent Schrédinger equation
if
¢(p, x) =1+ R(x, p)] exp(ip - x) (3)

is a solution to the stationary state Schridinger equation
Ho=Eg. (4)

The wavefunction ¥(x, t) is made the unique solution of
the time dependent Schridinger equation by choosing the
contour so that the singularities of R(x, p) are excluded,
giving

fc dp alp) R(x, p) explip - x) =0, (5)

thereby satisfying the initial condition, Eq. (1).

The analysis is particularly applicable for initial
wavepackets that are localized to a finite region of space
outside of a finite range potential V. For this case a
contour C which satisfies the condition Eq. (5) can al-
ways be found. In the case where the wavepacket is
inside the range of the potential, which includes the in-
finite range potential, a contour can still be found but
in addition the amplitude a(p) must be modifed from that
of the plane wave coefficients.

The connection to other formalisms, in particular
the Lippmann—Schwinger formalism, is made by noting

awork performed for the U,S, Energy Research and Develop-
ment Administration under Contract No, W~7405-eng-82,
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that R(x, p) may be written as
R(x,p)=(E-H+in™?V, (6)

However, in their formalism the initial wavepacket
must be considered at an infinite distance from the scat-
tering center for the solution to be exact. In this limit
C becomes the real Ip! axis since there are no bound
state contributions to the initial wavepacket.

The usefulness of the analysis presented here lies in
the fact that the initial wavepacket is expanded in terms
of plane wave coefficients rather than the expansion co-
efficients for the exact eigenfunctions of the Hamil-
tonian—a procedure which is usually long and tedious.
As will be shown, the connection between the plane wave
coefficients and the exact expansion coefficients is made
simply by “straightening” out the contour.

The formalism is first developed for the one-space-
diemensional case and then generalized to three space
dimensions.

ONE SPACE DIMENSION

A. Wavepacket properties

To facilitate the discussion of the scattering of wave-
packets from one-dimensional potentials, it is neces-
sary to know the analytic properties and the asymptotic
behavior of the plane wave coefficients, a(p). The type
of wavepacket that is to be considered can be represent-
ed by the Fourier integral

x(x, 0) = (2™ [ ~ap a(p) explipx), (7)
where
COMPLEX x PLANE
/lxl=a)

-8 )

FIG, 1. Contour integration in the complex x plane,
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X{x,00=0, |x|>3, (8)

and a(p) is presumed centered about p =0. In general,
the integration in Eq. (7) can be replaced by a closed
contour integration in the complex p plane along the
real p axis returning along an infinite arc either in the
upper or lower p plane depending on the range of x. The
behavior of a{p) for large p, which can be determined
from the reciprocal Fourier transform

a(p) = (@m /2 [ dx x(x, 0) exp(- ip), (9)

must be known to determine this range. The integral of
Eq. (9) can be replaced by the contour integration shown
in Fig. 1, where the path of integration which damps

most rapidly is along the lines of constant phase
¢ = - phase(ip). (10)

The leading terms in the asymptotic expansion of a(p)
then become the Laplace transforms,

a(p) = (2m "2 exp(ipo) [*® dz x(z - 5, 0) exp(- ip2)

]
J wexplio)

dz X(z + 5, 0) exp(- ipz).
(11)

+ (212 exp(- ipd)

Contributions from singularities such as the pole shown
in Fig. 1 damp exponentially to zero relative to the lead-
ing terms for large p. The first term of the asymptotic
expansion is

a(p) =~(2m*2(ip) " [explisp)x(~ 8, 0)

Ip} =

— exp(-i6p)x(5, 0}, (12)
as obtained by expanding X in the integrands of Eq. (11)
about z =0. If this expression is used in the integrand
of Eq. (7) for large p, it is clear that for x > 6 the con-
tour can be closed in the upper half p plane whereas for
x <6, the contour can be closed in the lower half p
plane. In either case, the result of the integral is zero
because of the condition imposed by Eq. (8). Thus a(p)
has no singularities in the entire finite p plane. This
conclusion can also be seen directly from Eq. (9) since
the analytic properties of a(p) are the same as those of
exp(ipx) as long as the integral exists.

A wavepacket that is centered about the point x =x,
rather than at the point x =0, and whose momentum is
centered about p, rather than zero is

(x, 0) = (22 [ Zdp alp - po) explip(x - xy)], (13)

as obtained from Eq. (7) by displacing both ¥ and p.

B. The step potential

As a first example to illustrate the analysis in a sim-
ple way, consider a wavepacket, initially represented
by Eq. (13) with x,< -5, incident upon a step potential

V(x)=0, x<0,
== Vm

x>0, (14)

The Schrédinger equation is
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( o5t V(x)) @4, %) = E@,p, x) (15)

“2m 3
with solutions

@, (b, x) =alp - p,) exp(- ipx,) exp(ipx) + b(p) exp(- ipx),

x <9,
and
@a(p, x) =c(p) explip'x), x>0, (16)
where
p'=0*+2mV)t/% E=(p?/2m). (17)

Since the wavefunction and its derivative are continuous
across the step,

c(®) =20 +p")  alp - py) exp(-ipxy),

bE) =@ ~pVp +p)7 alp - py) exp(~ ipxy),

for all p. Even for complex p, Eqs. (16) and (18) rep-
resent a solution to the Schrodinger equation which is
continuous across the origin.

(18)

Then, according to Eq. (2), the wavefunction at any
time ¢ is

W, ) =(2m" 2 [ dp alp - po) exp(=ipxy)

X{1+(p-p)p +p"" exp(-i2px)}
xexpli(px — Et)], x<0

and
W, =02 [ dpop(p+p)T alp-py)
X exp(—ipx ) expli(p'x ~ ED)], x>0, (19)

where C must be chosen so that the initial condition ex-
pressed in Eq. (13) is satisfied, that is,

COMPLEX p PLANE

172

L ii(ZmVo)

p
|;>'=-|(p2+2mVo)'/2 |—=-::——rp'= |(p2 +2mVo)
$~s—i(2mvo)!/2

b}
_e/

c) C

a)

AL
VAAAAS

I/Z‘

& o r

FIG. 2. Contour integration in the complex p plane,
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J @ a0 =po® -p" +p)* expl-ip(x +x9]=0, x<0,

[ A atp-po2plp +p* explite’x - prg]=0, x>o.
(20)

The only singularities in c(p) and b(p) different from
those in a(p — py) are the branch points due to p’ located
at

p=+i(@mV /2 (21)

as shown in Fig. 2. The phases shown in the figure
are chosen to make p’ real and positive when p is real
and positive. With this choice, Eq. (18) corresponds to
the usual plane wave results for real, positive p. The
initial condition is automatically satisfied if C is taken
along the real p axis and over the cut as shown in Fig.
2(a) as is readily verified from Egs. (12) and (20) by
closing the contour in the upper half-plane. Thus, Eq.
(19) represents a unique solution to the time dependent
Schrddinger equation

ou(s.0) 22)

1 92 .
(—mggz-‘}-V(x) Wx, ) =i Y

with Eq. (13) as the initial condition.

It should be noted that by choosing C to satisfy the
initial conditions, ¥(x, ) has automatically been ex-
panded in terms of a complete set of bounded, stationary
state solutions. For real p >0, the integration along C
corresponds to a superposition of the usual plane wave
results. Along the cut, the integration represents a
superposition of damped exponential solutions for x <0
and a superposition of standing waves for x > 0 corre-
sponding to the “bound” states of a semi-infinite square
well. This follows from Eq. (19) since along the cut

B, ) = = 2620 2m vt [0 (] p)) | pp’|
xali|p| - po) expl|p| (x +x) ] expli(|p|2/2m)t],

x<0

and

o, 8 == 2im Vgt @ny /2 [0 d]p|) | patilp] - po

xexp(| p |xo) expli|p|2/2m)t)l|p*| cos|p’| x

+|p|sin|p’|x], x>0, (23)

where x,< 0 and 1p’'l =(2mV, - |p13t/2,

For real p <0, the transmission and reflection co-
efficients given in Eq. (18) remain unchanged because
p' also changes sign along the negative p axis. This part
of the solution represents two plane waves incident upon
the step potential one from the left and the other from
the right, giving rise to that part of the initial wave-
packet which corresponds to wavelets traveling to the
left.

C. The general finite range potential
Let the finite range potential be represented by

V=0, x>a, x<0,

’

(24)
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V=V(x), O0sx<a,

and let the wavepacket be incident from the right so that
dx, 0)=(2m™* /2 [ Zdpa(p - p) expl-ip(x - x,)),
x2>a+6, (25)
The most convenient form for the solutions of Eq. (15)
is

v, =a(p - po) expl — ip(x - x}] + b(p) explipx), x=a,

@a=alp - po) f.(p, %) explipxy) + bP)f.(p, x), 0<x<a,
®a=c(p) exp(~ipx), x<0, (26)
where

£, %) =flxp, x). 27

The usual boundary conditions at x =a are satisfied
if
fi(pS (1) = exp(i lp(l),

(28)
(df.(p, @) /da) = + ip exp(x ipa),

so that in terms of two linearly independent solutions
¥y and ys,

£, %) =exp(ipa)/wp) X [v{(p, ) - ipy1(p, @) (P, ¥)

- [’Vé(i), (l) - iP)’z(p, a) ]yl(p’ x)}’ (29)
where
’ ’ , dy
w(p) =y1¥s — M1¥2, ¥ :d—';.
The boundary conditions at x =0 are satisfied for
all p if in Eq. (26)
b(p) = - alp — p,) explipx)ipl _+L Gpl . +L D7,
(30)
c(p) =2ipalp - p) explipx)(ipL . +L )7,
where
(31)

L.p)=1imf,(p, %), LIp)= lin(l)fi(p, x).
x=0 x-

The function / ,(p) is analogous to the Jost function for
the case of s wave scattering.! The solution to Eq. (22)
with Eq. {25) as the initial condition is

W, ) =@M [ dp alp - po) expipxo - Bt)exp(-ipx)
—(pl _+LDGpL .+ LD explipy)], x> a,

W, 0y =(2m 2 [ dp alp - po)2iplipL o +L D
xexp{-ilp(x — x¢) + Et]}, x<0,

and
Wx, ) =@m 2 [ dpalp - po) expilpx,~ Et)
(32)

0sx<a

X@(p, x),

y
where

@b, ) =f.(p, %) = GpL .+ L DGpL, +L D7 .(p, %). (33)
The contour C must be taken over the poles, which oc-
cur because of the zeros of (ip/ .+/.), as shown in Fig.
2b) or equivalently as shown in Fig. 2¢).
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To see that this contour actually satisfies the initial
conditions, the asymptotic properties of the integrands
of Eq. (32) must be examined for large Imp > 0. This
is most easily accomplished from the integral equation

@b, x) =2ip{L L +ipl )™ exp(- ipx)

+2mp™ [7dx’ sinlp(x ~ ") ]V(x)0(p, 2.
(34)

Following the iteration procedure used by Newton,
it is easy to show for a> x> 0, and v=Imp >0, that

@lp, x) < C2ip(L L +ipL ) explvx

+C|p|* [T vix"|axl,
(35)

[sinp(x = x")| < C explv(x - x")], x>x’,

where C is a positive number independent of ¥ or p.
Consequently as [pi—«, Imp >0, it follows from sub-
stitution into Eq. (34) for the quantities in Eq. (35), that
@{p, x) approaches its unperturbegd value

lim @, x) =2ip(L | +ipl 27 exp(=ipx). (36)

plow

Because of Eqs. (28) and (33), the Wronskian of

o(p, x), as defined in Eq. (34), with f, and £, evaluated
at x=a, gives

LI+ipl YL +ipl )t
= - m(ip)* fo" dx' Vix"o(p, x') exp(- ipx”), (37)

and
2ip(L s +ipl )t

=1+ m(ip)? fo" dx' V(x"yo(p, x’) exp(ipx”). (38)

Substitution for the asymptotic limit of ¢ from Eq. (36)
into Eqs. (37) and (38) gives
lim (l- :+1PL +) :211)’ Inlp > 0,

Lpl =

lllir‘n_,(LinL L +ipl )t ~exp(~ 2ipa), Imp>0. (39)
As a result of these asymptotic conditions, Eqs. (35)

and (39), at £=0 for x> a+ 5, the contours of Eq. (32)

shown in Fig. 2b) can be closed in the upper complex

P plane so that the only contribution arises from the

initial wavepacket as required.

As in the previous section, the choice of the contour
results in the expansion of ¥(x, #) in terms of a complete
set of stationary state solutions. For real p >0, the
integration along C corresponds to a superposition of
the usual plane wave results. The sum of the residues
from the bound state poles is a superposition of bound
state eigenfunctions, exponentially damped for x >a
and x <0. For real p <0 the interpretation is similar
to that given for the step potential.

. THREE-SPACE DIMENSIONS
A. Spherically symmetric potentials of finite range

The discussion of the previous section is readily ex-
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tended to the consideration of spherically symmetric
potentials

V=V({»), r<a,
(40)
V=0, r=a.
The radial part of the solution then is
@, (p, v) = (2pY) "t expli(n/2)(L + 1)]
X[f,_(p, ) ~ exp(=inD)S, 1, (p, 7],
r<a {41)

where

2 ¢
-2 1 - -2 _ —
e I +1)r 2, + 2mE— V(#)]e, =0,

and S, is the S matrix defined by the ratio of the Jost
functions, 3

S, =7, ®/F, )] explinl), (42)
F1,() =2+ Dlim Yfi(zp, 7), (43)
and
@, (p, ) =zlhP(pr) + S,h,“’(pr)]
=57 + 5 ~ VVPr), r>aq, (44)

where j,{p7) is the spherical Bessel function and k%’
and k® spherical Hankel functions.*
The boundary conditions at » =« are satisfied if

(pa)f,, (b, &) =k (pa) expli(n/2)(1 + 1)),

(45)
@a)f, (0, a) =hP(pa) exp[-i(n/2)(1 + D].
Therefore,
limf,.*(p, a) = exp(z ipa) (486)

a =

in parallel to the usual asymptotic boundary conditions
for potentials of infinite range.

As shown in the next section in Eqs. (67) and (68) the
incident wavepacket

¥(x, 0) = [ dpa(p~ py explip - (x - x,)] (47

can be expanded in the form

w(x? 0) :IE f_:pz dp]l (pr)alm(py pO: XO) YX m(’?), (48)

ay (b, Py Xo) = (M [ 72 dv n(p7)
X [ d2 Y, (®)¥(x, 0), (49)
where = Ix|. For a finite wavepacket ¥(x, 0) there is
a 6 such that
ux, 0)=0, |x-x,|26. (50)

Therefore, the asymptotic properties of 4, ,, can be
obtained from

27 m(p; Po, xO)
-0t [0 2 ar () [ A Y@, 0), (51)

xol -8
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in parallel to the arguments leading to Eq. (12). The
exponential behavior for large p then is

1im a, ,(p, Po, Xg) ~ P2 exp ip(| xy| £ 6). (52)

pw

The wavefunction for all time ¢ is therefore

(x, 1) = (211 23 expli(n/2)(1 + DY, (%)
t,m

X f. pap aynlp, po, )12 _(p7)
- exp(~i1)S, f; (pr)] exp(- iEt), v<a  (53)
and

d)(X, )] :IZ) Ylm('e)[f_:f)z dp]l(Pr)

Xaq ,m(p! Po xo)exp(— iEt)
+ éfc pzdp a ,m(p’ Pos xO)(Sz - 1)
X (py) exp(~1EY), v>a, (54)

where the contour ( is the same as that shown in Figs.
2b) and 2¢).

The asymptotic behavior of S; and ¢, have been in-
vestigated extensively by Newton® and found to be es-
sentially the same as the corresponding quantities given
in the previous section for the one-dimensional case.
Consequently at t=0, since 1x,l > a+ 6, the contour in
Egs. (53) and (54) can be closed in the upper half p
plane so that the only contribution arises from the ini-
tial wavepacket.

Again the choice of the contour results in the expan-
sion ¥{(x, #) in terms of a complete set of stationary state
solutions, the bound state contributions arising from the
poles due to the zero’s of the Jost functions 7,,(p).

B. The general finite range potential

This result is readily generalized to the general
three-dimensional potential of finite range if it is as-
sumed that the corresponding S matrix has the appro-
priate asymptotic properties for large Imp > 0. The gen-
eral scattering solution outside the range of the poten-
tial can then be taken to be

Wx, = [ dpalp-py) expl-ilp-x,+EN)]

x{1+[E - HI"'V} exp(ip - x). (55)

If exp(ip -X) is expanded in terms of spherical Bessel
functions and Legendre polynomials in the usual
fashion

w(xi t) :lz; Yl m(f){ f;:l)z dp]l (plr)alm(p’ pO! xO)
xexp(- B + [ p*dplin+E - HI Vi (p7)
x alm(pv Pos XD) exp(— ’lEt)}', (56)

where C again excludes the singularities in the upper
p plane and where the sign of 7 is chosen so that the
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contour can be closed in the upper half of the p plane
thereby enabling the initial conditions to be satisfied.

C. Potentials with infinite range and completeness
relationships

The result expressed in Eq. (56) could just as well
apply for potentials of infinite range since the term in
brackets is a general stationary state solution. In par-
ticular, if the potential goes to zero strongly enough for
large 7, such as a superposition of Yakawa potentials,
the S matrix goes to unity along the infinite arc in the
upper half of the p plane, ®

lim S;(p)=1. (57)
Ipl =
It then follows from the symptotic properties of
a;,,(P, Po, Xp) and Green’s function that the contour can
be completed in the upper half p plane thereby eliminat-
ing the second term of Eq. (56) as required to satisfy
the initial conditions.

For potentials that do not go to zero sufficiently
rapidly for large 7, the S matrix is not well defined off
the real p axis or it may take on values such that the
contour cannot be closed in the upper half of the p plane
for all values of . In this event, or, if the wavepacket
is inside the potential well, it is necessary to expand
the initial wavepacket directly in terms of a complete
set of states.

However, the techniques described earlier can still
be used to obtain this expansion. For example, the com-
pleteness relationship can also be written as a contour
integral.

[ p*dp @i, M= p, ")
=1V =) = (= 1) 6(r+ )], (58)
where C is a particular choice of contour which is de-

scribed below. The function ¢;(p, #), defined in Eq.
(41), is now assumed to apply for all #, and

@ (=p, ¥) = (2pr) expl - i(7/2)(1 + 1)]
x [fz,(i)y 7) - Gl,/}z_)fl_(/”’)]. (59)

The proof of Eq. (58) can be seen more directly after
substitution for ¢, (xp, »),

J. PPdp oo, M el-p, ")
=@ [ aplf 0,1 - Gi/F )00, )]
XU, 7= G310 ) (0, 7))
=@ YN[ dpfe, A7)
=0 /30001 dpf 0,7, )
- G/3: 05 0N (60)

It is well known that f; (p, 7} is analytic everywhere
in the upper (lower) half p plane’ and that @,(zp, ¥) is
analytic everywhere® in the upper (lower) half p plane
except for poles of branch points on the positve (nega-
tive) imaginary p axis. Consequently, C, is chosen as
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shown in Fig. 2b} and Cz is chosen so that it goes under
the singularities on the negative imaginary p axis. Thus
by changing p to — p in the second term of Eq. (60),

[C padp (pl(py 1’)@;(—15, 7”)
=@t [ dpfi o, A 0,1 = 0o /) A0, 0]
1

(61)
For large Ipl, Imp>0,7
:1:|m=o (A, "/, )]
=[@+ D11 p expilpr - (n/2)1],
lim [, 01 0,1 =31 011,00, )]
== 2ip~ (21 + M ! sin[pr - (v/2)1]. (62)

If ' > 7, these asymptotic properties allow C, to be
closed in the upper half of the p plane, excluding all
singularities thereby causing the right-hand side of Eq.
(61) to vanish. The same result is obtained if » >/,
since the original integral is symmetric to an inter-
change of 7' and » as can be seen from the first equality
in Eq. (60). That the integral is the delta function given
in Eq. {58) then follows directly from the asymptotic
properties given by Eq. (62). Furthermore as a result
of Eq. (61),

j;: ’lf’fl*(.b, ’V’)[fl_(p$ V)_Gl_/}l‘,)fl*(pi‘r)]
1

=21[6(r =) = (- V'3(r ++")]. (63)
This expression can now be used to expand an arbi-
trary wavepacket in terms of the stationary state solu-
tion ¢, (p, ¥). Thus from Eqs. (41), (48), and (63),
d)l ,m(y) 0) = f_:pz dp]t (p'l’) alm(p5 Po, xO)
= f_:pz d[) a ,m([)’ Pos XO)

X fow(r' ar’ /) 6(r = v, (pr")

= ‘[‘C kz dk Al ,m(k)(pl (k’ 'V) (64)
1
with
Ay = (k) expl-i(n/2) (0 + 1)) [ _p*ap
] ,m(p; Pos xO) fow V' dT'jl (P’V’)fx ‘(k’}’,)
= (mk) exp(~ i(7/2)(1 + 1)]
X [Ty by (v, 01y (R, ¥, (85)
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where it is assumed that {x, 0) is zero for Xx=0 so that
the term containing 8(» + ') in Eq. (63) can be ignored
for all values of #'. Since ¢,(k, ) is the stationary
state solution, regular at the origin, it follows that the
solution as a function of time is

W, )= 2 Y, o) [ K2 dR Ay (R)
t,m

X @, (R, ¥) exp(— iEt). (66)

This expansion theorem has a simple form for the
free particle case. The function ¢, (k7) then reduces to
ji(k7) and f, (k, ¥) is proportional to h*’(k+) as defined
in Eq. (45). Thus the initial wavepacket ¥(x, 0) can be
represented by

¥(x, 0) =23 ¥,,,(X) [ TR dk ay ,(R)j, (kr) (67)

1,m

with
ay () = ()™ [" 2 dr b (kr)
X [ dQ Y, (x)y(x, 0). (68)

CONCLUSIONS

The formalism presented here removes the necessity
for considering the initial wavepacket at an infinite dis-
tance from the scattering center at an initial time ¢
=-, As a result, final states can be obtained for times
large compared to the interaction time but not neces-
sarily infinite. Therefore, decaying states can be read-
ily examined using this formalism rather than the time
dependent formalism previously developed® which de-
pended explicitly upon an initial interaction time /.
There seems to be no conceptual difficulty in extending
the concepts developed here to relativistic theories and
to quantized field theories since the restrictions on the
S matrix which are normally assumed are sufficient to
ensure that the contour can be closed in the upper half
of the p plane.
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Causally symmetric spacetimes are spacetimes with J *(S) isometric to J (S) for some set S. We
discuss certain properties of these spacetimes, showing for example that if S is a maximal Cauchy surface
with matter everywhere on S, then the spacetime has singularities in both J *(§) and J ~(S). We also
consider totally vicious spacetimes, a class of causally symmetric spacetimes for which I *(p)=1"(p)=M
for any point p in M. Two different notions of stability in general relativity are discussed, using various
types of causally symmetric spacetimes as starting points for perturbations.

1. INTRODUCTION

The concept of symmetry is basic to physics, Sym-
metry in general relativity is usually based on a local
one-parameter group of isometries generated by a
vector field: a Killing vector field. In this paper I shall
develop a notion of symmetry which is based on the
global causal structure of spacetime. The reasons for
analyzing spacetimes with causal symmetries are in
part the same as the reasons for considering space-
times with Killing symmetries: First, the spacetimes
having such symmetries mimic important known fea-
tures of the actual universe while simplifying the
problem of solving the field equations; and second, the
mathematical simplicity of such spacetimes allows them
to be used as easily understood examples of exotic
spacetime siructures—structures which may form a
part of the actual universe.!

I shall discuss both applications of symmetries in
this paper. After setting down the definitions and
basic relations between the various types of causal sym-
metries in Sec. 2, I shall show in Sec. 3 that all time
symmetric universes which contain matter everywhere
are singularity symmetric. That is, these universes
have singularities both to the past and to the future of the
spacelike hypersurface about which the universe is time
symmetric. Many writers believe’=! that the actual
universe is closed, and the evidence suggests® that it is
isotropic and homogeneous. This implies the existence
of a surface of time symmetry. Thus if we assume that
this surface of time symmetry is a Cauchy surface,
then it follows that the universe can exist for only a
finite time. In general, Sec. 3 will be devoted to a
discussion of the conditions which must be imposed on
a spacetime in order to make it singularity symmetric.

In Sec. 4 I shall briefly discuss some of the proper-
ties of totally vicious spacetimes, the class of causally
symmetric spacetimes for which FF(p) =I(p)=M, the
entire spacetime, for any point p in M. These space-
times provide a counterexample to a theorem by Hawk-
ing and Sachs: A causally simple spacetime is stably
causal.

Causally symmetric spacetimes have one advantage
over Killing symmetric spacetimes. Causal symmetries
are quite amendable to analysis by the global techniques
developed by Hawking and Penrose, and using these
methods it is easy to prove that many of the properties
of these spacetimes are “stable.” I have placed “stable”
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in quotes because there are two notions of stability
used in general relativity. First, a spacetime property
is said to be stable if it still occurs when the initial
data is perturbed. Second, a property is said to be
stable if it persists when the metric is changed slightly
at every point in the spacetime. I shall make these dif-
ferent notions of stability more precise in Sec. 5,
showing that the singularity symmetry of some of the
spacetimes considered in Sec. 3 is a stable property in
the first sense, and that the total viciousness of the
spacetimes of Sec. 4 is a stable property in the second
sense.

The notation of this paper is the same as that of
Hawking and Ellis,® hereafter denoted HE. I shall as-
sume that the cosmological constant is zero.

2. DEFINITIONS AND BASIC RELATIONSHIPS

The three basic causal sets, J*(8), I*(S), and D*(S)
give rise to the following three definitions of symmetry:

Definition: A spacetime (M, g) will be called causally
symmetric about a set S if J*(S) is isometric to J-(S),
written

JH(S)=J(S).

Definition: A spacetime (M, g) will be called chrono-
logically symmetric about a set S if

r§)=r(s.

Definition: A spacetime (M, g) will be called Cauchy
symmetric about a set S if

D*(8)=Dr(S).

Since all spacetimes have the above symmetries if S
=M, some restriction will have to be placed on S for
the definitions to be useful. In Sec. 3, we will require
S to be a partial Cauchy surface, and on this structure
we can define another notion of “Cauchy” symmetry:

Definition: A spacetime (M, g) is called time sym-
metric if there exists a partial Cauchy surface at each
point of which the extrinsic curvature x,, vanishes.

This is the definition of time symmetry as given by
Misner, Thorne, and Wheeler.” There are other defini-
tions of time symmetry in the literature.® For example,
in Harrison, Thorne, Wakano, and Wheeler we find the
following definition of time symmetry: “A spacelike
hypersurface is said to be a hypersurface of time sym-
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metry when the dynamical history and the 4-geometry
on the future side of this hypersurface is the time-
reversed image of the dynamical history and the 4-
geometry in the past. * As I interpret this statement,
the above authors claim that a spacelike hypersurface
S is a surface of time symmetry if the spacetime is
both Cauchy symmetric and causally symmetric about
S. (The time reversal of the dynamical history gives
rise to the Cauchy symmetry and the time reversal of
the 4-geometry gives rise to the causal symmetry.)
Note, however, that neither D*(S)~D"(S) nor J*(S)
=J"(S) imply x,,=0. For example, let S have the
topology R® and let {x,y,z) be a Euclidean coordinate
system on S, with initial data set (k,,,X,) on S (r,, is
the metric on S). Then if k,,(x,3,2) =h,,(x,y,~2) and
Xap (%3 ¥52) ==X, (x,y, — 2) with x,, #0 except at points
for which z =0, we can evolve this data so that D*(S)
= Dr(S) and J*(S) =J-(S). In other words, this initial data
set is globally time symmetric [i.e., J*(S)=J-(S) and
D*(S)=Dr(S)] but not locally time symmetric fi.e., for
any point p in S with z#0, we have J*(p) not isometric
to J-(p)].

Furthermore, x,, =0 on a partial Cauchy surface S
does not imply any of the three causal symmetries.
For example, remove the point (x=y=2=0, t=+1)
from Minkowski space. In the resulting spacetime the
hypersurface /=0 has x_, =0, but D*(S) is not isometric
to D-{S). We do, however, have the following:

Pyoposition 1: If the spacetime (M,g) is time sym-
metric about S and if D(S)=D*(S)U D~(S) is the maximal
Cauchy development from S, then D*(S)=D(S).

This result follows immediately from the existence
and uniqueness of the maximal development from S,
proven in Chap. 7 of HE. In a similar manner, we
prove

Proposition 2: If S is a time symmetric Cauchy sur-
face, then S is causally symmetric about S.

In the next section we will show that singularities
develop both to the past and to the future of a maximal
hypersurface!® S provided there is matter present
everywhere on S. Intuitively, the notion of “matter
present everywhere on S means “the energy density is
nonzero at each point of S.” We can make this intuitive
notion precise via one of the following conditions:

Definition: The weak ubiquitous energy condition is
said to hold on a set S if T,,V*V®> 0 for all timelike or
null vectors V* at each point p in S,

Definition: The strong ubiquitous energy condition is
said to hold on a set S if (T, - 3g,,7)V*V? >0 for all
timelike or null vectors V¢ at each point p in S,

All observed matter fields obey both of the above con-
ditions at a point p if T%+#0 at p, However, there are
certain fields which are often used as approximations
to actual fields that do not satisfy one or both of the
above conditions if T, #0. For example, a null fluid
moving entirely in the V° direction would give 7, V*V?
=0 with 7, #0. Furthermore, a massive scalar field
could violate the strong ubiquitous energy condition
while satisfying the weak ubiquitous energy condition
(see p. 95 of HE). Since it is unlikely that the matter at
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a given point would consist entirely of radiation moving
in"one direction, and since a massive scalar field with
Te*#0 could violate the strong ubiquitous energy con-
dition only at such extremely high densities that we can-
not trust the matter equations, it is reasonable to as-
sume that the above energy conditions hold at a point

p whenever T, #0 at p.

The condition T, #0 for all pc M was apparently
originally proposed by Aristotle (nature abhors a
vacuum), and later defended by numerous authors,
among them Leibniz, who supported it with an argu-
ment which is cogent even in the world view of general
relativity: At any point in spacetime we expect there
will be a little randomly oriented radiation present,
even in what would otherwise be a perfect vacuum. The
microwave background radiation, for example, is ex-
pected to be present everywhere in spacetime, except
perhaps where there is matter to shield it out. This
random background radiation would be sufficient to
satisfy both of the ubiquitous energy eonditions; even
in radiation shielded regions there would be quantum
mechanical zero-point radiation which would in itself
be sufficient to satisfy the condition. Thus the above
ubiquitous energy conditions seem to be eminently
reasonable conditions to impose on the whole of space-
time, though for our purposes we will need to impose
them only on an initial spacelike hypersurface.

3. SINGULARITY SYMMETRIC SPACETIMES

We will now show that any spacetime which is time
symmetric about a spacelike hypersurface S (or more
generally, for which S is a maximal hypersurface) and
which has matter everywhere on S has singularities
both to the future and to the past of S. The first two
theorems will apply to the case in which S is compact,
and they require no global causality assumption. The
third theorem, which handles the noncompact case,
will require a causality assumption: S is required to be
a Cauchy surface. The first theorem is really a special
case of the second, It is included separately for two
reasons. First of all, it facilitates comparison with a
similar theorem by Brill and Flaherty,* and second,
since its conclusions depend explicitly on the initial
data and not on a more general global generic condition,
it will be used to prove the stability of a class of
singularity symmetric spacetimes.

Theovem 1: Suppose that a spacetime (M,g) contains
a maximal spacelike hypersurface S which is compact
and edgeless. Then there is at least one timelike
geodesic which is incomplete to the future of S, and at
least one timelike geodesic which is incomplete to the
past of S, provided:

(1) the Einstein equations hold on (M, g);
(2) the strong energy condition holds on (M, g);
(3) the strong ubiquitous energy condition holds on S.

Theorem 2: Suppose that a spacetime (M, g) contains
a maximal spacelike hypersurface S which is compact
and edgeless. Then there is at least one timelike
geodesic which is incomplete to the future of S, and at
least one timelike geodesic which is incomplete to the
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past of S, provided:
(1) the Einstein equations hold on (M, g);
(2) the strong energy condition holds on (M, g);

(3) on every timelike geodesic ¥ with YN S# ¢, there
are points p,q in J*(S) and J-(S) respectively such that
at p and q, V*V®V R vV, #0, where V¢ is the unit
tangent vector to y.

dlable

Proof: Clearly Theorem 1 is a special case of
Theorem 2, for let p=g be a point in yN S. Then
R, V2V >0 at p = ¢ by conditions (1) and (2) of Theorem
1. But this implies V*V?V{ Ryu.Vs# 0 at p =g (see p.
540 of Ref. 12), so condition (3) of Theorem 2 holds,
Thus we need only prove Theorem 2. (The proof is a
modification of the proof of Theorem 4 in HE, p. 273.)
It can be shown (HE, pp. 204—5) that there exists a
covering manifold M to M such that each connected com-
ponent of the image of S is diffeomorphic to S and is a
partial Cauchy surface in M. If there are incomplete
timelike geodesics both to the future and to the past of
any one connected component S of the image of S, then
there will be incomplete timelike geodesics both to the
future and to the past of S in M. Therefore, the proof
can be carried out in M. We first show that any time-
like geodesic ¥ which intersects S orthogonally will
have a point conjugate to S both to the future and to the
past of S provided y can be extended that far, Recall
that a pomt p on y is said to be conjugate to S along vy
if there is a Jacobi field along v which is not identically
zero but vanishes at p and satisfies the initial condition

Va;b:x:zb (3.1)

at S (HE, pp. 96—100). The Jacobi fields along y(?)
which satisfy the above initial condition can be written
(HE, p. 99)

Zx=A, 28],

where o,8=(1,2,3), ¢ is the proper time along y{¢)
with =0 at g], and g is the point at which y intersects
S. At g, A, is the unit matrix, and the point p will be
conjugate to S along y(¢) if and only if the determinant
of A ; vanishes at p. If we define

x*=det(A,,),
3 dx
6=~ — 3.
< ar’ (3.2)
‘“AY(B dt %5a8 9’
then it can be shown (HE, pp. 96—101) that A , satisfies
‘;—f == Ry V'V - 202~ 62, (3.3)

where 202=0,,0% >0, Using 6=(3/x)dx/dt, (3.3) can
be written

a

dtz +F(t)x:07 (3.4)
where
F(t)=3(Rgp V'V +202)., (3.5)

Since x*=det(4,,), det(A4,,) will be zero at p if and only
if x=0 at p. At g, we have (HE, p. 100)
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3 dx
8=V3, ——Xazzi-zo

Thus, showing that any future-complete t1me11ke geode-
sic )/(t) orthogonal to S has a point conjugate to S to the
future of S is equivalent to showing that the solution to
(3.4) which satisfies the initial conditions

dx

at =0 has a zero in (0, +),

By conditions (1) and (2), F(#)=0 in [0, +=), and
condition (3) implies that there exists a value ¢, in
[0, + ) for which F(f) >0. Thus, from Eq. (3°4), we
have a value #, for which

t
-Z—’t‘ L = —/ * Fi)xt)a <o. 3.7

Since F(t) > 0, this means implies a zero of x for some
tin [0, +=). A similar argument shows that any past-
complete timelike geodesic y(¢) orthogonal to S has a
point conjugate to S to the past of S.

By Proposition 7.24 of Penrose,'® the location of the
first conjugate point to Son v varles continuously with
the point at which y intersects § and v. Thus the proper
time length to the first conjugate point of 5 along the
future-directed timelike geodesics orthogonal to S is a
continuous function defined on §, provided all y are
future complete. Thus it attains its maximum value b
on the compact set §: if M were timelike geodesically
complete to the future of §, there would be a point con-
jugate to S on every future-directed geodesic orthogonal
to S within a proper time distance b, But to every point
qe.. D*(S) there is a future-directed geodesic orthogonal
to 8 which does not contain any point conjugate to S be-
tween S and ¢ (HE, p. 217). Let 8:5x[0,b]—~ M be the
differentiable map which takes a point pe S a proper
time distance t[0,5] along the future-directed geodesic
through p orthogonal to S. Then B8(S [0, b]) would be
compact and would contain fftsr) Since the intersection
of a compact set and a closed set is compact, this im-
plies that D*(3) and hence H* ) would be compact.

Consider now a point ge H*(S). The function d@s, q)
would be less than or equal to b, since every past-
directed nonspacelike curve from ¢q to 8 would consist
of a (possibly zero) null geodesic segment in ()
followed by a nonspacelike curve in D*(3). [See HE, p.
215 for the definition of d(3,¢).] Since d is lower semi-
continuous, there would exist an infinite sequence of
points 7, e D‘(S) converging to ¢ such that d(S,v,) con-
verged to d(S,q) There would correspond to each v,
at least one element 8~}(r,) of §x[0,5]. Furthermore,
there would be an element 8(p, ¢) which would be a
limit point of the 8-*(»,) since Sx[O b] is compact. By
continuity we would have ¢ = d(S,q) and B(p,t) =q. Hence
to every point ge H*(S) there would be a timelike geode-
sic of length d(S,q) from 8. Now let ¢, € H* (5) be a point
to the past of g on the same null geodesic generator a
of H*(8). If we were to join the geodesic of length
d@,q,) from § to ¢, to the segment of X between ¢, and
q, we would obtam a nonspacelike curve of length
d(S,ql) from S to g which could be varied to give a longer
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curve between these endpoints (HE, p. 112). Thus the
function d(S, g), with g H*(S), would strictly decrease
along every past-directed generator of H*(S). Now these
generators have no past endpoints (HE, p.A203). But
this contradicts the fact that d,q), g€ H*(S), would
have a minimum on the compact set H*(S) since 4d(5,q)

is lower semicontinuous in ¢. Thus some future-directed

timelike geodesic orthogonal to $ must be incomplete.

A similar argument with the past-directed geodesics
orthogonal to § will show that there is at least one
timelike geodesic from S which is incomplete in the past
direction. 0

Condition (3) of Theorem 2 is a very weak condition to
impose on a spacetime. We can have V*V*V_ Ry, Vi)
=0 along yN J*(S) only if R,,,,V’V" vanishes at every point
of yN J*(S), and then only if the Weyl tensor is related
in a very particular way to v (CmaWV” =0) at every

point of yN J*(S). Hawking and Penrose have pointed out!?

that for any physically realistic spacetime, this would
not even occur at any point of any 7!

In order to prove singularity symmetry about a maxi-
mal noncompact spacelike hypersurface, we will need
to impose stronger conditions on the spacetime than
were necessary in the compact case. We shall need a
causality assumption—S will be assumed to be a Cauchy
surface—and we shall need to assume that the matter
density is bounded away from zero for some finite
proper time for all observers which travel on geodesics
hitting S orthogonally. A stronger initial condition on
the matter than that imposed in the compact case is a
necessary condition for singularity symmetry: There
are spacetimes for which T®V V, >0 everywhere on a
maximal Cauchy surface S and which is singularity-
free. An example would be a static, spherical star
which carries an electric charge. Thus the following

theorem will not apply to asymptotically flat spacetimes.

However, we would expect its condition (3) to hold for
a spacetime for which the matter density is roughly
constant on S.

Theovem 3: Suppose that (M, g) contains a maximal
Cauchy surface S. Then there is at least one timelike
geodesic which is incomplete to the future of S, and
at least one timelike geodesic which is incomplete to
the past of S, provided:

(1) the Einstein equations hold on (M, 2);
(2) the strong energy condition holds on (M, g);

(3) there exist positive constants a, such that
2Ty - SgpDVVat]> b

for every timelike geodesic segment ¥N J*(S) and
YN J'(S), where ¥ is a geodesic intersecting S ortho-
gonally and the proper time ¢ along ¥ is zero at S.

Proof: We first show that every future-directed time-
like geodesic v orthogonal to S has a conjugate point to
S within a proper time distance (a+ 3/87b). Suppose
not. Then we have x>0 in this interval and
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a
& f Ft)x()dt
dt t=a 0
2
-2 ((T,,,, - bg, TIVeV + 22 )x at
0

a 8
< = i—ﬂ (@ (T, -38,T)VVPdl < - -slx(a)b-
g

Since dx/dt < dx/dt|,_, for all ¢t > a before the first
zero of x, there must be a zero of x within a distance
¢ of t=gqa, where c is defined by

&) __ o
dt - c

t=a

Thus

x(a)

3
T ax/dtl,, < - x(a)/[- 87/3)xla)b] = o

c=

Hence a zero of x occurs within a distance (a+ 3/87b)
from S, and this means a point conjugate to S along y.

From this result and the fact that to each point
g € D*(S) there is a future-directed timelike geodesic
orthogonal to S of proper time length d(S, g) which does
not contain any point conjugate to S between S and ¢, it
follows that there is in D*(S) no future-directed time-
like curve from S with proper time length greater than
(a+3/87b). However, all future-~directed timelike
curves from S remain in D*(S) since S is a Cauchy sur-
face. Furthermore, all timelike curves intersect S.
Thus, all timelike geodesics are incomplete in the
future direction, and their lengths from S are less than
or equal to (a+3/87b), A similar result holds for the
past direction. Since the maximum proper time distance
from § in either time direction is (a+ 3/87b), no time-
like curve has a length greater than 2{a +3/87b). ]

We have also proven:

Covrollary: All timelike geodesics are both future and
past incomplete, and no timelike curve has a proper
time length greater than 2{a+3/875).

Note that Theorem 3 and its Corollary apply to all
spacetimes with a maximal Cauchy surface S, If S is
compact and conditions (1)—(3) of Theorem 1 hold, then
conditions (1)—(3) of Theorem 3 hold.

4. TOTALLY VICIQUS SPACETIMES

Definition: A spacetime (M, g) will be called totally
vicious if I'{(g)N I(qg) =M for some point g in M. [Notice
that if I'(g)n I'(g) =M is true for one point ¢ in M, it
will be true for all points ¢ in M; every point in M can
be connected to every other point by both a future-
directed and a past-directed timelike curve. ]

The Godel universe, the Kerr— Newman solution with
&+ e?>m? (a#0), and Minkowski space with the hyper-
planes {=0 and {=1 identified, are examples of totally
vicious spacetimes, Totally vicious spacetimes are
causally and chronologically symmetric about any point
and any set in the spacetime. One property of such
spacetimes is given by:

Proposition 3: A totally vicious spacetime is causally
simple.
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Proof: Recall that a spacetime is said to be causally
simple if for every compact set K contained in M,
J*(K) and J°{K) are closed (HE, p. 206). Let g be a point
in K. Then we have I'(q) =M =I'(K) =J* (K}, so J*(K) is
closed, Similarly, J-(K) is closed. Hence, totally
vicious spacetimes are causally simple., |

This proposition constitutes a counterexample to a
theorem of Hawking and Sachs'*: A causally simple
spacetime is stably causal. The stable causality con-
dition is said to hold on (M, g) if there are no closed
timelike lines in both the metric g originally placed on
M and in all metrics g’ on M which are “near” g.

(For a precise definition of “near” see Sec. 5.) Clearly
totally vicious spacetimes are not stably causal.

The proof of the Hawking—Sachs theorem as given by
those authors assumes that causally simple spacetimes
are distinguishing [a spacetime is said to be distinguish-
ing if for all points ¢ and p, I"(g) =I"(p) or I'(g)=I*(p)
implies ¢ =p]. However, this condition is nof included
in the usual definition of causally simple, which is
apparently the one used by Hawking and Sachs. Proposi-
tion 3 is really a defect in the usual definition of
causally simple, for we have

Pyoposition 4: A spacetime (M, g) which contains
closed timelike lines but which is not totally vicious is
not causally simple.

Proof: Since (M, g) contains closed timelike lines,
there is a point g M for which I*(g)" I'(¢) # ¢, Since
(M, g) is not totally vicious, J’(q)UJ'(q) is nonempty.
Suppose J*(q)*ﬂ and let pc J'(q) If (M,g) were simply
causal, then J"(q) E*(q) =J*(q) - IF(g), so g<p, but not
g <p. However, we have g < ¢q and ¢< p, which imply

g <p. Similarly, we can deduce a contradiction between
the assumptions J"(q) # 0 and causal simplicity. Thus
if (M, g) were causally simple, J*(g)U J~(g) would have
to be empty, and this is impossible. O

5. STABILITY

As mentioned in the Introduction, there are two notions
of stability in general relativity. The first is the con-
tinued existence of a spacetime property under pertur-
bations of the initial data. To be more precise,

Definition: A spacetime property will be said to be
D stable (for development stability) about a spacelike
hypersurface S with initial data (k5,,x3,,¥%,,) if the
property exists in all spacetimes maximally developed
from initial data (h,,,,,x,,,,, ‘I/(,)) in some neighborhood of
the initial data (B, x%, ¥¥;,) on S in the original space-
time, where ¥,,, denotes the other fields and their
derlvatlves on S. We use the original metric 1% on S to
define a distance function and hence a topology on the
space of initial data on S. (I.e., we use the C” open
topology on this space—see HE, p. 198 and Ref. 15 for
more details.) All sets of initial data are required to
satisfy the constraint equations.!® (All i, are required
to be positive definite.)

We have:

Theovem 4: Singularity symmetry is a D-stable
property of the initial data described in Theorem 1.
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That is, given a compact maximal spacelike hyper-
surface S with R,, V*V* >0 everywhere, we can perturb
the initial data slightly (so that S is no longer maximal,
but still 1¥%,| <e, for some €>0) and still obtain incom-
plete timelike geodesics both to the past and to the future
of S.

Pyoof: A change in the metric will change R, V*V?,
but it still will be bounded away from zero on S for a
change sufficiently small. Then there is an € >0 such
that when x%,1 <€, every timelike geodesic intersecting
S orthogonally still has a point conjugate to S both to the
past and to the future of S, provided every geodesic is
both past and future complete. The existence of a geo-
desic which is incomplete to the future of S and one
which is incomplete to the past of S then follows as in
the proof of Theorem 2, a

Similarly, we can show that singularity symmetry
still occurs if we relax the maximal hypersurface con-
dition of Theorem 3 to 1x% | <¢ on S for some €> 0, the
precise value of € being determined by the constants
a and b. However, it is not possible to prove D stability
with the initial data of Theorem 3 because we do not
know if S would still be a Cauchy surface when the initial
data is perturbed; it is not known if global hyperbolicity
is a D-stable property about an S with the initial data
of Theorem 3. It probably is not; an arbitrarily small
amount of electric field added to Schwarzschild initial
data can convert the resulting spacetime from
Schwarzschild to Reissner—Nordstrom, and the former
is globally hyperbolic while the latter is not.

The second notion of stability in general relativity is
the continued existence of a spacetime property under
arbitrary, sufficiently small variations in the metric.
To make this notion precise, we follow Geroch'” and
introduce a topology on the collection( of all Lorentz
metrics on M. Let gk, 2w €G. We will write gg <ga
if every vector which is timelike or null with respect
to g, is timelike with respect to g,;. That is, the light
cones of g,, are “larger” than those of g},. The set of
Zab cg such that g/, < g <2, forms a basis for a
topology for 9 the C° open topology (Ref. 15, HE, p.
198).

Definition: A property of spacetime is said to be G
stable {for global stability) if given any M, the collection
of Lorentz metrics on M which have the given property
forms an open set in( .

Theovem b5: Total viciousness is a G-stable property
of spacetime,

Proof: Let (M, g) be a totally vicious spacetime.
Clearly any metric g,, with g,, <g,s is also totally
vicious; if we “expand” the light cones at each point,
then any closed timelike line in g, is also a closed
timelike line in g,,. To show that there exists a metric
Zap With g, < g, for which (M, g’) is totally vicious we
proceed as follows. Suppose there is no such metric
Z4». Then there exists a point pe M through which no
closed timelike line passes for any g4 <g,. For if
there were no such point p then the chronology violating
sets would cover (M, g/,) for some g}, <g,,. But the
set of points at which the chronology condition is violated
is the disjoint union of open sets of the form I(g,g/.,)
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NI(g,g.), g M (HE, p. 189), Thus if these sets
covered M they could not be disjoint unless they con-
sisted only of one set; i.e., I'(g,gi) N I"(q,gis)=M.

However, the existence of such a point p is impossi-
ble, because given any closed timelike line ¥ (timelike
in g,,) through p, there is always a metric g, with
g1y < g for which vy is still everywhere timelike. (Given
a timelike curve v of finite proper time length, we can
always “shrink” the light cones at all the points of ¥
such that ¥ is s#ll everywhere timelike. }

We have a contradiction, and so there must exist a
totally vicious spacetime (M, g’) with g, <g,s- o

Totally vicious spacetimes are in a real sense mirror
images of stably causal spacetimes: Both classes are
G stable, and both are defined by closed timelike lines—
the former by their presence, and the latter by their
absence.
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Long time behavior of integral and integrodifferential equations is studied. Some of them are
generalizations of the models for the transport of charged particles in a random magnetic field; the
solution of the homogeneous integrodifferential equation has an algebraic-logarithmic decay for long times,
whereas the solution of the inhomogeneous equation has a slower logarithmic decay.

1. INTRODUCTION

Equations of integral and integrodifferential type
occur in various applied fields; see, for example, Refs.
1-4.

In this work, long time behavior of certain integral
and integrodifferential equations is studied. Some of
them arise as generalizations of the models for the
transport of charged particles in a random magnetic
field. Models with particular kernels have been investi-
gated in Ref. 1.

Other integral equations with monotonic increasing
kernels are studied; papers in the past®® have consi-
dered equations with monotonic decreasing kernels.
Other integrodifferential equations studied in this work
are of a form similar to that in Ref. 3, but not under
the requirements that the kernel in the trnasformed
equation be in L,[0, ) and that the initial value of the
solution be sufficiently small.

2. INTEGRAL AND INTEGRODIFFERENTIAL
EQUATIONS FOR THE TRANSPORT OF CHARGED
PARTICLES IN A RANDOM MAGNETIC FIELD

In Ref. 1, a model for the cosmic ray flux F({; @) is
given to be the integrodifferential equation

t
: 1
s @) =-0o(l) - — F(7; a)dT
F(t; a) a(l) Ot'/o 0T (7; a)dr,
(>0, a0,
where the source o(f) represents the density gradient
and @ is a small parameter. When o=0, the homo-
geneous integrodifferential equation can be written in

the form of a Volterra equation of the second kind,
namely,

At; @=1-af I +t- DAT; @) dr.
Consider more generally the equation

fit; =1~ af K(t-Df7; a)ar,
where « is a small position parameter. [For simplicity,
the argument ¢ will be dropped from the various func-

tions from now on; for example, f(¢; @) will be written
as f(#). Also K * f will be used to denote the convolution
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integral of K and f. ] The following theorem is on the
long time behavior of the solution for fixed «. It would
be assumed that all involved derivatives of K(¢) are con-
tinuous for 0 </ <=,

Theovem 2.1: If (1) K(1) >0, £>0, (2) a/(t +b)
<K'(ty<c/(t+d), where a, b, c,d are positive constants,
(3) —a/(t+b)2<K"(t) <0, and (4) K" ()/K'(t) is non-
decreasing [i.e., InK'(#) is a convex function], then
f(t) ~=1/aabt(int)? as t ~=.

Proof: The proof is in the same spirit as that in Ref.
1. In a previous paper, ® it was shown that
Fit) =2Re[6,°0 1+ K1),
where s, is a pole of [D(S)]?,
D(s) =s(1 + aK(s)),
K(s) is the Laplace transform of K(¢),
by =lim[(s = s¢)/D(s}],

5'30
and
IH=-a fomexp(- xt)B(x) dx,
B(x) =abe™*/G(x),
G(x) ={x + aabe[Inx + ¥ + €,(x)]
~ aK(0) + ax8(- x)}? + (aabme™)?,
¥ is the Euler constant and e,(x) = fox[(ey- 1)/v]ay,
9(s) is the Laplace transform of 8(#),
0<8(f)<cln(l+¢/d)=aln(l +1/b).
Now
I=-a foma’xab expl— (t + Dx]/G(x),
G(x) = Z(x) + (aabe™)?,
g(x) =x + aabe *h(x) — aK(0) + ax8(- x),
h(x)=Inx +v+ [7{(e”-1)/y]dy.

Let z=1+¢, iy=1/zlnz, u,=(nz)/z, £=2z2x;
then
I=L +1,+1,

where
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k2f gbe™t
ILi=—az? d
1= fu,. (e %

“ gb exp(- 2x)
12:— a/o ——G—-(—’E)———-dx,

= ab exp(— zx)
=— —_— .
I, afuz G x

Estimate for I,: Differentiating G(x), we get
G'(x) = 2g(x)g’ (x) - 202a®b2n® exp(- 2x),
where
g'(x) =1+ aab expl~ x)h'(x) — aab exp(- x)h(x)
+ ab(=x) — axb'(~x)
=1+ aab/x — aab exp(— x)h(x) + ab(x) - ax6'(-x).

As x—= 0+, glx) ~aabInx and g'(x) ~ @ab/x, so that G'(x)
<0 for sufficiently small x and G(x) = G(,) for 0 <x
<y, for sufficiently large z. Therefore,

aab s
G(I-’-x) 0

~ Ky ~ 1 <« 1
aab(Inpy)? aabz(lnz)®  aabz(Inz)?

]Izls 1dx

as z—=,

Estimate for Iy: Since G(x) > (aab m exp(- ¥))?,

|1, ] s?})ﬂz '/“a expl- (z = 2)x]dx

1 1
aab 12t aabz(Inz)?

as z—=>,

Estimate for I,: Note that

h=- aabzl(lnz)z - ozabz(lnz)ZI’2
+;a—bz—1(m[l - exp(— #12) + exp(- ©52)],
where
I, = fu:‘zc[c( £z'2(-£z<f;z2b2 In®z ]exp - B dc.

Since for £z small, G(tz™') ~[aab In(tz), it fol-
lows that |G ~ a?a®b®1n%z| /G = 0(1) as z —= uniformly
on [pyz, uzz] and

[z =0(1) f:lfz exp(- £)dE=0(1) as z—~=.

Also since exp(- 412) €1 - 1,2,
(1 - exp(- 112) + exp(~ K52)] < 1/Inz +1/2=0(1)
as z—~=>°,

Estimate for I(t): From the estimates for Ij, I, and I,
we get

I(t) ~~ 1/ aabz(lnz)?
~—1/aabt{Int)® as t—=,
f@® ~=1/aabt(Int)?* as t—°,
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Consider now the inhomogeneous integrodifferential
equation with constant source term o(f) = oy and kernel
Kl(t)y

F(t):—oo— QK1 *F,

the following theorem is on the large time behavior of
the solution F{#). It would be assumed that all involved
derivatives of K;(f) are continuous.

Theorem 2.2: If (1) a/(t +5) <K, ($) s ¢/(t+d), where
a, b, c,d are positive constants; (2) a/(t +5)?<s K{(¢) <0
and (3) K{()/K,(#) is nondecreasing (i.e., logK, is con-
vex), then F(f) ~- o,/ aablnt as t -~

Proof: The proof is in the same spirit as that in Ref.
1. By quadrature,* F(#) can be expressed in terms of
the solution f(¢) to the homogeneous integrodifferential
equation,

F=f-off
=f-0of, FB)= [} AT T,
=f=0y* (F(®) ~ [,"f() dT).
By a Tauberian theorem,’
fE=)=F(04),

where f(s) = L[f(t); s] is the Laplace transform of f(¢).
But

F(s)=1/s(1 + K(s)),

where K(s) = L[K(t); s] is the Laplace transform of the
kernel K(!) in Theorem 2.1, namely,

K(s) =K(0)/s + abK (bs) + 6(s),
where
Ky(x) =L(1n(1 +0); x]
=(e*/NEy(x), E(0)=[at/te';

therefore,

F(s)=1/[s + ak(0) + ez exp(bs)E, (bs) + asb{s)].

Since Ey(z) =~ Inz — v + ¢;(2), where ¢;(z) is analytic,
it follows that

;:(s)~1/- aalns—~0 as s—~0+,

and 7 (=) = 0.
By Theorem 2.1, the following is true:
Aty ~=1/aabt(in)? as t ~=;

therefore
[Amdr~~1/eab [,d7/T(In7)? as t-

=~ 1/aab(Inf).
Hence F{f) ~- o,/ aab(Inf) as t -,

Remark: The solution of the inhomogeneous integro-
differential equation has a slower logarithmic decay,
whereas the solution of the homogeneous integrodiffer-
ential equation has an algebraic-logarithmic decay for
long times.
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3. OTHER INTEGRAL AND INTEGRODIFFERENTIAL
EQUATIONS

In this section, long time behavior of the solutions
to other integral and integrodifferential equations with
monotonic increasing or decreasing kernels is studied.

Consider first the following integral equation with
positive increasing kernel K(#):

A =¢(t) =Kxf.

It would be assumed that all involved derivatives of
¢(t) and K(f) are continuous for 0 < ¢ <,

Theorem 3,1: If (1) K(H) >0, K'(t) >0, K"(t) <0,
(2) a®= 4b, where a=K(0), b=K'(0), and (3) ¢(») is
finite, then f{f)~0 as t— =,

Pyoof: The equation is f(f) = ¢(f) ~ K« f.

3.1

Consider the equation with source term 1,
glt)=1-K*g.

By equivalence theorem, ®
g(t) =exp(- vf) - L*g,

where L(f) = (a - 7) exp(- ¥} + K" * exp(~ ¥1), ¥ any con-
stant. Since L'(#) = (¥? - a¥y +b) exp(- ¥t) + K"* exp(- 7t),
by choosing ¥=[a+ (a® ~ 4b)*/%}/2, we get L(t) >0, L'(f)
<0, Now let ¥(£) = exp(~ ¥8); clearly ¢'(t) € Ly[0, =).

It is shown in Ref. 6 that if K(t) >0, K'(f) >0, K"(t)
<0, and a®> 4b, then the solution g(#) is bounded.

Consider now the following two cases.

Case 1: K(®) ==: Since [{" L) di==1+K(®)/7,
L & Ly[0,*) and by Theorem 1,2 g(<) =0,

Case 2: K(») <«: Since J;L(f)df=-1+K()/v, L
e L,{0, ) and by Theorem 1, 2

g=) =) /[1- "L dt]=0.
So in any case, g(*)=0.
The original equation is
B =¢t) - Kxf;
by the convolution theorem, ® f(¢) is related to g(#) by
ft) =g()o(0) + ¢" xg(8),
so that f() =g(=)$(0) +g(=)[o(=) - ¢(0)]=0.

Integrodifferential equations of the form

PO =-mf(t) = [ k(t=T) ATV T, F(O)=f, (3.2)
where m is a constant, can be transformed into integral
equations of the form (3. 1) studied in Theorem 3.1. 1t
would be assumed that all involved derivatives of k(f)
are continuous for 0< ¢ <*°, Long time behavior of Eq.
(3. 2) with positive decreasing kernel k(¢) is investigated
in the following theorem.

Theorem 3.2: If (1) k() >0, E’(£) <0 and (2) m?
=2 4k(0), m>0, then f(t)—0 as {—~>,

Proof: The equation is
FO==mflt)~ [ k(-7 AT T, FO)=Fy.
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It can be written in the form
D =fy- [} Kt =) f(D) T,
where
K®)=m+ [ k(7)dr.

To apply Theorem 3.1, note that K(¢) >0, K'(f)=#k(d)
>0, K"()=k'(t) <0, a=m here, b=k(0) and so a?> 4b;
by Theorem 3.1 with ¢(!) =f;,, we obtain f(*)=0.

Consider next the integrodifferential equation (3. 2)
with negative kernel 2(¢). Under certain additional con-
dition, similar conclusion can be obtained.

Theorem 3.3: I (1) k() <0 and (2) m = - [; k(f) dt,
then f(#) tends to a constant as t~<. {In fact, if K(¢)
& Ly[0, ), where K() =m + [} (T) dT, then f(t)~ 0 as
t-—w}: And if K(£) € L;[0,%), then lim, . A1~ [[°K(t) dt]
=fo.

Proof: The equation is

O =—mfit) - [ kit =1 d7, A0)=f,.
As in Theorem 3.2, let K(#) =m + [{ k(T)d7; then

B =fo~ [ Kt -7V f(T)dr.

To apply Theorem 1 in Ref. 2, note that K(¢) >0,
K'(#) =k(t) <0. The source term here is constant and
so its derivative is in L;[0, ). Finally the fact that
K(t) >0, K'(t) <0 and the source term is constant im-
plies that f(#) is bounded, see Ref. 6. By Theorem 1 in
Ref. 2, if K(#) & Ly[0,«), then

limf(¢) = 0;
t-ae
if K(t) e L,[0,), then

Lmfn1 - ["K(@®) dt]=f,.

t-o

Remavk: The assumptions that m + [} 2(7)dT are in
L,[0, ) and f, is sufficiently small are not required in
Theorems 3.2 and 3.3. They are in the hypotheses of
Theorem 5 in Ref. 3.
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Group-theoretical foundations of classical and quantum
mechanics. |. Observables associated with Lie algebras
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This paper is a first attempt to explore the relationship between classical and quantum mechanics from a
group-theoretical point of view. We deal here with the algebraic aspects of the sets of classical and
quantum observables in the framework of the algebraic structures associated with finite-dimensional Lie
algebras. In particular, we investigate the canonical structure of the quotient fields predicted by the
Gel'fand—Kirillov and Vergne conjectures in order to study the types of observables that emerge from a

given Lie algebra.

1. INTRODUCTION

In recent years, ! group-theoretical methods have
been applied for the mathematical foundations of classi-
cal mechanics. Many of the results that have been ob-
tained are similar to the corresponding quantum ones.
The analysis of this fact is essential for a deeper un-
derstanding of both classical and quantum mechanics,
On the other hand, the passage from one to another con-
text provides an important mathematical framework
which includes for example the theory of “geometric
quantization” and is related to important problems as
the relationship between the Gel’fand—Kirillov? and
Vergne® conjectures.

The aim of this series of papers concerned with the
group-theoretical foundations of classical and quantum
mechanics is to build up a unified formalism for the
construction of the classical and quantum mechanics
associated with a connected Lie group (. In particular
we shall apply the method to the Galilei, Poincaré, and
Weyl Lie groups.

Paper I deals with the problem of the determination
of classical and quantum observables associated with a
given connected Lie group g . It turns out that the natu-
ral mathematical tool for this analysis is the theory of
algebraic structures associated with Lie algebras. In
this context, symmetric and enveloping algebras® play
an important role. We give in Sec. 2 a short review of
its more important properties, and we introduce the
concept of “characteristic dimensions” of a Lie algebra
G. In a forthcoming paper we shall see how the charac-
teristic dimensions of the Lie algebra of a connected
Lie group g allow us to know the degrees of freedom of
the elementary systems associated with g and the num-
ber of parameters required for labeling them. Section 3
is devoted to the description of the Gel’fand—Kirillov
and Vergne conjectures on the rational structures as-
sociated with algebraic Lie algebras. In Secs. 4, 5,
and 6 the above considerations are applied to the ex-
tended Galilei, Poincaré, and Weyl Lie algebras
respectively.

2, RATIONAL STRUCTURES

Henceforth G will denote any finite-dimensional Lie
algebra over the field R (real numbers) with the com-
mutations relations
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[Aa :AB] = E CZBAV
»

in a given basis B=1{4,}{. We consider now the follow~
ing rational structures associated with G over the field
€ (complex numbers).

A. The symmetric algebra and its quotient field

The complex symmetric algebra* S of G is the poly-
nomial ring Clay,...,ay] in N commutative variables
{aet¥. The quotient field D(S) of S is the field
Cay,...,ay) of rational functions in the variables {a}f.
The Poisson bracket of two elements k4, ky € D(S) is de~
fined by

ohy oh
fringt= 2 chpa, =22

By v aaa aaB )

The field D(S) equipped with the Poisson bracket defines
a Lie algebra. Evidently S is a Lie subalgebra of D(S).

There are two important subsets:

S'={pes/ip,p'}=0, wp'<S},
D(S) ={ne D(S)/{h, h'} = 0,9k’ € D(S)},

which are the invariants in § and D(S) respectively under
the adjoint action of G.

B. The enveloping algebra and its quotient field

The complex enveloping algebra‘ // of G is the set of
all (noncommutative in general) polynomials in N ele-
ments {Aa}{" satisfying the relations

A Ay =AgA, =i2 YA,

14

It is a well-known fact! that // is a Noetherian ring
without zero divisors. Then, one can construct its
quotient field, denoted /)(//); the elements of /)(//) are
of the form uv™! with u,v €{/ and v#0. Any pair of
fractions 7, 7, € )({/) can be reduced to a common de-
nominator; therefore, it is possible to define on /)(//) all
required operations to make /)(//) a noncommutative
field. If # and v £#0 are two elements of // such that uv
=vu, then it follows that uv™' =v~lu; in this case we shall

denote u/v =uv™! =vlu.

The commutator of two elements 7,7y (/) is de-
fined in the usual form [, 7,] =77, —7y7;. For instance,
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ifu,ve//and v#0, we get [u, v ]=- v u,v]v"!. One
can show that J{//) is a Lie algebra and {/ a Lie subalge-
bra of N(//). Given »y,7,€/)({/), we define the anticom-
mutator by [7y, ], =77y +7y7y.

Now, the sets of invariants in {/ and /) (//) under the
adjoint action of G are given by

U’:{ueé/[[u,u']:O,Vu’e(/}
DU =lre DUN|lr,7'1 =0,¥7 € DU}

The elements of {// are the familiar “Casimir invari-
ants” of G.

C. The characteristic dimensions

Let Mg be the matrix with elements (Mg)yg=3,c%sa,.

We write
¥(G) =suprankM,.
(“1'"“'“1‘1)

By definition 7(G) is always an even integer (rank of an
antisymmetric matrix)., Let dimG be the vectorial
dimension of G; we define the characteristic dimensions
of G by the integers:

7(G)=37(G), s(G)=dimG - 7(G).

We call n(G) and s(G), respectively, canonical and cen-
tral dimensions of G.

It is known® that S¥ and (/7 are isomorphic algebras;
therefore, maximal algebraically independent sets in
ST and ¢/’ have an equal number of elements 7. In the
same way? D) and (/) are isomorphic fields, we
denote 7’ the common number of elements of their
maximal algebraically independent sets. We have the
following theorem?:

Theorem 1: (1) 7 < 7' <s(G) for every Lie algebra G.
(ii) If G is an algebraic Lie algebra, then 7' =s(G).
(iii) [G,G)=G = T7=7"'=5(G).

In general, equality between 7, 7', and s(G) will not
be accessible, because of the existence of nonrational
invariant functions over the adjoint action of G.

D. Representations

From the algebraic point of view, the natural spaces
for the representations of the symmetric algebras are
the spaces C”(V) of complex valued C”-functions de-
fined on real symplectic manifolds V. 1t is well known
that C=(V) equipped with the Poisson bracket { , }V as-
sociated with V defines a Lie algebra. By a represen-
tations of S we shall mean a linear mapping p —~p from
S to the C~-functions in some symplectic manifold V
which has the following two properties:

(i) p1py =B1 P, for all py,py €S,
(i1) {1, P2} = {p1, bo}v for all py,pp €S8S.
Given i =pi/ps (py,p; €S) in D{S), we shall denote by %

the function py/p,. Clearly, not every & in D(S) leads to
a function k in C=(V).

Let K be a linear subspace of a complex Hilbert space
/. We denote by ((K) the set of linear operators A : K
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— K. By a representation of // we shall mean a linear
mapping #— % from [/ to O){K) in some dense domain K
such that wgu, =7, for all uy,u,€ (/. This condition im-
plies that [T, %, ] =[#}, %, ]x denotes the commutator of
two elements in O(K). Given » =uu3! (g, u, € (/) in H(/)
such that »; is an invertible operator on K, then we
shall denote by # the operator %#;' defined on K,

By the nature of their representations, it is evident
that S and D(S) are algebraic structures of classical ob-
servables. On the other hand, {/ and /({/) form algebra-
ic structures of quantum observables.

3. CANONICAL VARIABLES

Let n,s be two nonnegative integers, we shall denote
by D, ; the field € (Xq, ..., X5, Gy 0 v 3@nsPyy o+« Py) OF
rational functions in 2z +s commuting variables x4,...,
Xs3 Gy« +«3qns P1s+-->Pq- The field D, ; has a Lie algebra
structure associated with the Poisson bracket given by

. s Ofy Of
R UL Ry o
{fl fZ} : aqi ap’ ap‘ aq' ’ fl f2 nyS
Similarly, we shall denote /),  the noncommutative
field generated over the field C(Xy,...,X,) by 2x ele-
ments &4,...,Q,, Py,...,P,, satisfying

QP;-PQ; =0, @Q;-Q,Q =PP;~PP=0.

The commutator of two elements vy,7; €/, s is defined
by (7, 73] =wyry = vy7y.

Given a Lie algebra G the algebraic differences be-
tween their associated quotient fields D(S) and J{//) are
parallel to those between the fields D, ; and /), ;. We
write D(S)=D,  if there is a field isomorphism ¢: D(S)
- D, , such that o({iy, hy}) ={0(,), @(k;)} for all hy, k,
in D(S). On the other hand, we write )(//)=/),,, if there
is a field isomorphism ¢: J{(/) =/, s In this case the
algebraic character of ¢ implies that ¢([r,, 7)) =[¢ 0,
¢ (r,)] for all 7y, 7, in D).

Gel’fand and Kirillov? have established a conjecture
on the relationship between the quotient field H{({/) as-
sociated with an algebraic® Lie algebra G and the stand-
ard fields /), ;. Vergne® has formulated a corresponding
conjecture that can be applied to the quotient field D(S).
These conjectures can be described in the following
terms:

D(S)= Dy, (a)

DU =Dy, (B)

n and s being the canonical and the central dimensions
of G respectively.

G algebraic :>{

The conjecture (B) was verified by Gel’fand and )
Kirillov? for GL(z), SL(n), every nilpotent G, and in a
modified form for G semisimple.’ Joseph® has proved
it for G solvable. The conjecture (A) was verified by
Vergne® for the case G nilpotent. On the other hand,
Abellanas and Martinez Alonso® have showed the failure
of the corresponding versions of these conjectures for
the real quotient fields associated with real algebraic
Lie algebras. This fact is related to the nature of the
field R of real numbers which is not algebraically
closed.

Example: Let G be the SU{2) Lie algebra, with the
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commutation relations
[AbAj] =€ ijkAk (i’j’ k :1’ 2’ 3)-

We have

0 az =4y

7(G)=suprank|-a; O ay |=2;

(a ysa91a3)
ay = a4 0

then 2(G) =s(G)=1. The quotient field D(S) is generated
by three commuting variables {a;}} with the Poisson
brackets {a;,a;} =¢€;;,a,. If we adopt the following
coordinates:

: 2
q=a,, p:aa/za,,, x=a,a.+as,

where a, =a, +ia,, we see that these coordinates
satisfy

{g,p}=1, {x,p}={x,q}=0.

On the other hand, the variables {ai}? can be found from
{x,q,p} via the relations

a,=q, a.=@x+q¢")/q, az=igp.
Then, it is evident that D(S)= Dy ;.

We now turn our attention to the quotient field J(//), it
is generated by three elements {A,}? with the commuta-
tions relations [4,;,4,] =¢;;,4,. If we choose

Q:A+! P:AS(iA4-)-1’ XZ%[A+7A-]++A523a
where A, =A,; +iA,, we have
[Q!P]:ly [X’P]:[XyQ]=0'

Also, the generators {48 can be found from {X,Q, P}
via the relations

A+:Qy A-:Q'i(X_'_(PQ)Z +PQ), A3—‘=ZPQ.
Then, we conclude that 2{(/)=/y,;.

4. NONRELATIVISTIC MECHANICS

Here the relevant Lie algebra is the extended Galilei
Lie algebra generated by {/,/, ,K,$} with the com-~
mutation relations

[ﬂqu]quka [Qi,/’f]ﬂm/% [ﬂbﬂj]:eiikgk’
[Ki, Psl==0uM, [KiHl==Py;
all other commutators are zero. Now, the characteris-
tic dimensions of G are #(G) =4 and s(G)=3.
A. Classical observables

The quotient field D(S) is given by the field
C(m,h,p, Kk, j) of complex rational functions in the com-
muting variables {m, &, p, k, j} with Poisson brackets

Ui kil =€iwkns i, 05t =€inbrr 10rdst =€ssndns
{ki’pf}z—éijm: {khh}:_l’i'

It is well known® that the set of rational invariants
D(S)! is given by the subfield generated by the elements

xy=m, Xy=h-pY/2m, xg=[j+ (k/m)xpl.
If we define

=-k/m, s=j+(1/m)(kXp),
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we find the following Poisson brackets:
{inad=cistn {a0,051="04,
Uust=1si, st =€
fav ast=1ai, s =14, s,k =0.

In terms of the variables {x;,%,,q, p, 8} we have the
relations

=-xq, j=qXp+s8, x3=8’

It is evident that q and 8 have the algebraic properties
of the position and spin observables respectively in
classical nonrelativistic mechanics. We also note that
the quotient field D(S) is equal to T (xy, x5, q, P, 8). On the
other hand, s has null Poisson brackets with

{xi,xz, q, p} and, according to the example discussed in
Sec. 3, C(s)=Dy,i. Then we find D(S)=D, ,.

In this context, it is easily proved that D(S) does not
admit an element with the algebraic properties of a time
observable, Indeed, given te D(S) such that

{h,t}:l, {P, t}:()s
these relations imply that {x,,#}=1, which contradicts
the fact that x, belongs to D(S)'.
B. Quantum observables

Now we consider the quotient field D(//): It is useful
in quantum mechanics to use the complex basis
{M,H, P, K, J} with the commutation relations

[Ji’Kj]:iEiijky [Jtu]=ifukPk: [Jqu]=i€ukJm
[K;, Pyl=-1ib;;M, [K; H]=-iP;

all other commutators are zero. The subfield (/) of
rational invariants is generated by the elements

X\=M, X,=H-PY2M, X,=[J+(1/M)KXP],
We define
Q=—K/M, S=J+(1/M)KXP.
Their commutations relations are
(i, @il =1e, 11Qn, (@4, Py]=1dy5,
(1, 5,1 =[S, Ss1 =€ 4,
[Q,Q,]=[Q;,5;1=[P;,5;]=0,

and we can write
K=~XQ, J=QXP+8§, X,=§%

which are in agreement with the algebraic properties
of the position and the spin observables in quantum non-
relativistic mechanics.

It is easily seen J({/)=/),,s and furthermore that
D(/) does not admit an element with the algebraic prop-
erties of a time observable.

5. RELATIVISTIC MECHANICS

The relevant Lie algebra in relativistic mechanics is
the Poincaré Lie algebra. We choose the basis
{#, p,K,ﬂ} with the commutation relations
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[9u/<;!=6m/<k, [ﬂi,pf]——«fijkpka {ﬂnﬂx]ﬂmﬂk,
[/(i’pj]:—élj’L/’ W{yﬁ]:—p’ [/<i’/<j]:_fijkﬂk7

and all other commutators are zero. The characteristic
dimensions are #{G) =4 and s(G) =2. One can provel®
that D(S)= Dy , and H{{/}=/),,,, but we shall see now that
the physical position and spin observables are outside
of these quotient fields.

A. Classical observables

The quotient field D(S) is generated by ten variables
{r,p,k,j}. Let w* be the Pauli—Lubanski quadrivector
(- ip, — ki +pXk), and let m = (h® — p?)'/%. In terms of
the generators of D(S) the physical position and spin ob-
servables in classical relativistic mechanics!! can be
written

k PXWw w

__k. _pXw (wp)p
=% mhG+m)

= m ki m)”
It is straightforward to verify the following relations:
(i ad=cinte, {ai,p5h=05
{ic, st =1si,s b =€isus,
{as a5t =1as, ;1 ={py, s,k =0.
Also we have

X
R =m® +p?, k:—qh+s P

h+m’

j:qxp+s.

However, since m <,J,/D(S), the components of q and s
does not belong to D(S). Therefore, it is necessary to
consider more general algebraic structures than the
field D(S). For example we can construct a suitable
algebra S* as follows. Let S,, be the extended symmetric
algebra €[m,k,p, k, ], where m is a new variable such
that m €SI, and let L be the two-sided ideal generated
by the element m® - k2 +p? in S,. We can define the
quotient algebra S* :Sm/L. This algebra is a commuta-
tive integral domain'?; therefore, we can construct its
quotient field D{S*), Obviously the components of g and
g are elements of D(S*). We also note that there are two
independent invariants in D(S*) given by m and s?.

It is easy to check that D(S*) does not admit an ele-
ment with the algebraic properties of a time observable,
Indeed, given ¢ satisfying

{h,t}:l, {p7 t}:o,

we obtain {m?, ¢} =2k, which is absurd as m?*e D(S*).

B. Quantum ohservables

Let {H, P, K, J} be the generators of the enveloping
algebra {/. As before we consider an extended structure
{{y, with a new generator M such that M & (/§;, and we
define the quotient algebra (/* ={/,//, where [ is the
two-sided ideal generated by the element M? — H? + P? in
{{y- The modified enveloping algebra (/* is an Ore
ring?!?; Then there exists a quotient field J{(//*) asso-
ciated with {/*. In this field we can define the elements

e L] L _PXW o W__WP)P
Q:-Z[K’H]++MH(H+M)’ S=—% *MEE )’

where W is the spatial part of the Pauli—~Lubanski
quadrivector W* = (-~ JP, — HJ + PXK). Performing
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some routine calculations, we get
(1, Qil=te114@s, [Q1, Pyl=1504,
(1, S,1=1S1,S;] =€ 1 1454,
[Q:,9,1=[Q;,8,]=[P,,S,]=0.

Moreover, we have the relations

SXP
H+M

H=M*+P? K=-3[QH] + J=QXP+8.

Obviously, Q and S have the physical meaning of the
position and the spin respectively in quantum relativistic
mechanics.

The invariants in )(//*) are generated by M and §2.
Also, it can be proved using the same arguments as in
the case of D(S*) that there are no time observables in

DU*).

6. OBSERVABLES ASSOCIATED WITH THE WEYL
GROUP

The Weyl group Lie algebra is generated by
{0, P2, M2 == . p,v=0,1,2, 3} with the commutation
relations
[mxp’/nuv] —— (glumpv +gpvmlu _gﬁu/}/’)w_ng/npu),
[/}1”, pu]:_ (gmpo_gpupx)’ [05 /ju]:_ puy
where g is given by g% =1, gt =~ 5*/, g% =g¥" 1Its
characteristic dimensions are n(G)=5, s(G)=1.

A. Classical observables

The quotient field D(S) is generated by the variables
{d,p*, m** = - m*}, The invariants are generated by the
element w?/p?, where w* is 3¢*"**m,,p,. If we define!?1*

- (l/pz)(d{)u + muupy)’ whY — (1/P2)€uvalwp’
we have the following Poisson brackets relations:
{d! r“}:'ru ’ {771)9’ ru}: - (gkurp _gpu,’,k)’
{p*, rh=g*, I, 7 t=w*"/p.
The Poisson brackets of »* with {d,p*, m**} give the
behavior of a space—time observable under Poincaré
transformations and dilatations; nevertheless, we have

that the different components of * have nonzero Poisson
brackets. However, if we define

qF =7 +awt /p?, s*Y=wh + (i/pP)(pPw’ - prwt),
we find that

{d,¢*t=q¢", {m* ¢} == (0 -g"9"),

{p*, ¢ =", {a*,@"}=1"", "t ={s"", "} ={s*",d} =0,

(e, 54V} = {s2 g8V} = — (gMHsP V4 go¥sMH — gPH M — gVgPH),
On the other hand, we obtain

d=gp,

Therefore, g¢* is a relativistic space-time observable,
and s*¥ is a relativistic spin tensor, but they are not
real variables.

We see that D(S)=C(g*,p*,s*”); furthermore,
C(q*,p*)~ D, ,, and s*¥ verifies that
s4Y = (1/20)e*™s,,, $*'s,,=—4w?/p?,

where the first equation shows that C(s*) =C(s*).

muV:unv_ quu +suv.
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Since {s,,} generates an SU(2) Lie algebra, it is clear
that C(s**)= D, ;. Therefore, we conclude that D(S)

=Dy ;.
8. Quantum observables

The analysis of A(//) is completely analogous to the
one we carried out for D(S). In terms of the complex

basis of G we define!4
R* =3[D,P/P*], + (1/2PY)[M*", P ],
WY = (1/PY)e#"P,W,,
Q* =R" +iW*/P? S¥¥=W*¥ 4 (i/P%)(P*W" -~ P"W*).

It is straightforward to verify the following commutation

relations:

[D,@*]=1Q", [M“,Q"]=-i(g"Q -g™Q"),

[P“’Qv]=ig“y; [Qu’Qv]:[suv’ Qp]:[suv’Pp]z[snv’Dlz(),

[MPe, 54V =877, S*¥] = — (@487 + gP¥S™ - gP4 SN - gSPH).
Also, we have
D ='12'[Qu,Pu].., MEv — Qqu_ QvP* +S“V’

and it is easily seen that (/) =Ds,1-
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Nonlocal interactions: The generalized Levinson theorem

and the structure of the spectrum?
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Fredholm theory is applied to the Lippmann-Schwinger equation for nonlocal potentials without
spherical symmetry. For a specified large set of trace-class interactions it is proved that when, for real k=£0,

the Fredholm determinant vanishes, k >

is the energy of a bound state. The point k =0 is examined and

the analog of the distinction between zero-energy bound states and zero-energy resonances for local central

potentials is found. A generalized Levinson theorem is proved.

1. INTRODUCTION AND SUMMARY

In a recent paper' the distinction between s-wave
zero-energy resonances or half-bound” states and
zero-energy bound states for higher angular momenta,
well known for the Schrddinger equation with a local
central potential, was generalized to the case of local
noncentral potentials. For a large class of such inter-
actions it was also proved that there are no positve-
energy exceptional points. As a result, a generalized
Levinson theorem followed in its full generality, in-
cluding the possibility of an extra 37 for a “half-bound”
state.

In the present paper we carry out a similar kind of
analysis for a large class of nonlocal interactions. We
find that all the essential results hold in this case too.
Again there may be “half-bound” states of zero energy
and they enter similarly into the generalized Levinson
theorem. However, in the present case there may be
positive-energy bound states, i.e., eigenvalues em-
bedded in the continuous spectrum. We, nevertheless,
show that there can be no exceptional points of the sec-
ond kind on the real axis, except at the origin.

Levinson's theorem was first generalized to nonlocal
interactions by Jauch.? Other work on such a generali-
zation includes papers by Gourdin and Martin,® Martin, 4
Ida, ° Bertero ef al., % Buslaev, ®® Horwitz and
Marchand, ” Wollenberg, ® Dreyfus, ° and Bagchi ¢t a
Their results are more restrictive in their assump-
tions than those of the present paper, and none deals
with the full generality of the point £ =0. The manner
in which the bound states of positive energy enter into
the generalized Levinson theorem has been a matter
of some controversy® and we discuss this in Sec. 7.

Z.IO

The assumptions on the interaction that are used in
this paper are stated at the beginning of Sec. 2, in
(2.2), (2.6), and (2.8). We do not assume V to be in-
variant under rotations. The paper is organized in
parallel to Ref. 1, which we shall refer to as I.

2. THE INTEGRAL EQUATION

We assume that the interaction term V in the
Schrddinger equation
Hi= (= A+ V) =k2,
where H is regarded as acting in L%(R®), is an operator

Dgupported in part by the National Science Foundation.
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in the trace class. The necessary and sufficient condi-
tion for this is that there exist two Hilbert-Schmidt
operators V; and V; such that

V=VV,. (2.1)

Their kernels will be denoted by V;(x,y), i=1, 2, and
V(x,y), so that

V(x,y) = [ (dz) Vy(x, 2)V,(z,y) (2.2
and

[(dx)(dy) | Vilx, y)| > <=, i=1,2. (2.3)
If we define for almost all x

wix) = [ (@) | Vilx, y) |22, (2.9

vi® ={ [ (ap)| vy, 0 [21? (2.5)

then (2.3) is equivalent to u;, ;& LA(R®), i=1,2. In
addition, we will assume that u;, ¢; ¢ L'(R?) and that
Ixlu,;, Ixlv;c LY(R%. In other words, our assumptions
are (2.2) and!

uy, v, € LR 0 LAR®), Ixluy, Ixle; e LHRY. (2.6)

Some results, as will be noted, will have a more con-
ventional form if we make the somewhat stronger as-
sumption that there is a function # (I1x!) such that
|x| %y € L}, =), |x|%m e L0, =), w(x)<u(]x]).
(2.6
We note that (2. 2) implies by Schwarz’s inequality that
[Vix, 9| <u@ey(y). (2.7

It will also be assumed that V is self-adjoint'? v = V',
and that time-reversal invariance holds, i.e., that V
is real,

V(X, y) = V(y’ X)=V* (X, Y) . (2 8)
As in I, the starting point of the analysis is the

Lippmann—Schwinger equation

w:d)0+GVlL’, (2.9)
where

¥o (k, X) = exp(ik - x)
and®

expliklx-yl)
G . o ———
(k5 %, y) 4rlx-yl
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Letting V¥, act on (2. 9) gives, by (2.1)

¢=@,+Ko, (2.10)
where

Yo=Yy (2.11)
and

K=V,GV;. (2.12)
Explicitly

@olk, X) = [ (dy) V,(x, y) exp(ik - y).

Because of (2.6) this defines ¢, for every realk as a
function of x in L2(R3). It is shown in Appendix A that
for Imk> 0, K is in the Hilbert-Schmidt class,

trKK' <, (2.13)
that trK exists, and that
lim trK = lim trKK'=0. (2.14)

Ikl - lp| ~w

As a consequence, Fredholm theory is applicable to
(2.10) for Imk =0 and the Fredholm determinant'*

D(k) =det(1 - MK) |, 4 (2.15)

exists for Imk> 0 as an absolutely convergent power
series in A. Furthermore

lim D(k) =1 (2.16)
12l -
for Imk > 0. Since also (see Appendix A)
oK oK'
= < (2.17)

and troK/ok exists for Imk = 0, each term in the power
series expansion of D is an analytic function of » and
therefore D(k) is an analytic function, regular in the
open upper half-plane. On the real axis, D(%) is conti-
nuous and differentiable. The self-adjointness of V

leads to
D(k) = D*(~ k*), (2.18)

The Fredholm alternative assures us that if 2 =&, is
an exceptional point,

Dy =0, (2.19)
then the homogeneous form
Q= Kgg (2. 20)

of (2.10) has a solution ¢ e L2, If &, is real, then (2.10)
has a solution ¢ € L? if and only if ¢, is orthogonal to
all solutions ¢’ of the equation

@' =K'¢’.

Assumption (2. 8) implies that then
I72‘»"'* =W,

where ¢ = VzGﬁztp'* e LR solves (2.20). Hence
(@', ) = (g, V19,

and the necessary and sufficient condition for (2.9) to
have a solution when (2. 19) holds is that for the'® £ in
(2.9),
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[ (dx)(dy) explikyk - x) Vi(x, y)oly) =0. (2.21)

For nonexceptional values of #, (2.10) has a unique
solution ¢ = L3R, We define

Y=o+ Y, (2.22)
where
b=GV, 0. (2.23)

Then ¢ satisfies (2.9) and since by Schwarz’s inequality

| [ @) Vi, o) | < m@lell, (2. 24)
it follows that
< _uly)
|ws(k,x)1\0f<dy)|x_yl. (2.25)

Thus, although ¥ is not necessarily a continuous func-
tion of x, it follows from (2. 6) and Sobolev’s inequality*®
that integrals of the form

[ (dax)p"™ (k, x)f(x)

are absolutely convergent for every fe LY(R%), 1<gq
< 3. [If we make the stronger assumption (2.86"), then
¥s(k, X) is continuous. ]

The function ¥ can be written in the form

(ik1x!)

¥(k, x) = exp(ik - x) + =2 T TG, K + R, (2.26)

where

T(R' k) = - %}/(dx) (dy) exp(~ ikE" - X)V(x, ik, y).
(2.27)

As [x|~ the remainder R(x) is shown in Appendix B
to be o(ix!™) in an average sense, that is, 11
[ dz|R(x)| =o(|x|). (2.28)
[If we assume (2.6), then R(x) =o(Ix|").] Equations
(2.25) and (2.6) imply that for every nonexceptional
real k, T(k', k) is well defined as a continuous function

of £ and I?, and that the generalized optical theorem!®
holds.

3. NEGATIVE-ENERGY BOUND STATES

For Imk > 0 the operator GV is in the Hilbert—Schmidt
class. Hence the situation is exactly as in the local case,
described in Sec. 3 of I. There is a one-to-one corre-
spondence between negative eigenvalues k% at which
there are nontrivial L? solutions of the homogeneous
form of (2.9),

P=GVy, (3.1)
and zeros by of D(k) in the upper half-plane. Because
the spectrum of H is real, D(k) has no zeros in Imk >0
except on the imaginary axis. It follows from the analy-
ticity of D(k), together with (2.16) and (5.11)—(5.13)
below, that the number of negative eigenvalues must be
finite. The multiplicity of a zero of D(k) at k=%, equals
the degeneracy of the eigenvalue kzo‘“
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4. REAL EXCEPTIONAL k, #0

If g#0, Imk =0, is an exceptional point (2.19), then
there exists a solution @ € L? of (2.20) which is of the
form ¢ =V,¥, and ¥ satisfies the homogeneous form of
(2.9). It can be written in the form

B(x) = - [explik,|x|) /47| x| ]

X [ (dy)(dz) exp(- ikex -y)Viy, 2)d(z) + R(x),  (4.1)
where R(x) ¢ L3R®), as is shown in Appendix C. There-
fore, ¥ L*(R?) if and only if for almost all #
[ (dy)(dz) explikgi - y) V(y, 2)d(z) =0. (4.2)
As in I, %, is called an exceptional point of the first
kind if there is a solution ¢ of (3. 1) for which (4. 2) holds
for almost all #; if there is a solution of (3.1) for which
this is not true, then %; is called an exceptional point
of the second kind. Thus, if and only if 2;#0 is an ex-
ceptional point of the first kind, k% is a positive eigen-
value, i.e., a bound state in the continuum. In contrast
to the local case in I, such bound states cannot be ruled
out in the present situation. Their degeneracy is equal
to the “multiplicity” of the corresponding zero of D.
(See Appendix D for a proof and the appropriate defini-
tion of “multiplicity” in this case.) Because K is com-
pact, this multiplicity is necessarily finite. It follows
from this, together with (2. 16) and (5.11)—(5. 13) below,
that the number of positive-energy bound states is finite.

We note that (4.2) is identical with (2.21). Conse-
guently a bound state in the continuum does not prevent
the existence of a scattering solution of (2.9). This solu-
tion will not be unique, but comparison of (2.27) with
(4. 2) shows that T(%’, k) will nevertheless be unique for
almost all directions. Thus the T matrix is a continu-

ous function of %, 2, and %', even at k.

K

Now suppose that %y is an exceptional point of the
second kind, so that (4.2) fails for a set of directions
7 of positive Lebesgue measure. That this is impossible
is proved exactly as in I by means of the optical theo-
rem. %’ We therefore have the following theorem.

Theovem: If the intevaction V satisfies (2.2), (2.6),
and (2. 8), then the sef of real exceptional points of the
second kind contains at most the point k=0,

An implication of this theorem is that the singular
continuous spectrum of the Hamiltonian # is empty.
(This result is not new. It is equivalent to the theorem
of Kato mentioned in Ref. 16.)

5. THEPOINT k=0

The procedure here is exactly as in Sec. 5 of I, and
we will not repeat all of it. If

D(0) =0, (5.1)
then there are solutions ¢ € L2 and x € L? of

Kyw=9o, (5.2)

Byx=x, (5.3
where

By=-AVA, (5.4)
1584 J. Math. Phys., Vol. 18, No. 8, August 1977

A=(=Gy)'’? (5.5)

and G, and K are G and K for 2=0. To every solution
X of (5.3) there corresponds

@ =VzAx
which solves (5.2), and
(¢, @) = (x, AVEAX).
But

(5.6)

2
tr(AV3A) =tr(G,V3)? < ( f(d")(dy)lal%)—%#) <

by the Sobolev inequality and (2.6). Consequently ¢ of
(5.6) is in L23(R%). Conversely, if ¢ e LAR?) solves
(5.2), then

x=AV¢ (5.7)
solves (5.3), and
X, X) =~ (o, ViG Vy9).

But

2
tr(V1G,Vy)? <<f(dx)(dy)ul—l(;{~)_ﬂ§> <w

by (2.6) and the Sobolev inequality. Thus x < L%, and
there is a one-to-one correspondence between nontrivial
LZ_golutions of (5.2) and (5.3).%

We then define

b==-Ax=GVp (5.8)
and it obeys the homogeneous equation
v=G,Vy. (5.9

It is not identically zero, and (2.25), as well as the
discussion following it, apply to it.

The remaining arguments of I, Sec. 5, go through
exactly as before. The necessary estimates are given
in Applendix E. We state the results as follows.

If (5.1) holds, then there are only the following three
possibilities:

Case 1. Equation (5.3) has > 1 linearly independent
nontrivial solutions and all of the solutions ¢ of (5.9)
that correspond to them by (5. 8) obey the analog of
(4.2) for £;=0,

[ (dy)(de) V(y, z)¥(z) =0. (5.10)
Then 1 is an n-fold degenerate eigenvalue of GV, zero
is an n-fold degenerate eigenvalue of H, and k=0 is an
exceptional point of the first kind. The number » is
necessarily finite. The behavior of D in the vicinity of
k=0 for Imk > 0 then is

D(k) = ck*" + o(K*"), (5.11)
where ¢ is real and ¢# 0. The Lippmann--Schwinger
equation (2. 9) now has a well-defined solution for #=0
and the scattering cross section is finite.

Case 2. Equation (5. 3) has exactly one nontrivial
solution X, and the function ¥ that corresponds to it
by (5. 8) does not satisfy (5.10). Then 1 is not an eigen-~
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value of G4V, zero is not an eigenvalue of H, we call ¥
a half-bound state, and 2=0 is an exceptional point of
the second kind. The behavior of D near #=0, Imk >0,
is in this case

D(k) =ick +o(k), (5.12)

where ¢ is real and ¢ #0. Equation (2. 9) now has no
solution for 2 =0 and the scattering cross section is
infinite.

Case 3. This is a combination of cases 1 and 2. Equa-
tion (5.3) has z+1>1 linearly independent nontrivial
solutions such that the ¥’s that correspond via (5. 8) to
the first n of them satisfy (5.10), but the ¢ that cor-
responds to the last, does not. Then 1 is an n-fold de-
generate eigenvalue of GV, there is an n-fold degener-
ate bound state of zero energy, and in addition there is
a half-bound state. The point #=0 is now an exceptional
point of the first and second kind. The behavior of D
near k=0, Imk >0, now is

D(k) =ick®™t + o(%™1), (5.13)
where ¢ is real and ¢# 0. Equation (2. 9) now has no
solution for k=0 and the scattering cross section is
infinite.

As for the resolvent (#> - H)!, or the complete
Green’s function, we note {as in I) that in cases 2 and
3 it diverges as k™t at k-0,

6. THE DETERMINANT OF THE S matrix
The S matrix is defined by
ik

S=1+2_n_

T
as an integral operator on the unit sphere, where the
kernel of T is given by (2.27). As in I we now derive

detS=D*/D. (6.1)

The extra exponential term of I (6.4) now does not arise
because D is the unmodified Fredholm determinant.
Since for large lk|, Imk =0,

k

> (6.2)

1 / Vix,y) .
trT= St (a@x)(dy) xoyl sink|x ~y| +0(1)
and by the Sobolev inequality and (2. 6) this remains
finite as k~=, (6.1) is consistent with (2. 16) and the
exponential factor of I (6.4) is not needed.

Note that (6.1), (5.12), and (5.13) show that if 2=0
is an exceptional pont of the second kind (cases 2 or 3),
then

detS(0) =1, (6.3)
whereas otherwise
detS(0) = 1. (6.4)
We define
(k) = argD(k) (6.5)
uniquely in the first quadrant by specifying
llkill?w (k) =0 (6.6)

as we may by (2.16). Because D is analytic and has no
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zeros in the open first quadrant, 7 is continuous there.
On the real and imaginary axes D is continuous; hence
so is 7, except for the points at which D=0. If there
is an n-fold degenerate positive-energy bound state at
k=Fk;>0, then D has an n-fold zero there and 7 has a
downward discontinuity of 7. We may define the phase
&(k) on the positive real axis so that

6(k) = - n(k) (mod 1) (6.7)
and is continuous for all 0 <k <=_ If we require
lim 6(k) =0, (6.8)
ho=
then it follows that
8(0) = lim 6(k) = — lim n(k) + mn,, (6.9

k- 0+ =0+

where n, is the number of positive-energy eigenvalues,
each counted as many times as its degeneracy.

Equations (6.1) and (6.7) lead to

detS = exp(2:6), (6.10)

which, together with (6. 8) and its continuity defines 0
uniquely in terms of S for all 0 sk <%,

7. THE GENERALIZED LEVINSON THEOREM

Since (2.16) forces D to be real on the positive imagi-
nary axis we can immediately state the value of its
phase 7 at £ =€, arrived at via the first quadrant to the
right of the imaginary axis. I n_ is the total number of
negative-energy bound states (including their degen-
eracies) so that D has n_ zeros (including their multi~
plicities) on the positive imaginary axis, and if D has
an ny-fold zero at # =0, then by (6. 6)

lim 7(€) = - w{n_ + 3n,). (7.1
€ -0+
According to (6.9) it follows that
5(0) = m(n, +n_ +3n,). (7.2)
This can be written
8(0) = m(n + 3¢9), (7.3)

where 7 is the total number of bound states (including
their degeneracy and including those of positive, nega-
tive, and zero energy), and ¢ =1 if there is a half-bound
state at k¥ =0; ¢ =0 otherwise.

We remark that the generalized Levinson theorem
(7.3) looks somewhat different from its statement by
some other authors.® The question of whether the posi~
tive-energy bound states are to be included on the right-
hand side has been a matter of some confusion. We em-
phasize that (7.3) is based on a definition of 6 that makes
it continuous for all 0 <k <, That such a definition is
possible follows from the continuity of D, which we
have proved. That it is desirable follows from the fact
that a positive-energy bound state at %, is not at all re-
cognizable from the scattering near k;. As we have
seen in Sec. 4, it has no effect on the 7 matrix.

That the positive-energy bound states must be in-
cluded in (7.3) in the way they are can be recognized
heuristically as follows. Assume first that V is such
that there are no positive-energy bound states, but that
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there are some sharp resonances. We then change V so
as to maneuver the resonance zeros of D onto the real
axis. In this limit, what previously was a sharp upward
change of 6 by 7 at each resonance becomes an upward
discontinuity. We now redefine & to be continuous. Then
the redefined phase must differ at £=0 from the old
value 7(n_ +3¢) by n,7, and we get (7.3).

APPENDIX A

We first want to show (2.13). We have
trKK = f(dx) (dy)(dz) (dx") (dy ) dt) V,(z, X VE(K', 2)

exp(zklx yl-ik*lx -y'1)

XV, V¥
by OV YY) e T oy

(A1)
The integral will be shown to be absolutely convergent
and hence the order of integrations is immaterial. For
the z and t integrals we have by Schwarz’s inequality

| [(d2)V(z, 0 Vi, 2)| < u(x)0,(x).

Thus (A1) becomes, for Imk=> 0,

< vp(X)ua (y) \ 2
o ft 28

Since (2.6) implies that v, 1y € L3/3(R%) the Sobolev
inequality16 implies that the right-hand side is finite,
and (2.13) follows.

The above argument shows that the (x,y) and the
(x’,y') integrands in (A1) are in L', We then merely
change variables,

x-y=X, x+y=Y,

and are able to conclude from Lebesgue’s lemma that
the right-hand side of (A1) vanishes as Rek—x %, As
Imk — < the same result follows from Lebesgue’s domi-
nated convergence theorem. Thus the second part of
(2.14).

We have

K =L f(dxxdy) (d2)V,(x, y) BT = 20)

2] Vy(z, x).

Therefore, for Imk=> 0,
'tX‘Kl <—/(dy)(d )Lz(y)ul(Z)

again by the Schwarz and Sobolev inequalities. The same
argument as above then allows us to conclude that trK
-0 as Rek -+ « or as Imk— . Thus the first part of
(2.14).

Equation (2. 16) follows from (2.14) because each
term in the power series expansion of det(1 — AK) uni-
formly tends to zero.

Next we consider

oK _1 f(dX)(dY)(dZ)Vg(x y) exp(ik|y — z|) V4 (z, x)

tak 47i

and hence for Imk = 0, by Schwarz’s inequality,

8k sz%/(dy)(dz)vz(y)u1(2)<°°
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by assumption (2. 6). Similarly,

2K oK
ok 0k

-+
=

2
:<Zl1?> f(dx)(dy)(dz)(dx')(dy')(dz VVolz, x) VE(X', 2)

’

X Vy(y, 2V V@', y') explik|x - y| - ik*|x" = y'])

< (ﬁ) 2[ / {dx) (dy)vz(x)ul(y)] ?
by (2.6).

APPENDIX B

The remainder R(x) in (2.26) consists of two terms,
R=R, +R,,

Ry(x) =~ 4—1ﬂf(dy)(dz) explik|x-y|)

x V1(Y, ZW’(Z)( lxiyl _Ti—l) s

Ry(x) = - % (dy)(dz) Vy(y, 2)¢(z)

x [explik|x-y|) - exp(ik(lx| - % -y)].
For the first term we have by (2. 24)

x|
x| =€ flag]| 251,

scfuywyt——,;;*fyy), .

If we assume (2.6°), then the fact that

— if Ixl >yl
1 - 3 xl * ’
E/dyix—y' ' 1 (B1)

Tﬂ if Ixl <lyl,

readily leads to |x{R;(x) =0(1) as Ix| —=, On the other
hand, if we assume only (2. 6) then this may be true
only in an average sense,

[@n x| |[R®| <[ @p]ylm [@D)]x-y]*
=C([}* @y |yl x| + [ (@pu )
=o(1).
In R, we use the estimate
lexp( | 2| |x - y|) - explé| k| (|x] =% D]
<C bik (B2)
T o el ot

x| + iyl + |yl
and (2. 24) to get

x| [ R0 |

2
< [ iy

xl + 1yl + 1yl
sc[ix

-1/2 d )u()
-/|;|<lx|1/2( yraly IYi
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+f(ﬂ>'xl]-/2 (dy)ul(y)ly| :O(l).

APPENDIX C

We want to show here that in (4.1) Rec L(R?). We
have R=R; + R,, where Ry and R, are given in Appendix
B. We proceed as in Appendix A of I. From (2.24),

|Ryx)| <C f(dy)ul(y .

Tx-yl yl Txi
Therefore, by Schwarz’s inequality, (A6) of I, and (2.6)

J(@m)| R@ |2 < Cl [y )|y | /2P <. (c1)
In R, we use (2.2) and (B2),
- lyl?
Rl < cfdy 1) Ty le X+ Iyl +1yl%”
Therefore, by Schwarz’s inequality, (A9) of I, and
(2.86)
J(am)| B2 < C[ [ (dyyum )|y | F <= (c2)

APPENDIX D

We want to examine here the question whether the
degeneracy of a positive-energy bound state equals the
multiplicity of the corresponding zero of D(k) at a real
value of #, at which D need not be analytic. The proof
for negative eigenvalues is as follows: For Imk >0

d

d
c—i; InD :Eﬁlndet(l - GV)

=-tr(1- Gm-‘g V=tr§ GV,
where § = (k? - H)". Hence if D(ky) =0,

lim (% - ko)
Qko

if » is the degeneracy. If D is analytic at %, it follows
that

D(k) =(k = ky)"[c +0(D)]
near k=k,.

For real 2y, (D1) still follows for & — k&, via the upper
half-plane. Consequently

d—‘imﬂ: (k= k)t n +g(k)],

where g{k) =0(1) as k&~ %,. Therefore,
InD = In(k - ko) [n + AR ] + ¢ +0(1), (D2)
where f(k) =0(1). We can therefore assert that the zero

of D at k =k, is of order » in the sense that near k=k,,
for Imk > 0,

D) =(k - k™" [c +o(D)],

where m(k) =n+0(1).

(D3)

Equation (D2) shows that, as k goes around %, from
ky— € to ky+ € in the upper half-plane along a semi-
circle of vanishing radius, the phase of D(?) changes
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by - nm. This is the essential result needed for the
proof of Levinson’s theorem.

APPENDIX E

In this Appendix we will supply the estimates needed
to duplicate the contents of I, Sec. 5, that is, the es-
timates of I, Appendix B.

We have
ﬁdx) (ay) )t V&Y fr’(]‘;;’lﬁ"j),‘f’l‘z’ iy - ¢l

< C [ (dy)(dt) |y - t] oy (@ (t) <=

by (2.24) and its analog, and (2.6). Equation (I.B2)
follows.

We also have
VL, 2)ox)p(z) | 1kIly —tI®
S ayyiamian ACL LY

E
<C/d (dt)llfl/lTI :

sc[f (@) (av) (Jy| + [tho(yu )| 2|17
fyt+lti<ipl =172

[V(x,y)

vz(y uy (1)

+ﬁy| Ht>ip /2 (@@t (Jyl + |t )'3"2(37)”1“)]

:0(1) as k— 0,
by (2.86). Equation (I. B4) follows.

APPENDIX F

We want to give here a simple derivation of the gen-
eralized optical theorem, i.e., of the unitarity of the
S matrix, that does not depend on the nature of the spec-
trumof H==-A4+V,

Inserting (2. 9) in (2.27) yields

—4rT(R’, k) = (%, Vi)

= (U, Vi) = (B, VGV,

where k’:klg’, and hence

~ 41 T(",K) - T*(k, k) ] = (¢, V(G = GV

But

13 ~ .
(G-GN(x,y) =~ é—(l—zﬂ—)g/dk explik - (x-y))
and hence

TR K) = T*(k, k) = B TR, K" T*k, k.  (F1)

The special case of # =£" is the optical theorem.

This derivation shows that, at a given value of %, the
unitarity of the S matrix depends on the existence of a
solution to (2.9) only. It does not depend on any kind of
completeness of the spectrum of H.
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We develop the Hamiltonian hypersurface dynamics of the gravitational field derivatively coupled to
general tensor sources. The closing of constraints follows from the independence of the hypersurface action
on the path in the space of embeddings. The derivative coupling breaks the DeWitt supermetric in Riem (o).

1. INTRODUCTION

In our previous papers,!'? we have proposed a geo-
metrical language enabling us to describe field dynamics
in a spacetime manifold as dynamics of hypertensor
fields in hyperspace. Along these lines, we have de-
veloped a general theory of tensor fields propagating on
a given Riemannian background.?

We now want to apply the same techniques to the
Dirac-ADM dynamics of a free gravitational field, and
to build up the hypersurface formalism for the gravita-
tional field derivatively coupled to tensor sources.
While nonderivatively coupled sources were soon
embraced by the Dirac-ADM theory,* it was long doubt-
ed® whether the derivatively coupled sources can be
treated in the same way. Our explicit construction shows
they can, but at the same time draws attention to some
unexpected features of the resulting formalism. In
particular, the derivative gravitational coupling de-
stroys DeWitt’s “Riemannian structure” in the con-
figuration space Riem() of gravitational variables. The
significance of the breakdown is discussed in Sec. 5.
Hamiltonian dynamics of tensor sources interacting with
gravity is now independently studied by Fisher and
Marsden; see Ref. 6 for a preliminary discussion of
their method.

Our construction is carried on the same general level
as the Belinfante—Rosenfeld analysis of the relationship
between the symmetrical and canonical energy—momen-
tum tensors. The Lagrangian potential A of the source
fields is left arbitrary, so that we are able to treat
source fields described by nonlinear equations. On this
general level, we are concerned neither about the posi-
tive definiteness of the field energy, nor about the
difficulty to keep the spin of a Pauli—Fierz field pure
under the derivative gravitational coupling. We did not
set out to resolve these difficulties, but we show that
they can be spelled out and discussed within the frame-
work of Hamiltonian hypersurface dynamics.

In hypersurface dynamics, the field equations natural-
ly split into the initial value constraints and the
Hamilton equations. The initial value constraints are
preserved by Hamilton’s equations in the course of
dynamical evolution by virtue of the closing relations
between the constraint functions. Our work thus sep-
arates the initial value problem from the evolution
problem in the Cauchy problem for the gravitational field
derivatively coupled to tensor sources. The Cauchy
problem for nonderivatively coupled fields has been
treated in full detail (see Bruhat” for an excellent dis-
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cussion), but its extension to fields with nonderivative
coupling looks far from straightforward. The main com-
plication is again the breakdown of DeWitt’s “Riemannian
structure,” implying that source-field variables ex-
plicitly enter into the evolution operator determining the
development of the metric.

Because the present paper is the last one in a se-
ries,!~* we freely quote our previous results and use
the old notation without explanation. The sections and
equations of Refs. 1—3 are referred to by prefixing the
Roman numerals I, II, III before the section and equa-
tion numbers; for notation, consult the Sec. I.2.

The material is organized into five sections, including
this Introduction. In Sec. 2, we review the Dirac-ADM
rearrangement of the Hilbert action in the hypertensor
formalism. In Sec. 3, we couple the gravitational field
to arbitrary tensor sources and cast the total action
into the hypersurface form. The derivative gravitational
coupling leads to a source contribution which must be
added to the gravitational momentum to complete it into
a true momentum canonically conjugate to the metric,
The situation closely parallels the standard treatment
of a charged particle moving in an electromagnetic
field. We show in detail how the hypersurface action
generates the appropriate projections of the Einstein
law and of the field equations of the sources. In Sec. 4,
we derive the Poisson brackets between the constraint
functions from the independence of the hypersurface
action on the choice of path in the space of embeddings.
The derivation is simpler than for generalized
Hamiltonian dynamics of the fields on a given
Riemannian background, because the geometrodynami-
cal action is in “an already parametrized form.”
Finally, in Sec. 5 we analyze the complications caused
by the elimination of » multipliers in the passage from
the first-order to the second-order formalism, There
we see how the derivative coupling precludes the intro-
duction of a supermetric in Riem(~*) independent of the
source-field variables.

2. GRAVITATIONAL ACTION

Einstein’s law in the vacuum can be obtained by vary-
ing the Hilbert® action

S‘[g]=fmn“R @.1)
with respect to the spacetime metric g, (X). We shall
show now how to bring the Hilbert action principle into
an equivalent Dirac-ADM® hypersurface form.

Copyright © 1977 American Institute of Physics 1589



For this purpose, we pick up a curve e() in the space
of embeddings é , connecting an initial embedding
= e(f) with a final embedding ¢= e(t). The deformation
-vector tangent to this curve is
de(t)

=25 _eNwp,, + N5,

= (2.2)

its components with respect to the normal hyperbasis
{6,,,5,,} being the lapse function N(x) and the shift vector
N(x) (see Sec. I.4). On each embedding e, the space-
time geometry g induces the intrinsic geometry

g(x)[e] and the extrinsic curvature K(x)[e]. Along the
embedding curve e(f), the extrinsic curvature is con-
nected with the rate of change g, (%)[e(t)] = dxg ., &) e(t)]
of the intrinsic geometry g,,,,(x)[e] by the formula

Ongu (x)e] = On8u (x)e]+ 878w (x)le]

== 2K, (x)[e]N+2N 41,,- (2.3)

The integrand of the Hilbert action (2.1) can be ex-
pressed as a functional of the hypertensors g, (x)[e],
K, (x)el, N(x)e], N*(x)[e] along the embedding curve
e(t). Referring back to Eq. (II.8.3) for the projected
form of the Riemann curvature scalar ‘R, and using the
equation

byg'/2=—KN+N° 2.4)

for the rate of change of the space volume density g'/?,
we get

46112 4R = Ng /% 4R = Ng [ — ll, K™ - K7) +R]
—-2c(gt/2g®N ), —2e(EN"),  +2e5,K.
(2.5)

The action S® contained in a space region m between
the initial and final embeddings ¢ and ¢ is obtained by
integrating the expression (2.5),' 2

stLgle®], Nle(®)], Ne(®)]]

t
= Jf atl [ Ne* el k= K +R]

+ [ do,(=2eg®N,, - 2¢KN)}
am

+2¢ | (KGle]- K(le)).

x&m

2.8)

The term in braces is the hypersurface gravitational
Lagrangian §,5¢ . The last three terms in Eq. (2.5)
yielded the boundary terms in the action (2.6); one taken
over the spatial boundary dm with the surface element
do, [see Eq. (III.5.15)], and another one over the initial
and final embeddings.

The extrinsic curvature in Eq. (2.6) is thought to be
expressed through N, N°, and dyg,, by means of Eq.
(2,3), so that the action becomes a functional of the
variables N, N?, &a, along the embedding curve. There
is a one-to-one correspondence between the spacetime
metric g,,(X) and the hypertensors N(x)[e(t)],

N ()[e)], g, (0)e@)],

N)le(t) | =en, (x, )6~ (x,1),
N()e(t)]= e (x, e (x, 1), 2.7

1690 J. Math. Phys., Vol. 18, No. 8, August 1977

g )et)] =g,5 (elx, D)e(x, )el(x, 1),

Because the Hilbert action (2.1) evaluated for a space-
time metric g, ,(X) is numerically equal to the hyper-
surface action (2. 6) evaluated for the projections (2.7),
we get correct field equations by varying the action

(2. 6) with respect to the hypertensor variables (2.7).

While N and N* enter the hypersurface action merely
as Lagrange multipliers, g, occurs there together with
its rate of change 8yg,, . Introducing the momentum
7 (x)[e] canonically conjugate to the metric g, (x)[e],

() = G?o(ii‘()x» =e(k™(x) - K(x)g (x))

(2.8)

[cf. Eq. (II.8.7)], we can cast the action (2.6) into
canonical form. The geometrodynamical Hamiltonian is
formed by applying the Legendre dual transformation to
the Lagrangian form (2. 6) of the action, taking into
account Egs. (2.3) and (2.8),

ﬁabongabx __GNSg
= [{r®6yg,, - Ng'/*[-e(K,K®~ K?) +R]}

+ [ do,(2eg®N,, + 2eKN")
3m

= [(NHE + N°H® )

+ [ do,(2eg™N,, +2g"1/2(n? — Lw81)NP). (2.9)
Im

The gravitational super-Hamiltonian H* and supermo-
mentum H¢_,

HE=—~¢G .”abﬂcd__gl/zR,

ab cd
(2.10)
G ca=28 " *(@uckra + 8aaye = BanBed) s
HE =-2m,,, (2.11)
alb

are identical with the expressions (II.8.12) and
(I1.8.13) we have found earlier by the direct rearrange-
ment of the Einstein tensor. We thus arrive at the well-
known Dirac-ADM form of the gravitational action,

S g e®], 7 ()N ()], Ne[e()]]

t
:f: af{ [(7®6yg , - NHF = N°HE,)
1 m

+ f do,(-2eg™®N,, —2g™/*(n2 - 16;)N?) }
am

+f(7T(x)[§] —Tf(x)[g])u (2.12)
m

Similarly as in Sec. III.5, where we have studied a

tensor field propagating on a given Riemannian back-

ground, we now disregard boundary terms; the

discussion may be found, e.g., in the references in'®

III.

Varying the action (2.12) with respect to the canonical
variables g,,(x)[e], 7% (x)[e], we obtain the Hamilton
equations. We write them as variational equations in
hyperspace, explicitly splitting the normal dynamics
from the tangential dynamics, following the pattern of
Eqs. (III.6.5) and (II1.6.6),
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B8 (x)e] =g, ), HE, IN, (2.13)
8,1 (x)[e] = [ (x), He, IV,
858, (el =1 g, (x), He . [NF,

@2.14)

857% (x)[e] = [n®(x), He,, IN** .
As discussed in Sec. II.5, the tangential equations
(2.14) merely reproduce the Lie-derivative change of
the dynamical variables. On the other hand, the normal
equations (2.13) carry the true information about the
dynamical evolution of geometry.

Varying the action with respect to the Lagrange
multipliers N and N*, we obtain the initial value
constraints

HE(x) =0 = He,(x).

Their presence indicates that the canonical variables
> 7% carry implicit information about the embedding
variables e%, p,, the whole scheme resembling the
generalized Hamiltonian dynamics of spacetime hyper-
tensors discussed in Sec. III.7. We have analyzed this
particular aspect of the geometrodynamical formalism
in an earlier paper.'?

3. SWITCHING ON THE SOURCES

In Ref. 3, we have studied the dynamics of tensor
fields propagating on a given geometrical background.
We now couple these fields to geometry by adding the
field action S° to the Hilbert gravitational action S*,

Slg, ¢, x]1=5¢[g] +5°[g;0,2]. 3.1)

Our units are chosen so that the coupling constant 2«
=167G¢c™®=1; the Einstein gravitational law then
becomes

G=1T. (3.2)

The factor 3 on the right-hand side of Eq. (3.2) is to be
remembered when interpreting the projected terms.

The field action S® is taken in the first-order form
which, similarly as for the fields propagating on a given
background, substantially simplifies the hypersurface
projections. The price to pay are the X multipliers
which enter the Hamiltonian formalism; their elimina-
tion is discussed in Sec. 5.

(2.15)

To follow the joint dynamics of geometry and tensor
sources, we must cast the total action (3.1) into the
hypersurface form. The rearrangement of the source
action S® brings no surprises. It proceeds exactly as
if the background was fixed, which allows us to take
directly the results of Secs. III.4—III.6. For the rep-
resentative case of a covector field, the hypersurface
form of the source action is [see Eq. (II.5,13)]

SeLdys T, Bgy TN, A58, , Ky, ]
t -3 o
=f ‘ diByS°®, 8y8° = [(r'8yg, + 10y, ~ NH® - NH®,)
+ [ do(NPo e+ neBe ), (3.3)
am

’ghe field super-Hamiltonian I;" and supermomentum
H®, are given by expressions (I[1.5.16)—(I11.5.21). At

1591 J. Math. Phys., Vol. 18, No. 8, August 1977

the present moment, we want to stress that the field
supermomentum does not depend on the geometrical
variables g,,, K, , while the field super-Hamiltonian
depends on them in a very special way; it is linear in
the extrinsic curvature for fields with derivative gravi-
tational coupling,

Ho=Ho +2P%K, | (3.4)

and the term with extrinsic curvature drops out for
fields with nonderivative gravitational coupling (see
Sec. II1.11).

The importance of these observations becomes ap-
parent when we pass from the source action to the total
action (3.1) and try to cast it into the Hamiltonian form
with respect to the g,,. The Hilbert action Sf is easily
rearranged into the hypersurface from (2.6). However,
when we try to define the momentum »®(x)[e]| canonical-
ly conjugate to the metric g, (x)el,

() _ OONS) 1 5(5xS)
P02 g () =~ ING) K ()

5(6nS® ))
6K, (x) | 0K, (x) )

___1 (5(5115“) 3.5)

T T 2Nk)

it becomes painfully obvious that not only the gravita-
tional action S8, but also the source field action S® con-
tributes to p®(x)[e]. This contribution amounts to P%(x)
and comes directly from the extrinsic curvature term
2P®K,, in the field super-Hamiltonian (3.4).

To describe the situation, let us use the old symbol
7% for the momentum (2.8) stemming from the Hilbert
action S¢. Because this action characterizes the gravi-
tational field without interaction with sources, we will
call 7% the gravitational momentum . On the other hand,
the momentum p® canonically conjugate to the metric
g, determines the dynamics of geometry coupled to
sources within the Hamiltonian scheme and deserves
thus the name of geometrodynamical momentum. We
see from Eq. (3.5) that the geometrodynamical mo-
mentum p*® differs from the gravitational momentum
7 by the term P constructed from the source-field
variables and attributable to the derivative gravitational
coupling,

7% =p® ~ pP®, (3.6)
Unfortunately, in one respect the proposed terminol-
ogy is misleading. It is the gravitational momentum
7® which is purely geometrical, being constructed from
the extrinsic curvature in the standard way (2.8), and
it is the geometrodynamical momentum p® which is
extrageometrical, containing a contribution P® from
the sources.

The reason why the source-field momentum is the
same for the field interacting with geometry as for the
field propagating on a given geometrical background is
obvious: The gravitational action S¥ does not contain any
source-field variables. In contrast with this, the
source-field action S® contains the geometrical vari-
ables. Therefore, when projected into the hypersurface
form, it exhibits the term — 2N P® K linear in the
geometrodynamical velocity 6y &4+ This term then leads
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to the difference between the geometrodynamical and
the gravitational momentum.

The whole situation closely resembles the Hamiltonian
dynamics of a charged particle moving in an electro-
magnetic field. Here, the momentum 3 canonically con-
jugate to the position g of the particle also differs from
the mechanical momentum 7~T~= md by the term eA con-
taining the vector potential A of the electromagnetic
field. This term can be traced back to the interaction
term e A, ¢° (linear in the particle velocity ) in the
particle Lagrangian, similarly as our source term P®
can be traced back to the interaction term P%§yg,,
(linear in the geometrodynamical velocity 6yg,,) in the
field Lagrangian,

With the field action S® already in the canonical form
(3.3) in the source-field variables, and the geometro-
dynamical momentum (3, 6) at our disposal, it is easy
to bring the total action (3.1) into the canonical form
with respect to the remaining dynamical variable g, .
The Hamiltonian is again obtained from the hypersur-
face Langrangian §,S =0§,5¢ +§,45° by the Legendre dual
transformation,

pabxb Ngabx + TrlxéNd)J.x + ﬂaxﬁNd)ax - GNS
= [{p®6yg,, = Ng*/?( = (K, K® - K*) + R)
+2NPBK,, + NH® + NeH® }

+ [ do{(2eg™N,, + 2eKN?) - (NP® @+ NP o )}
am

= [(NH+N°H,)
+ [dof(2eg®N,, +2g"1/2(n2 - 3767 )N?)
Im

_(N]%wa+Nb(1§oab_g-1/zPZ))}, (3.7

in course of which the extrinsic curvature K, gets
eliminated by means of the inverted Egs. (2.8), (3.6),

Koy =€G,, oo (07 = PY). (3.8)
Collecting the terms, we get the total super-
Hamiltonian and supermomentum
H=Hf+H°, (3.9)
Hy=-2p3,, +H°,. (3.10)

The super-Hamiltonian H is the sum of the gravita-
tional super-Hamiltonian (2.10) and the field super-
Hamiltonian H®. Note that H® is not identical with the
super~-Hamiltonian H? of the field propagating on a given
background, because the term 2P®K,, is missing in
H*®. Remember also that it was H® and not H® which we
have identified in Eq. (III.8.14) with the L1 projection
of the symmetrical energy—momentum tensor,

(3.11)
Similarly, the gravitational super-Hamiltonian H® was

identified in Eq. (II1.8.11) with the L1 projection of the
Einstein tensor,

T“‘: —eH®
gu:%d.y’ (3.12)
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the factor 5 reflecting our choice of units [cf. Eq. (3.2)].
However, 7% in the gravitational super-Hamiltonian
must not be confused with the momentum p® canonically
conjugate to g,,. It is to be considered merely as an
abbreviation (3.6). Through the substitution (3.6), the
derivative gravitational coupling finds its way into the
total super-Hamiltonian, in spite of its seemingly addi-
tive form (3.9). This is again completely analogous to
the situation of a charged particle moving in an electro-
magnetic field.

In Sec. II.5, we have learned that I;°a generates the
appropriate Lie-derivative change of the source-field
variables ¢, , 7™, ¢,, 7 under the tangential deforma-
tion of an embedding, and - 2p%,, generates the appro-
priate Lie-derivative change of the canonical variables
g P®. This explains the additive form of the total
supermomentum (3.10). This form is geared to the
purposes of the canonical formalism. However, in com-
plete analogy with a different split (3.9) of the super-
Hamiltonian, we can write the supermomentum H, also
as the sum

H,=H¢,+H®, (3.13)

of the gravitational supermomentum (2.11), which is
directly related by Eq. (II.8.11) to the L Il projection
of the Einstein tensor,

gm:%Hga, (3.14)
and that part, H®,, of the field supermomentum,

HO,=H®, - 2Pt | (3.15)
which is directly related by Eq. (III.8.15) to the L1
projection of the symmetrical energy-—momentum
tensor,

T,,=-H°,. (3.16)

This split of the supermomentum is useful when com-
paring the supermomentum constraint with the LI pro-
jection of the Einstein law (3.2).

Having now the Hamiltonian (3.7), we can write down
the final form of the hypersurface action,
S[gab’pab;qbu ﬂLy ¢a’ Wd;}‘Lb, Aab 1N;Na]
t
= [3ar] [ (PBugs + 7050,
1 m

+ 7%y, -~ NH — N°H )

+ [do,(-2g®N,, —2g"1/2(n ] - Fm5IIND
am

ooa T a -1/2pa
+NP® @+ N°(Poe, —2g-1/2P2))}

+ [@le] - nG)le)). (3.17)
1
m
For completeness, we have included all the boundary
terms, though we do not want to discuss them here in
detail.

Let us see now how the hypersurface action (3.17)
generates the appropriate projections of the field equa-
tions and of the Einstein law of gravitation. All vari-
ables which we have written down in the functional de-
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pendence of the action (3.17) are to be varied indepen-
dently. We will discuss first the variation with respect
to the source-field variables ¢, ™, ¢,, 7%, 1'%, A%,
Because

Sore i =26GCg (g8 (4,00 P
=2K 4,0 (o,6,0F" (3.18)
in view of Egs. (3.6) and (3.8), we get the relation
8gurmH | g5 tixea =000 .r.x)ﬁ ’5.5 tixed (3.19)

which implies that equations for the tensor sources of
the gravitational field are the same as if the source
fields were propagating on a given gravitational back-
ground. This applies to the Hamilton equations as well
as to the A equations. The Hamilton equations can again
be written as variational equations in hyperspace, Eqs.
(II1.6.5)—({II1.6.6), with H, H, playing the role of H, H,.
The X equations have the explicit form (IOI.10.2);
replacing the extrinsic curvature by the geometro-
dynamical momentum p%, they read

. oH oA
g 1/2 VT — —8)&“ _Ecabcd(pb(pcd ‘PCd)"5¢.|.la:0’
(3.20)
oH oA
g-l/z +€Gabcd¢L(pCd_PCd)’¢alb:0'

BT g

They will serve us to eliminate the A multipliers in
Sec. 5.

Next, varying the lapse function and the shift vector,
we get the constraints

H=0=H,. (3.21)

Due to the additive nature (3.9) and (3.13) of the con-
straint functions, H, H,, and the identification (3.11),
(3.12), (3.14), and (3.16) of the projections of the
Einstein tensor and the symmetrical energy—momentum
tensor, Egs. (3.21) are easily seen to yield the 1L and
LIl projections of the Einstein law (3.2).

Finally, vary the geometrodynamical variables p®,
g4+ The variation of p® leads back to its connection
(3.8) with the extrinsic curvature. It remains to be
shown that the variation of g,, reproduces the Il il pro-
jection of the Einstein law. Of course, we know that
this variation gives the Hamilton equation

0,p™ (x) = [Pab(x),Hx, N

=[p®(x),He, IN +[p®(x) , He , IN*.  (3.22)

In the Poisson bracket with H¢_,, we can keep 7 fixed
instead of keeping p fixed, picking up an additional
term,

[p7(x), HE (x")]
__oE) |
- 6gab (x) p tixed
— M - - 2G (x')nef(x') M
6gab (x) 7 fixed cdef 6gab (x)
= [ (), He (') g, 7]]-2K,, %?;“; 50", x). (3.23)
an
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We then use the geometrokinematical identity (I1.8.19),
8y (x) = [1%(x), He [ g, 7]V + G®N, (3.24)
to introduce the G* projection of the Einstein tensor

into our game. Putting Egs. (3.6), (3.22), (3.23), and
(3.24) together, and isolating G® on one side, we get

G‘"’N:%(— g % yu _ 95 po_ax_ 27 N) .
v 68ap 08

(3.25)

This is just the ab projection of the Einstein law (3.2),
the terms in the bracket giving the NT* component of
the symmetrical energy—momentum tensor according to
Eq. (I[1.8.17). We have thus directly verified that the
hypersurface action (3.17) generates all projections of
the Einstein law of gravitation.

This concludes our proof that the action for the gravi-
tational field derivatively coupled to tensor sources
can be given a hypersurface form. When sources are
described by the first-order action, the resulting
formalism closely resembles the situation of a charged
particle moving in an electromagnetic field. The elim-
ination of the A multipliers, however, introduces a
number of complications which we will discuss in Sec.
5.

4. CLOSING OF CONSTRAINTS

In Sec. II.12, we have studied the Poisson brackets
between the constraint functions H and Ioia of the general-
ized Hamiltonian dynamics of tensor fields propagating
on a given background. We concluded that these Poisson
brackets are expressible as certain univegsag combina-
tions of the original constraint functions H, H, and of
the A equations generated by H. This ensured the pres-
ervation of the initial value constraints from one embed-
ding to another.

In geometrodynamics with tensor sources, we again
encounter initial value constraints—Eqs. (3.21). The
new constraint functions, H and H,, are quite different
from the old constraint functions, H and H,. In partic-
ular, they depend on the geometrodynamical variables
& P instead of on the hypersurface variables e*, p,.
However, the Poisson brackets between H and H, are
the same combinations of H, H, and of tohe new \ equa-
tions as the Poisson brackets between H and H, were of
121, Iola and of the old A equations.

There is a good reason why the Poisson brackets
have the same structure whether the sources are or are
not coupled to geometry; in each case, the structure
follows from the fact that the hypersurface action does
not depend on the path e(t,x) in ¢ when the spacetime
fields are kept fixed. The only difference is that g(x)
is included among the dynamical fields in geometro-
dynamics. Incidentally, this simplifies the evaluation
of the Poisson brackets, since the lapse function and
the shift vector are considered as independent variables
from the beginning, while in the field theory on a back-
ground they are added to other variables later, during
the “parametrization process.”

We will now show how the structure of the Poisson
brackets between the geometrodynamical constraint
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functions H, H, follows from the invariance of the total
action S under the change of path. For definiteness,

we will carry out the proof for the typical case of single
scalar field interacting with gravity. (The scalar field
has nonderivative gravitational coupling, but the dif-
ference between derivatively and nonderivatively cou-
pled fields has no bearing on our argument.) The gen-
eralization to tensor fields is straightforward and pro-
ceeds as in Sec. III.12, Our derivation also gives the
Poisson brackets between the gravitational super-
Hamiltonian H® and supermomentum H¢, in pure geo-
metrodynamics; we only have to put the scalar field
variables equal to zero in the final result. These Pois-
son brackets, (4.18)—(4.20), do not contain any A
multipliers, pure geometrodynamics being treated by
us from the beginning in the second-order form. Sim-
ilarly, we can bring geometrodynamics with arbitrary
tensor sources into second-order form, by eliminating
X multipliers from the constraint functions. The modi-
fied constraint functions then close in the same univer-
sal way as the gravitational constraint functions H*,

HE |

a

Our derivation is based on the equivalence of the
spacetime action with the hypersurface action. We thus
start from the spacetime action of the scalar field in-
teracting with gravity,

S[,1%, ga4l = fmd“X [%g [172(*R +2%0,, — A D, 2%, g20)).
(4.1)

To cast it into the hypersurface form (see Secs. 2 and
III.11 A), we choose a path ¢*(t,x) in &, represent the
spacetime fields by their hypersurface projections,
introduce the field momenta, and perform the Lengendre
dual transformation

S[gab’pab;¢>"n;xa’1\r}lva]

t
= [2dt [(p™bng,, + 1Oy - NH - N°H,)

1

+boundary terms, 4.2)

Conversely, to return from Eq. (4.2) to Eq. (4.1),
we define the field momenta p®(x)[e], 7(x)[e] in terms
of the field velocities dyg,, (x)e], 8y¢(x)e] from the
first set of Hamilton’s equations

. GHxl ’ S Hex’ xt
Sz (W)le]= 5p%(x) N 5p%(x) N
4.3)
— éHx’ v 5H6‘x’ cx!
6N¢(X)[€]— 577()() + 677(96) N ]

If we eliminate the field momenta from the hypersurface
action (4.2), it becomes numerically equal to the space-
time action (4.1), Let us emphasize that Egs. (4.3) do
not play the role of field equations in our argument, but
express the Legendre dual transformation which connects
the hypersurface action (4.2) with the spacetime action
(4.1). This connection holds for arbitrary fields ¢(X),
Z45(X), not only for the extremal fields satisfying the
field equations.

We know that the spacetime action remains the same
if we vary the path e*(¢, x) keeping the spacetime fields
260X, #(X), 2%(X) fixed. Such a variation se®(¢,x)
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=M*(t,x), induces the variation 8, of the hypersurface
projections g, (x)[e], N(x)[e], N*(x)[e], ¢(x)le], A*(x)e],
and through Eqs. (4.3), of the field momenta p®(x)[e],
7(x)[e]. The hypersurface action (4.2), being numerical-
ly equal to the spacetime action (4.1), remains un-
changed by this variation,

¢
0uS = [f d"h[ (6 ™02y, = Onb™Ou&up
1

+ 8T8y — Sy TOyd — HOyN = H 5N

— N H — N6y H,)=0. (4.4)

The identity (4.3) expresses the path independence of
the hypersurface action.

The symplectic form appeared in Eq. (4.4) through
integration by parts. Because N is the deformation
vector along the original path e(f,x), its action on an
arbitrary functional Fe] of e is given by the time
derivative,

onFle] = Fle(®)]. 4.5)

This enables us to integrate certain terms by parts with
respect to time, like in the expression

t

[i dt [ p™6udnga,
1 m e ¢
:\[[p“”(x)[e]ﬁMgab(x)[e]]g - [2at [ 6,p"6yg,,-

At this point we assume that the path e is not varied at
the two faces, ¢ and e, of the spacetime sandwich, so
that the boundafy terfns drop out.

The changes 6N, §,N° of the lapse function and the
shift vector under the change M of the path ¢ are easily
specified. To start with, the change of the deformation

¢ -vector N is given by the formula (see Fig. 1)
5,,N=NM = MN + [N,M]. (4.8)

Taking its components with respect to the normal
hyperbasis,

5ulN(x) = MN(x)+ [N, M]*=,

6N (x) = MN?(x) + [N, M]**,

and using Eqs. (I.6.19)—(I.6.20) for the & -vector Lie
brackets, we get

FIG. 1. Change of the deformation & -vector N under the dis-
placement M(#) of the path e(f). From the vector quadrangle in
the picture, Sy N(f) = limu,, o Af)~! (M(E+ Af) — M(#))= NM.
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byN(x) =NM(x) + N M° = M N°,

8, N*(x) = NMC(x) +€(NM*® —N'2M) =[N, M e, 4.7

Recalling Eq. (4.5), we can integrate the terms — MH
- M°H, by parts with respect to time,

— [2dt [ EHGONM () + 2, NM=())

1

= [2dt [ (LG8 (x) + M08 o, (5D, (4.8)

bringing the identity (4.4) into the form
8usS = fé dt [{8up™Bx 84 = SxD™Brutlay

1
+ 8y Oy d = ONTOKD +MbyH— NOWH
+M%H, - N H,+ (M N =N MYH
+ (V"M - NM*9) + [N, M]*)H,} =0. 4.9)

The variations 5,H(x), 8y H, (x) and 8,H(x), 8yH_ (x) in
Eq. (4.9) can be written down term by term,

6H(x)
SnH(x) = BnLapre T
N 5gabx’ NE >

0H(x) ; , apw o OH(x)
5 [} + Yy b Ond,.
3H(x)
an(x)
5H,(x) SHelx) o aper
&C_(x'_ 6I‘k(’rzsz' + Gpacbx' 6Np ?

o (4.10)

+ GHC(X) 5Hc(x)
¢, s

5H(x)

+ ’
ol

By +

822 (x),

GNHC(X) =

6xb + 6T

Rearrange first the multiplier terms

oH
e

(M8 ~ N5 \A°)
which appear in the integrand. The change of A\? is given
by the kinematical equation (I1.2.6),

A =0, + 051"

= (exT;, + KNIN +extN'T + [N 2], (4.11)

in which g'/2x! may be identified [see Eq. (1II.11,5)]
with the scalar field momentum. Interchanging the role
of Mand N, we get

oH
(M8 A% — N§Y) e

={eg~2/2n(MN"* = NM"®) + M[N, 2] = N[#1,X]% %
(4.12)

Next, replace the field velocities 6yg,,, Onx9,
6uf,y, Oud by the field momenta, substituting for them
the expressions (4.3). The remaining terms then neatly
combine into Poisson brackets and the identity (4.9)
becomes

t
frat [ [ (MONG)HE),H")]

1 xcm x'Em

+MN (" )H(x), H, (x")]
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+ M x)N(x')[H,{x), H(x')]
+ M ()N (") H, (x),H, (x" )]}
+f§ dt [ %(M,,,N“—N,GM“)H

+ N2\ - NM®) + [N, M]9)H,
+ (g~ 2 (M N = NM'9) +M[J~V,;t]"

- N[a1,X] aHsso. (4.13)

X
With this, all integrals are explicitly expressed as
some bilinear combinations of N, N® and M, M°.

We now only use the arbitrariness of N, N® and M, M*,
implying that all coefficients of this bilinear combina-
tion must vanish. This yields the desired Poisson
brackets,

[H(x), H(x")]

=—¢ {(Hx) + ()5, (x, x') = (x — "0}, (4.14)
[H,(x), H(x")] = H{(x)5, (¥, x’)
¥ 20 ) 5, %)
- 2w o, ), 4.15)
[H, (), H, (x") |=H, (x)5,,(x,x") = (ax ~— bx"), (4.16)
with
F=genge Zf,, . @.17)

As anticipated, the Poisson brackets (4.14)—(4.16)
have the same structure as the corresponding Poisson
brackets (I11.12.31)—(I11.12.33) for the generalized
Hamiltonian dynamics of the scalar field propagating on
a given background. Putting the scalar field variables
equal to zero, ¢=0, =0, 2*=0, our derivation shows
that the gravitational super-Hamiltonian H¢ and super-
momentum H¥, close according to the formulas

(B (o), HE () ) = — el 2(x)6 (e, ') = (x—x")),  (4.18)
(He,(x), HE(x")] = HE(x)5, ,(x, %), (4.19)
[H"a(x),H"b )] =H?, (x)5,,0x,x") ~ {ax «~—px"). (4.20)

Equations (4.18) and (4.19) were shown to coincide with
the contracted Bianchi identities in Sec. I1.10.

As we have already mentioned, the closing relations
(4.18)—(4.20) are also valid for the constraint functions
*H, * H, obtained by eliminating the A multipliers from
the constraint functions H, H,. These are counterparts
of the closing relations (I11.12.45)—(111.12.47) in gen-
eralized Hamiltonian dynamics of tensor fields on a
given background. The elimination process runs exactly
as in Sec, II1.12, so that we do not need to discuss it
here.

The relations (4.14)—(4.16) ensure that the initial
value constraints (3.21) will hold on a deformed embed-
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ding, if they hold on the original embedding together
with the X equations 3H/32%=0. This is a necessary
consistency test for Hamiltonian geometrodynamics with
tensor sources in first-order form. Similarly, the
closing relations (4.18)—(4.20) ensure that the initial
value constraints (2.15) in pure geometrodynamics are
preserved in course of the dynamical evolution,

5. ELIMINATION OF x MULTIPLIERS

Our main result about the Hamiltonian structure of
geometrodynamics with tensor sources was the additive
form (3.9) of the total super-Hamiltonian accompanied
by the additive form (3. 6) of the gravitational momen-
tum. These two implied that, however complicated the
source-field super-Hamiltonian may be, the total
super-Hamiltonian is always a quadratic function of the
geometrodynamical momentum p?. Moreover, the
coefficients of the quadratic form in p® are the com-
ponents of DeWitt’s supermetric (2.10), constructed
entirely from the gravitational variables g,,. Unfortu-
nately, these statements are true only for sources
described by the first-order formalism. This formal-
ism is characterized by the presence of » multipliers
in addition to the dynamical degrees of freedom of the
source field. At the end, we want to eliminate these
nondynamical variables from the action. This can be
done, but the detailed and possibly complicated struc-
ture of the field super-Hamiltonian then creeps into the
p® dependence of the total super-Hamiltonian. The x
multipliers thus serve as a barrier which we put be-
tween the source-field variables and the geometro-
dynamical momentum. We must understand now the
complications which arise when the barrier is put down.

For definiteness, consider again a covector field ¢,
A%8, The X, A% projections become the field momenta
7, 7%, but the A** and A® projections remain in the
hypersurface action (3.3) as Lagrange multipliers.
They enter the action only through the translation part
H, of the super-Hamiltonian, while the tilt super-
Hamiltonian H, and the supermomentum H, are )
independent.

To eliminate the A multipliers, we return to x» equa-
tions (3.20). Generically, these equations determine
At A% as functions of the dynamical field variables
¢, ™, ¢,, 7 and the geometrodynamical variables
Zap» D™ . Substituting these functions into the super-
Hamiltonian H, , we get the modified super-Hamiltonian
*H which correctly generates the dynamics of the
canonical variables ¢,, 7, ¢,, 1, g,, p* (cf. Sec.
II1.10). Because H, does not depend on A, we need to
discuss only what the elimination of multipliers does to
the structure of *H,.

1. At a very general level, describe ¢ by a Lagrangian
potential A which is not necessarily a quadratic func-
tion of X. This means that the field equations for o)
propagating on a given background are nonlinear and
the field super-Hamiltonian H? is not a quadratic func-
tion of the field momentum 7. Let the field be deriva-
tively coupled to gravity. While P* is a linear function
of the multipliers A** and A%, the expressions 3A/ox%
are definitely nonlinear in A* and A*®. The multipliers
determined from Egs. (3.20) will thus be some non-

1596 J. Math. Phys., Vol. 18, No. 8, August 1977

linear functions of the geometrodynamical momentum
p®. When we substitute them into H,, *H, will cease to
be a quadratic function of the geometrodynamical mo-
mentum. This shows that the nonquadratic structure of
the field potential A induces through the derivative
coupling a nonquadratic structure of the super-
Hamiltonian *H in the geometrodynamical momentum.

2. Traditionally, one works only with Lagrangian
potentials A which are quadratic functions of X. Even
more specifically, one restricts A to quadratic forms
of both X and ¢, which ensures that the equations for ¢
propagating on a given background g are linear and B
homogeneous. What can be said about the structure of
*H after such fields are derivatively coupled to gravity?

First, it is obvious that the derivatives 9A /3x** and
dA/52% are linear both in the multipliers and in the
field momenta 7*, 7%, The expression P°¢ is also a linear
function of the multipliers and of the field momenta, so
that Eqs. (3.20) determine the multipliers as some
linear (though nonhomogeneous) functions of the field
momenta and the geometrodynamical momentum p??.
Notice, however, that the coefficients of the momenta
p™, m, 7% in these linear functions will depend on the
field coordinates ¢ , ¢,, because ¢, , ¢, are present in
the p°¢ — P terms in Egs. (3.20).

With our choice of A, the field super-Hamiltonian
H? is a quadratic function of the field momenta and the
multipliers. After the multipliers are eliminated from
H? | it becomes a quadratic function of the field mo-
menta and the geometrodynamical momentum, with
cross terms arising between 7+, 7%, and p*®, and the
coefficients depending not only on the metric g,,, but
also on the field coordinates ¢,, ¢,. The same thing
happens to the gravitational super-Hamiltonian H¢,
since P®™ becomes a linear nonhomogeneous function of
the momenta #*, 7%, p®, with coefficients depending on
b, ¢, %, after the elimination of multipliers.

Briefly, denoting by P,={p"®, 7+, °} the collection of
momenta, *H, has the general form

(5.1)

in which the coefficients *G*2, *A®, and *V depend on
the metric g,,, the field coordinates ¢,, ¢,, and the
space derivatives of these variables. In particular, the
supermetric *G*2 does not have the block form [cf. Eq.
(5.3)] which is characteristic for the fields with non-
derivative gravitational coupling, The “Riemannian
structure” which *G“2 imposes on the total configuration
space @* ={gu, ¢., da} does not thus induce a ¢, ¢,-
independent “Riemannian structure” in the configuration
space Riem() of the graviational variables. This seems
to indicate that, when gravity is derivatively coupled

to sources, not only the source-field variables, but the
gravitational variables as well, may propagate off the
light cones determined by the spacetime metric g.

*H,=*GAPP, P, +*ABP, +*V,

One can trace these complications back to the space-
time form (3.2) of the Einstein law of gravitation. To
identify the hyperbolic operator which governs the
propagation of the gravitational variables, one tries to
isolate in Einstein’s law all second-order derivatives of
the metric with respect to time. It seems to have been
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largely overlooked in the literature on the Cauchy prob-
lem that such derivatives can occur not only in the
Einstein tensor G*#, but also in the symmetrical ener-
gy—momentum tensor T*®, The canonical energy—
momentum tensor 6% to be sure, depends only on the
first derivatives of the metric, but the Belinfante—
Rosenfeld spin energy—momentun tensor $*, contains,
in general, the second derivatives of the metric, be-
cause the spin tensor S®¥ itself contains the first deriva-
tives (See Sec. III.3 for the definitions of these ob-
jects from the field Lagrangian; in the second-order
formalism, X variables become expressed through the
first covariant derivatives of the ¢ variables and con-
tain thus the first derivatives of the metric.) Moreover,
from the construction of S it is obvious that the sec-
ond derivatives of the metric have the fields ¢ in front
of them as coefficients. Including these terms into the
hyperbolic operator, it becomes obvious why the con-
cept of gravitational supermetric independent of the
source fields breaks down.

One can get the explicit form of the coefficients *G*42
*APB  *V in concrete cases. One of the simplest ex-
amples is the covector field described by the
Lagrangian potential A = -31*®)_,, which was studied
in Sec. III.10. One can see in detail that the super-
metric does not have the block form, but the expressions
are fairly complicated and we will not write them down
in detail.

3. The whole situation vastly simplifies for fields
with nonderivative gravitational coupling. As discussed
in Sec. 111,11, P% =0 for such fields and the extrinsic
curvature drops out of the hypersurface Lagrangian. In
a covector case, ¢, and A'?] together play the role of
Lagrange multipliers. Varying them, we get Egs.

(II1.11.21), (1I1.11.22),
- oH oA
g I/ZW == Prapr T T =0,
oH _Q
+
8¢1 =€m?), =0. 5.2)

Generically, these equations determine the multipliers
¢,, Al in terms of g, and the dynamical field vari-
ables ¢,, ™. However, the gravitational momentum
p® =7 does not enter into this solution. The modified
super-Hamiltonian *H, thus has the form

*H, =Hé(g,,, ™) +*H?(¢,, 7°). (5.3)

Here, Hf is the standard super-Hamiltonian (2.10) for
the free gravitational field. There are no cross terms
between the gravitational momentum 7% and the field

momentum 7. The gravitational super-Hamiltonian H®

1697 J. Math. Phys., Vol. 18, No. 8, August 1877

is a quadratic form of 7%, with DeWitt’s supermetric
constructed entirely out of the metric g,,. The con-
figuration space of the gravitational variables thus has a
“Riemannian structure” independent of the sources.
This holds even if the super-Hamiltonian of the source
itself is nonquadratic in the field momenta. When A is
taken as a quadratic form of the field variables al*#1,
¢, the field super-Hamiltonian *H? also becomes
quadratic in the field momentum. The coefficients of
this quadratic function, however, depend on g, , so that
the configuration space of the field variables ¢, never
acquires a “Riemannian structure” of its own, indepen-
dent of the metric. This means, of course, that the
field variables always propagate on top of geometry.

Our conclusion is that one can build a consistent
Dirac-ADM scheme for geometry derivatively coupled
to general tensor sources described by a second-order
formalism. However, quite apart from the usual dif-
ficulties with pure spin and positive definiteness of the
field energy, other unpalatable features of the derivative
gravitational coupling appear in the hypersurface for-
mulation. They are connected with the loss of DeWitt’s
“Riemannian structure” in the space of gravitational co-
ordinates, and disappear only for fields with nonderiv-
ative gravitational coupling.
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A brief introduction to product integration is given. The theory developed is used to give a simple and
rigorous analysis of the asymptotic behavior (r—o ) of positive-energy solutions of the radial Schrodinger
equation. Absence of positive-energy bound states is proved for various classes of potentials. It is shown
that E =1 is the only positive energy for which the Wigner-von Neumann potential can have a positive-
energy bound state. The results proved imply (as will be shown in a later publication) existence of the
Madller wave matrices for the potential V(R)= (sinr)/r and various related potentials. A brief discussion
is given to justify the WKB approximation which gives the wavefunction asymptotically for large positive

values of the energy E.

INTRODUCTION

The purpose of this paper is to give a derivation,
using product integrals, of some properties of the ra-
dial Schridinger equation. Most of the results proved
are already known in one form or another, but new
results are proved about potentials of the Wigner—
von Newmann type! and some associated potentials. The
use of the product integral allows a swift presentation
with a single underlying idea and very simple proofs.

In the first section we review the concept of product
integration and some facts about product integrals.

. PRODUCT INTEGRALS

Notation: R and € denote the real and complex num-
bers respectively. €, is the set of nX1 matrices with
entries in €, and C,x, is the set of #X#n matrices with
entries in €. If

(51
¢e T, with ¢ .\,
c?!
we write
n<p||=(2 lc,\Z)UZ. )
=1
For Be C,y, we put
|1Bll = sup |IBell (2)
ec e,
Ngh =y
and
= pn
expB=), — (3)
n=0:

We take for granted various standard properties of C,
and C,,,. All statements about matrix-valued functions
(concerning continuity, differentiability, etc.) are to
be understood entrywise.

I A:[a, b]~Q,, is a function, the product integral of
A over [a, b] can be defined if A is (entrywise) Lebesgue
integrable.2 “In this work we consider only functions A
which are continuous, since we shall be concerned with
differential equations of the type
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L;—Z(x) —ARUR), Ul =U, @

where Uj belongs either to €, or C,,. In such equations,
it is natural to assume that A is continuous. We now
sketch the definition of the product integral for a con-
tinuous function A,3 As motivation, we consider the
problem of determining the value U(d) from the initial
value problem (4). [We note that U(d) is uniquely deter-
mined by (4) since by standard arguments the solution
of (4) is unique. ] If A were a constant function, the an-
swer would be

U(b) = explA(b - 2} ]U, (5)

sinee the solution U(x) of {4) is clearly explA(x - a)]. I
A is not constant, a plausible method of constructing
an approximate value for U(b) is the following: Let
P={sy, s1,...,S,} be a partition of [a, b], with As;
=$;— ;4. Let u(P) denote the mesh of P (length of its
longest subinterval). Now A is continuous. Thus if u(P)
is small, all the values taken by A in any subinterval
[s;1,s;] will be close together. Given the value U(a)
=U(xy), we can compute an approximate value for U(x,)
by assuming that, in the interval [s, s,], A takes the
constant value A(s,). The result [analogous to (5)] is

Uls,) = explA(sy) as; | U(sy). (6)

An approximate value for U(s,) is found by assuming
that, in {s, s,), A takes the constant value A(s,):

U(s,) ~exp[A(sy) as,|U(s,) = exp[A(s,) As,]
X explA(s,)as, JU(sy). (T

Continuing this process, we arrive at an approximate
expression for U(b):

Up) =U(s,) z{ Fl exp[A(s‘)As,]} Ulsy. (8)
=1

It should be noted that, in the product on the right-hand
side of (8), the order of the factors is important, be-
cause the various A(s;) in general will not commute.
By construction, in this product smaller values of s
occur further to the right. We shall refer to such a
product as a Riemann product for A.

Now, if the mesh of P is very small, it is reasonable
to suppose that the approximation made above is quite
good. One is then led to conjecture that
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U) = lim 11 expl[A(s;) s, ]U(s,).
w(Py~0i=l

(8"

This is indeed correct.® In fact, the limit of the Riemann
product exists independent of the initial condition U,, and
defines the product integral of A over [a, b], denoted

112 explA{s) ds]:

Definition 1: Let A: [a, b] - C,,, be continuous. With
notation as above, the product integral of A over [a, b]
is defined by

H explA(s)ds]= lim n exp[A(s;) as;]. (9)
u Py =-0i<l

Thus Eq. (8) becomes

U(d) :I% explA(s) ds]U(a). (10)

We shall not prove existence of the product integral
here. (The interested reader can consult Ref. 3.) We
now discuss some facts about product integrals. First,
if x,v € [a, b] with y <x, then I1¥ exp[A(s) ds] can be de-
fined by partitioning [y, x] as we previously partitioned

(@, b]. I U is the solution of (4), we find the equation
analogous to (10):

U() =11 explA(s) ds JUG). (11)

Equation (11) states that [1%exp[A(s) ds] is the propa-
gator for Eq. (4). Certain properties of [1¥ exp[A(s) ds]
follow immediately from this fact, namely:

Propevty 1: Let A:[a, b]~C
¢ [a, b] with x >y, then

be continuous, If x, y

nxn

iIfl explA(s) ds] :A(x)ﬁ explA(s) ds]. (12)

dx

Property 2: Let A :[a, b]~
c[a, b] with x >y >z, then

C.x, be continuous. If x, 3, 2

x x b4

M exp[A(s) ds] =11 exp[A(s) ds]T1 exp[A(s) ds]. (13)
z y £

These properties can also be obtained directly from the
definition of the product integral. Equations (12) and

(13) correspond to the following properties of the usual
Riemann integral:

% [xA(s)ds:A(x) (14)

/xA(s)ds:fo(s)ds+ fyA(s)ds.

One useful facet of the theory of product integration is
the strong formal analogy between this theory and the
usual theory of Riemann integration, as just illustrated.
Careful reasoning based on this analogy leads to con-
jectures about properties of product integrals, which
usually turn out to be true. One must only remember
that, in making this analogy, sums in ordinary integra-
tion go over to products in the present theory. Likewise
the additive neutral element 0 goes over to the multi-
plicative neutral element 7 (the identity matrix) and the
additive inverse — B goes over to the multiplicative in-
verse B!,

and

(15)
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Property 3: Let A :[a, b]— C,, be continuous, and let

x,y e [a, b] with y <x. Then I1¥ exp[A(s) ds] is nonsingular.

Proof: Using familiar rules of matrix calculation, we
compute the determinant of 1% exp[A(s) ds]:

Letting P denote a partition of [y, x], we have

detﬂ explA(s)ds]= lim detﬂ exp[A(s,) as]
u(P)y=0 i=l

— lim 0 det explA(s;)as,;]
w(Py=~0id

= lim Tlexp(trA(s;) as;]
5 (P)~0id

= lim exp(Z} trA(sJAs,)
w(P)=0 i=l

= exp[f;trA(s) ds]#0,

This proves the result.

(16)

Property 3 allows us to make the following definition,
analogous to that in the ordinary theory of integration:

Definition 2: Let A :[a, b]~ C,x, be continuous and let
%,y e la, b] with x <y. We define

ﬁ explA(s)ds]= 17
and

x v -1

I explA(s) ds] :(H expl[A(s) ds]) . (18)

Using Definition 2, it is easy to show that

Pyoperty 4: Properties 1,2, and 3 are valid for any
x,9,2z¢<a,bl.

It the family {A(s) Is c [a, 8]} is commutative {A(s)A(s")
=A(s"A(s) for all s, s’ < [a, b]}, then the product integral
of A can be evaluated explicity:

Property 5: Suppose A is continuous on [a, b] and
{A(s)isc[a, 8]} is a commutative family. Let x,y < [a, b].
Then

H exp[A(s) ds]= (19)

xpl (7 A(s

Proof: We give the proof for the case y <x. (The gen-
eral result follows immediately.) Letting P denote a
partition of {y, x] and using the assumed commutativity,
we have

Hexp[A(s) ds]= lim f exp[A(s;)as;]

w(P)~-04=1
= lim exp(E A(si)As,)
B (P)=0 =1
= exp[fy"A(s) ds]. (20)
This proves the result.
In our later work it will be useful to have certain
bounds on product integrals, which we now obtain:
Property 6: Let A be continuous on [a, b]. Let x,y
e [a, b] with ¥y <x. Then
J.D. Dollard and C.N. Friedman 1699



1T exp[A(s) ds il < expl [ IA(s)lds]. (21)

Proof: If y=x, Eq. (21) is obvious. If y <x, let P
denote a partition of [y, x]. Then

HU explA(s)ds]ll= lim IIHexp[A(si as, ]l
wPY=0 =l

< lim H flexp[A(s;)as; ]Il
w(P)=0i=l

< lim 11 exp(llA(s;)llas;]
u(P)~04=1

= lim exp(E llA(s; HAS)

w{P)~0

:exp[fy"llA(s)lldS]. (22)

This proves Property 6.

Property T7: Let A be continuous on [a, &].
cla, ] with y <x. Then

Let x, y

I explA(s) ds]- 1l < expl % IA(s)llds]~ 1. (23)

Pyoof: Because of Eq. (12) and the fact that
I3 exp[A(s) ds] is the identity, we have

ﬁ exp[A(s)ds]|=1+ fy"A(s)l'Sl explA(u) dulds. (24)

Using the bound from Property 6, we find

[ IA(s

:exp[fyx A du] =1, (25)

I explA(s) ds] - 11l < )l expl [* 114Gl du) ds

where the last inequality is elementary. This proves
Property 7.

There are certain very useful rules for manipulating
product integrals which will be the basis for our later
analysis of the Schrddinger equation. These are

Pyopevtv 8 (the sum rule): Let A and B be continuous
n [a, b), and let x,y < [a, b]. Let
P(x)= Fl explA(s) ds]. (26)
Then

Fxl exp[A(s) + B(s}]ds = P(x) Ifl explP(s)B(s)P(s)ds].
y y @7

Proof: The two sides of (27) agree when x =y, and
(considered as functions of x) they satisfy the same dif-
ferential equation, as a brief computation shows. In-
deed, if F(x,v) denotes either side of (27), then

07 (r, ) = (400 + BWIF(, v), Fly, ) =1, (2

The uniqueness theorem for the initial value problem
(28) shows that the two sides of (27) are equal, proving
the sum rule.

It is sometimes useful to be able to make a similarity
transformation on the integrand of a product integral.
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If T is a constant nonsingular matrix, then directly from
the definition of the product integral and the formula

T e T = exp(TBT) (29)
one finds
X x
T- 11 exp[A(s) ds]T =11 expl T-*A(s) T ds ] (30)
y y

(exercise for the reader). We shall also have occasion
to use a “similarity transformation” in which T is not
a constant:

Pyoperty 9 (the similarity vule): Suppose that T :[a, b]
- C,, has a continuous derivative T'. Also suppose that
T(x) is nonsingular for all xc [a, b]. Let A be continuous

n [a, b]. Then for ¥,y c{a,b] we have

Tt (x)ﬁ explA(s) ds]T(v)

X
=T exp[{T¥(s)A(s) T(s) - T (s)T’(s)} ds]. (31)
y
Proof: Multiply both sides of (31) on the left by T(x).
The two sides of the resulting equation agree when
x =y and satisfy the same differential equation. As in
the proof of the sum rule, we find that the two sides

agree for all xc [a, b], completing the proof.

In studying asymptotic behavior of solutions of differ-
ential equations of the type (4), we will need some in-
formation on improper product integrals:

Definition 3: Let A :[a, ©) ~ @,«, be continuous. We
define the improper product integral I1] exp{A(s) ds] by

Ifl explA(s)ds]= limﬁ explA(s) ds] (32)

x=® @
provided the indicated limit exists.

An improper product integral can be singular. [Take
A(s)=-1Ifor all s. By Property 5 we have

Ix-a)] - 0.] (33)

x -

I exp[A(s) ds]=exp[-

We are interested in conditions under which 17

x explA(s) ds] exists and is nonsingular. Under these
conditions, the solution U(x) of (4) will have a nonzero
limit as x— < if U(a)#0.

Property 10: Suppose that 4 : [a, ©)
and that Ac L'(g, =), i.e.,

- € ,x, is continuous

fawllA(s)Hds<°°. (34)

Then 17 exp[A(s) ds] exists and is nonsingular.

Proof: Let x,y c [a, ] with y <x. Using the multipli-
cative property (Property 2) and the bounds from
Properties 6 and 7, we have

Hlfl explA(s) ds] - l'yl explA(s) ds]ll
= ||<lfl explA(s) ds] - I)ﬁ explA(s) ds]i|
<t explA(s) ds] - 11l explA(s) ds]l|
<{expl [*llA(s)ll ds]- 1} exp[ [*llA(s)Il ds]. (35)
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Because of (34) the second factor on the right-hand
side of (35) is bounded. Also because of {34), the in-
tegral [JIlA(s)Ilds can be made arbitrarily small by
taking x and y large enough, and this shows that for
large enough x and v the first factor on the right-hand
side of (35) will be as small as desired. Thus I1}

x exp{A(s) ds] has the Cauchy property and hence con-
verges as x -~ . To see that the limit is nonsingular,
we compute

detIl exp[A(s) ds]=limdetI1 exp[A(s) ds]
a

X % a

=1lim exp[fa" trA(s) ds]

x - ®

= exp[ f:trA(s) ds]#0, (36)
where existence of [["trA(s) ds is implied by (34). This
proves Property 10,

Covollary: Suppose that A and B are continuous func-
tions from [a, ©) to €, Suppose that I1. explA(s) ds]
exists and is nonsingular and that B e L'(a, ©). Then
17 exp[{A(s) + B(s)}ds] exists and is nonsingular.

Proof: Let
P(x) =M exp[A(s) ds]. (37
By the sum rule, we have

IfI expl{A(s) + B(s)}ds = P(x) mn exp[P(s)B(s)P(s) ds].

(38)
By hypothesis, the first factor on the right-hand side
of (38) has a nonsingular limit as x— «. If the same
can be shown for the second factor, the corollary will
be proved. By Property 10, the second factor has a
nonsingular limit if P'BP < L(a, «). Since Be L(a, =),
we will have P"'BP ¢ L'(q, =) if P and P are bounded
on [a, ©). But this is an easy consequence of the fact
that P(x) is continuous (even differentiable) on (a, «) and
has a nonsingular limit as x -, Thus the corollary is
proved.

In the analysis of potentials of the Wigner—von
Neumann type, we shall need the following more deli-
cate convergence theorem?:

Property 11: Suppose that A : [a, ©) ~ @, i§ continuous
Suppose that the improper integral

imp L”A(s)ds:lim fabA(s)ds (39)
hewo

exists. [This can occur through cancellations even if
A LYa, ). ] Write

H{x) =imp LwA(s)ds. (40)
Suppose that HA Ll(a, =), I.e., suppose that
fa" 1H(s)A(s)|l ds < e, (41)

Then I1; exp[A(s) ds] exists and is nonsingular.
Proof: By the multiplicative property (Property 2) it
is clearly enough to show that I1;” exp[A(s) ds] exists
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and is nonsingular for some » > a. By inspection, H(x)
~0as x~=, 50 we may choose b so large that ||H{x)||
<% for x> b. Then

I7+HET M <2 for x> b, (42)
Let
P(x) =11 explA(s) ds] (43)
b
and
Q) =[I+H(x)|P(x). (44)

Since I + H(x) I as x -, existence and nonsingularity
of a limit for P(x) is equivalent to the same properties
for @(x). Now since H'=- A we have

Q'(x) =-A®PX) + (I + Hx)A(x)P(x)

=H(x)A(x)P(x)
=C(x)Q(x), (45)
where
Clx) =HX)AW[I +H(x) ], (46)
From (45) and (11) we obtain
Q0 =1 explC(s) dsQ). (47)

Now by (41) and (42) it is clear that C ¢ L'(b, ©). Thus
I1% exp[C(s) ds] has a nonsingular limit I1, as x — =, Then
Q(x) converges to I1,Q(d). Q(b) is nonsingular by (44)
and nonsingularity of [I+H(b)] and P(b). So I1,Q(b) is
nonsingular, proving Property 11. Property 11 can be
generalized in various ways, as we remark in a subse-
quent paper. (In particular, it is enough that the com-
mutator [H, A| belong to L'.) However, we shall not
need these generalizations here.

Il. THE RADIAL SCHRODINGER EQUATION

In this section, we use product integrals to study the
asymptotic behavior of stationary-state positive-energy
solutions of the radial Schrédinger equation. We adopt
units in which #=1 and the mass m is 3. We begin by
writing down the three-dimensional Schrddinger equation
with a central potential. In our units, this equation has
the form

(~-2a+Vp=Ep (E>0). (48)

In this equation, A is Laplace’s operator and V is the
operation of multiplication by a real-valued function
V(r), where » denotes the distance from the origin. In
order to guarantee that — A+ V is self-adjoint on an
appropriate domain in L%(IR®), it is necessary to make
further assumptions on V. A typical assumption is that
V is a Kato potential (i.e., V=V, +V,, where V; is
square-integrable over R® and V, is bounded on R?).
This assumption guarantees the desired self-adjoint-
ness.* However, once we have passed to the radial
Schrddinger equation, as we shall do below, all the
statements we shall prove hold independent of the as-
sumption that V is a Kato potential, and we shall there-
fore suppress this assumption in stating them. When we
later use our results on the radial Schrédinger equa-
tion to make statements about the nonexistence of posi-
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tive-energy bound states for the Hamiltonian — A+ V,
we will enforce the requirement that ¥ be a Kato poten-
tial. In order to use the theory of product integration
developed above, we assume that V{7) is continuous on
(0, »). (This allows bad behavior at the origin.)

Separating radial and angular variables in (48) as
usual, we obtain for each nonnegative integer / the ra-
dial Schrdédinger equation with angular momentum I:

R"(r) + (2/7)R'(v) ={V(») + [1L + 1) /#*] ~ E}R(»)
(r>0). (49)

If we make the usual substitution

R(»)=x(r) /7 (50)
and set
W) =V +11+1) /72, (51)

Eq. (49) becomes
x"(r) =(W(r) = E) x(») (vr>0). (52)

Clearly the point » =0 is a singular point of either of
the Eqs. (49) or (52). To achieve boundedness of R near
0, one must [in view of (50)] choose a solution of (52)
which approaches zero as - 0. However, we shall not
be much concerned with this condition, because our in-
terest is to give the asymptotic form of any solution of
(52). Introducing the matrix function

o(r)= xr) , (53)

x'(%)

Eq. (52) can be rewritten as

o' (r) =AM o) (54)
with
Al) = 0 1 . (55)
W) ~E 0

By our work in the last section, the unique solution of
(54) on (0, ») is

o{7) =lrl explA(s)dsle(a) (a>0). (56)

The asymptotic form of ¢ (and hence of x) can now be
studied using (56). If the potential V has “short range, ”
then one expects the solutions of (54) to behave asymp-
totically like plane waves. That is, letting 2 denote the
positive square root of E, the solutions should behave
like linear combinations of exp(ikx) and exp(-ikx). Our
first result shows that this is the case if Ve L'(a, <) for
some a>0.

To begin our analysis, we write

A(r)=A + A (7), (57
where
A= 1! (58)
~-E 0
and
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am=(° °\ (59)

W(r) 0

If the potential V() is “small” at large ¥, then W(»)
will also be small and the leading term of A(») will be
the constant term A;. The characteristic equation

det(x=4,) =0 (60)

shows that A, has the eigenvalues +ik, where k is the
positive square root of E. Letting
1
M= 1 , (61)
ik ik
the matrix M can be used to bring A to diagonal form:
miagm=(* °\=g, (62)
0 ~ik
Since A;(») is “small” compared to A, when 7 is large,

the matrix B(¥) = M™A(¥)M should then be approximately
diagonal. A simple computation yields

B(y) = M A(IM = ik 0 +ig’]§7) -1 -1
0 —ik 1 1
=By + By (7). (63)

It is something of an advantage to be able to deal with
diagonal or approximately diagonal matrices. To ex-
ploit (63), we use (30) to find

M1 exp{A(s) ds M =Tl exp[M™A(s)M ds]
a a

:IZI exp{B(s) ds] (64)
or ’
Irlexp[A(s)ds]:MrrI exp[B(s) ds M1, (65)

To analyze the asymptotic behavior of the left-hand
side of (65), we thus need only study the product inte-
gral of B. In our first applications, we will use the
sum rule to “pull out” the first term in (63).

Theovem 1: Suppose that V is continuous on (0, »} and
that Ve Ll(a, ©), i.e.,

[71vis) | ds <. (66)

Let @ be as in (56) with ¢(a) #0. Then there are con-
stant 2X1 matrices C, and C_ whose (1, 1) entries are
not both zero, such that

@(v) =C, exp(iky) + C_exp(~ikv), v—~°, (67)

where the notation = of (67) means

limll@(r) = C, exp(iky) — C_exp(~ ik¥)|l = 0.

oo

Remark: Since the (1, 1) entries of C, and C_ are not
both zero, the last equation allows us to conclude for
the wavefunction () of (53) that

lim | x(#) - d, exp(ik?) - d_exp(-ikv)| =0, (68)

r~®

where the coefficients d, and d_ are not both zero.
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Pyoof of Theovem 1: With notation as above we have,
using the sum rule,

l:I exp[B(s) ds] :l'rI expl{B,+ B,(s)}ds]

a

:Po(r)l'rl exp[él(s) ds), (69)

where
Po(r) =11 exp(B, ds) (70)
By(s) = P;*(s)By(s)Py(s). (71)

Since the family {B,|s « [a, ©)} is obviously commuta-
tive, Property 5 yields

Pg(’l") = exp(fa' BO dS) = exp[BO('r_ a)]

_ explik(y - a)) 0 712)

0 expl - ik (r - a)]

It is then simple to compute §1 (s):

- iW(s) -1 — expl- 2ik(s - a)]
By(s) == (exp[zz‘k(s—a)} 1 )
(73)

Now because of (66) and the fact that 2(I + 1)/s? clearly
belongs to L'(a, ©), we have We L'(a, <), The matrix
in (72) has norm 2, so that

B, (s)l = | w(s)| /k (74)

and it follows that B, € L'(a, ©). Thus by Property 10
the improper product integral

ﬁ, =F1 exp| B, (s) ds] (75)

exists and is nonsingular. From (69) and the fact that
Py(») is unitary, we then have

I expl B(s) ds] - Po(») Oyl

[

= IlPo(r){rrI exp[B,(s) ds]- fh} Il

=l exp[B, (s) ds] -l - © (76)
or

I exp[B(s) ds] = Py();. )
Thus by (65) we have

Irl explA(s) ds] = MP () [1,M? (78)
and
@(7) =T exp{A(s) ds]@{a)

M explik(r - a)) 0 ﬁl Mio@. (79)

0 expl-ik(r-a)]
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Writing () =11,M"¢(a), the facts that ¢(a) #0 and [, M-!
is nonsingular imply that not both p and g equal zero.
Then {79) yields

explik(r - a)]p

exp(- ik(r - a)lgq

b4 q

=\irp explik(r - a)]+ —ikg

@) =M

exp[-ik(r - a)).

This last equation is clearly the same as (67), and by
inspection the (1, 1) entries of C, and C_ are not both
zera.

We remark that Theorem 1 covers any continuous
potential V(») with Ve L3(R®) [this implies Ve L'(a, )]
and any potential of the form

Vi =1/, B>1. (80)
It does not, however, cover the Coulomb potential
V() =X/r (Areal). (81)

We shall analyze this and similar potentials later. For
the present we turn to potentials of the form

V{r) = Msinpr®) /7* (82)
where X is a real number and u, «, B satisfy the
conditions

u>0, >0, >0, a+28>2. (83)

[Note that the potential Msinur)/r satisfies these con-
ditions. ] We remark that if (83) holds, then a+8
>a/2+B8>1, If V is given by (83), then integrating by
parts we find

k - lcosus® |
[ V(S) ds :W .
MB+a-1) /R cosus® (84)
- wa . SB«x .

From this we see that the following improper integral
exists:

. ° _Acosur®  MB+a-1)
1mp[ Vis)ds = P e

« [+
X f s, (85)
,
A simple estimate of the integral in (85) now yields
imp [[” V(s)ds =0(1/7%**), =, (886)

We can now prove

Theorem 2: Suppose that V(7) is given by (82) and that
(83) holds. Then, if @(») is as in (56) with ¢(a) #0, the
conclusion (67) of Theorem 1 holds, except that if a
=1 then the conclusion of Theorem 1 may not hold for
the single value & = /2.

Proof: For simplicity we will deal only with the case
a=1, for which an exceptional value of % arises. (The
argument for a#1 is entirely analogous.) We note that
with =1, Eq. (83) simply states that 8>4. Our goal
once more is to prove existence of the improper product
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integral I1; of (75). We remark that writing W(s) = V(s)
+1(1+1)/s% in the expression (73) for B,(s), the term
involving (I +1)/s? belongs to L'(a, =), so that by the
corollary to Property 10 we can prove existence and
nonsingularity of I1; by proving existence and nonsin-
gularity of the improper product integral of the term
in By(s) involving V(s) alone. In other words, writing
o) =t v(s) -1 — exp[- 2ik(s - a)]
2k \exp[2ik(s - a)] 1 ’

(87)
we wish to prove existence and nonsingularity of

I, =T exp(C, (s) ds]. (88)

According to Property 11, it is sufficient for this pur-
pose to verify that the improper integral

H(r)= ["Ci(s)ds (89)
exists, and that
chl <) Ll (a, °°)- (90)

Examining (87), we see that the (1, 1) and (2, 2) entries
of H,(#) involve the improper integral of V, which [by
(86) with a=1]is of order 1/#*. We now consider the
(2,1) entry: We have

R .
A / exp(2iks) Sisn;—iids
r

R .
:% ,[ E}%%Tzﬁl(e"p(ius) ~ exp(~ius))ds. (91)

Thus we must examine integrals of the form

R .
L(r,R) = f E’L[l(gg’if—“ﬂds. (92)

»

This is the point at which the value k=1 /2 is seen to
be exceptional. If 2= u/2, then I,{r, R) will converge
as R — (this will be apparent shortly) while if 8 <1
the integral I_(r, R) obviously will nof converge as R
—, Thus the limit as R~ « of the integral in (91) will
not exist. (The reader can convince himself that this
difficulty would not arise for a#1.) We now proceed
under the assumption that ## /2. Then, integrating by
parts, we find
R

+- B
r o 2k xp)

X fR __Tl_“exp[i(%k +p)s] ds. (93)

_expli(2k £ u)s]
T 42k + u)s?

L(r,R)

From (93) it is clear that the limits

L(») = }zm: L(»,R) (94)
exist, and an elementary estimate of the integral in
(93) yields

L(r)=0(1/7%), (95)

Equation (95) shows that the (2, 1) entry of H,(#) is
0(1/7). Estimating the (1, 2) entry in the same way and
combining the above results, we obtain
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IH, (Nl =01/, (96)
Since clearly

IC, (Ml =0(1/7%) (97)
and 8> %, we have H,C; € L}(q, =) and we are done.

Corollary: Suppose that

V(r) = Msinpr®) /2 + Vi (¥), (98)

where u, @, 8 are as in (83) and V; € L!(a, «). Then the
conclusion of Theorem 2 holds.

Proof: This is a simple application of the corollary
of Property 10.

Theorems 1 and 2 can be used to prove the nonexis-
tence of positive energy bound states for potentials
which satisfy their hypotheses and which are also Kato
potentials. (For other references on positive energy
bounds states, see Refs. 5, 6 and references therein.)
If the Hamiltonian

H=-1a/2m+V (99)

had a positive energy bound state ¥, then there would
be a bound state ¥, with the same energy and definite
angular momentum /. It is necessary to make a brief
argument to pass from the statement that ¥, is an
eigenfunction of the abstract operator H to the state-
ment that the corresponding function ¢, =(}) is given

by the product integral (56), but this can be done (for
Kato potentials satisfying the hypotheses of Theorems

1 or 2) using the detailed description of the domain of

H and the theory of integral equations. Taking this re-
sult for granted, if ¥, is a positive energy bound state,
then x,(») =»¥,(») has for large » the asymptotic form
given by (68), and from this it is clear that ¥,(r) cannot
be square integrable over R3, a contradiction. Thus we
can conclude the absence of positive-energy bound states
for the potentials of Theorems 1 and 2 except for the
exceptional case a=1, k= /2 in Theorem 2, for which
the asymptotic form was not established.

Using the corollary to Theorem 2, we can say the
following: I V has the form (114) with =1 and V, € L},
then V cannot have a positive-energy bound state ex-
cept possibly for k= /2 or E=k*=(r/2)%. Now the
Wigner—von Neumann potential' mentioned earlier is a
Kato potential and has the asymptotic form®

V(r) == 8(sin27) /7 +0(1/4%), »~<.

This potential is known to have a bound state at E=1.
Clearly the potential also has the form (98), with V,

e L', a=1, Since ¢ =2 for the potential (100), this
example shows that it is actually possible for a bound
state to occur at E=(ux/2)%. Our analysis above further
shows that the energy E =1 is the only positive energy
for which the Wigner—von Neumann potential has a
bound state. This improves Simon’s result® that this
potential has no bound states for E > 16.

(100)

We now study cases in which an “anomalous” behavior
of the wavefunction arises. We return to equation (63)
for B(s). As illustrated in Theorem 2, the portion of
B(s) containing the factor I{{ +1)/s? does not affect the
character of the asymptotic behavior of I} exp[B(s) ds|.
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In the present discussion we set /=0 for simplicity. (All
the results to be derived hold equally for 7#0.) Writing
V(s) instead of W(s) in (63), we now make a different
decomposition of B, namely

B(s) =Cy(s) + Cy(s) (101)
with
, V{s)}f1 O
Cl(s):z<k— ﬁ—)<0 _1> {102)
and
iVis)f0 -1
Cls) =22 (1 0). (103)
As before, we use the sum rule to find
lrl exp{B(s) ds] :IrI exp[{C;(s) + C,(s)}ds]
=@ (N 1T exp[Cyls) ds] (104)
with
@y =T explCy(s) ds) (105)

and
]

III exp[B(s) ds]=@,(7) I:I,,: explik(r - a) - (i/Zk)far V(s)ds]

0

Let ¢(r) be as in (56). I the integral [] V(s)ds does not
converge as »—«, then (111) implies an asymptotic
form for ¢(#} consisting of the “usual” asymptotic form
modified by the “anomalous” factors exp[+ (:/2k) [T

X V(s)ds]. This is most familiar for the Coulomb po-
tential (81), for which the anomalous factors have the
form exp[+(¢2/2k) log(»/a)]. (Of course, if lim,..["V{s)
Xds does exist, (111) implies the usual asymptotic
form.)

Existence and nonsingularity of the improper product
integral I1, can be proved under suitable hypotheses on
V using Property 11. Setting

Hy(r) =imp [“C,(s) ds (112)

the problem is to show that H, is defined and A,C,
€ LY(a, =), As an illustration we prove

Theorem 3: Let V() =A/7® with A real, 8>3. Let
@(7) be as in (56) with ¢(a)#0. Then

() =C, explikr - (i/2k) [] V(s)ds]

+C_exp(-ikr +(i/28) [T V(s) ds], (113)

where C, and C_ are constant 2X1 matrices, not both
of whose (1, 1) entries are zero.

P'roqf: We need only prove existence and nonsingular-
ity of I1,. (See the prooof of Theorem 1.) We estimate
a matrix element of H,(r):
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Cals) = Qi1 (5)Co(s)Qu (s). (106)

Now the family {C,(s)|s € [2, %)} is commutative. Hence,
setting

g(k,y)z/;r(k_I%}?)ds:k(y_a)_glg/arV(S)ds,

(107)
we have
, explio(k, 7)] 0
Q1) =exp( [ C1(5) ds) =( A, )
(108)
We then find
2 iV(s) 0 — exp[- 2i6(k,s)]
Cals) ==, (exp[ZiB(k, )] 0 )
(109)

If it is possible to prove that the improper product
integral

fIZ:H exp[éz(s) ds] (110
a
exists, then (104) will yield
0 i, (111)
exp[-ik(r - a) + (i/2k) [ V(s) ds]
r
/R exp[2i 6(k, S)]ds _exp[2i6(k, s)] |®
, P 2P0k, s) |,
1 R
-5 / expl2:6(k, s)]
d 1
X2 ("5_‘3 T s)> ds. (114)
Now
sP0'(k, s) =s5(k — 1/2ks5) =ks® - 1/2k. (115)

Using (115), one easily sees that the limit as R~ can
be taken in (114) and that the resulting quantity is
0(1/+%). Arguing similarly for the other nonzero matrix
element of H,(7), we have

IH, ()l =0(1/7).

Since C,(+) is also 0(1/%%) and B>%, we have ﬁzéz
e LYa, =), finishing the proof.

(11e)

Theorem 3 excludes from consideration potentials of
the type

V() =2/,

For such potentials and a variety of others, we can
show that the wave-functions have the asymptotic form
suggested by “WKB intuition.” The following theorem
covers any potential with a continuous derivative in-
tegrable over (b, ©) for some b,>0, hence in particular
any potential of the type (117). The proof of this theorem
is a bit different from the proofs above. For this reason
we shall prove the theorem with /#0 to convince the

Areal, 0<B< 4. (11n
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reader that again the term (I + 1)/#* makes no
difference.

Theorvem 4: Suppose that V is continuous on (0, =),
V is continuously differentiable on (84, ©) for some
by>0, and that

fb; | V'(s)|ds <. (118)
Let
Vo=lim V(») (119)

{this limit exists by (118)]. Let @(») be any solution of
(54) which is not identically zero. Then for E >V, we
have

o{r) =C,exp[ij;or\/ E - W(s)ds]

+C_ exp|~ sz; VE - W(s) ds], (120)
where C, are constant 2X1 matrices, not both of whose
(1.1) entries are zero, and W is given by (51).

Proof: Replacing V by V- V, we may assume V,=0,
and we must then prove (120) for £ > 0. With A(») as in
(55), the solution of (54) is given by

r
@(r) =N explA(s) ds] (b), (121)
b
where b is any number in (0, ). The function ¢ is not
indentically zero if and only if ¢(b) is nonzero. Since

E>0and W(r) -0 as ¥~ =, we may assume that > b,
is large enough so that

E-W(») = a>0 for re[b, ©). (122)

Thus [E - W(r)]"? is bounded on [b, ©). For re [b, «) we
define

My) =VE-W{&)

We now study the representation (121) for ¢. This time,
instead of making the decomposition (57) of A(r), we
diagonalize A(») directly. The characteristic equation
for A{7r) yields the eigenvalues +iX{»), where X7) is
given by (123). Setting

(positive square root). (123)

(i) 0
Alr) = ( o - i7\(7’)> (124)
and
1 1
M(r)= (i A) i W)) , (125)
we have
AW =M@AAF)M (7). (126)
The similarity rule (applied with 7 =M) now yields
lrI explA(s) ds]=M@HPIM(b) (127)
b
with
H(r) -1 exp[{M(s)A(s)M(s) = M (s)M'(s)} ds]
b
-n exp[{A(s) = M (s)M'(s)} ds]. (128)
b
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Equation (127) should be compared with Eq. (65), in
which M does not depend on . Examining (127), we
note that M(») converges as » -« to the constant non-
singular matrix M of {61) [since W{»)~0 as as »~ =],
Thus, to analyze the asymptotic behavior of the right-
hand side of (127), we need only study the behavior of
H(r). Let us write

L{¥) -0 exp[A(s) ds]. (129)
b

Since {A(») | » (b, ©)} is commutative, we have

L(r) = expl J} As) ds]= (eXP[z'cm] 0 ])’

0 exp[- io(¥)
(130)
where
o(v) = fb' Ms)ds = fb'\/ E - W(s) ds. (131)

Note that L(r) contains exactly the exponentials we need
in (120). Using (128) and the sum rule, we find

H(y) :L(r)lrl exp[N(s) ds] (132)
b
with
N(s) == L™ (s)M(s)M'(s)L(s). (133)

If it can be shown that I exp[N(s) ds] converges as
¥ -~ to a nonsingular limit n,, then combining our pre-
vious remarks we will have

1 explA(s) ds| = ML) LM (b), 7~ < (134)

and because of the form of L(»), this will prove (120).
Convergence of IT; exp[N(s) ds] will follow if we can
prove Nc L}(b, ). Since L{») is unitary, we have

IN(sHI = M2 (s)M(s)]]. (135)
A brief calculation yields
.~ , M) 1 =1 1 Wi(s) 1 -1
MHSM(S) =537 (_ 1 1>:"Z E- W(s)(— 1 1)'
(136)

Then, since the matrix on the right-hand side of (136)
has norm 2, we find for s= b

1 (Wi

- ’ < _1 4
M- (s)M (S)”:Em\z‘IIW(S)', (137)
where we have used (122). Now
W'(s)=V'(s) - 21 +1)/s° (138)

so that | W'(s)| is integrable over [b, ©). Thus N
e LY(b, ©), and we are done.

Theorems 3 and 4 can be used in the same way as
Theorems 1 and 2, to deduce the nonexistence of bound
states with positive energy or energy greater than V,.
We shall not elaborate on this fact.
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IH. ASYMPTOTICS OF SOLUTIONS OF THE
SCHRODINGER EQUATION FOR LARGE £

In this section we shall indicate briefly how to obtain
the asymptotic form of solutions of the Schridinger
equation for large positive values of the energy £. The
results are those suggested by the WKB method (or
quasiclassical approximation) and may be derived with~
out product integrals; however, the use of product in-
tegration yields the resulis very quickly and provides
explicit error estimates.

For simplicity we consider the one-dimensional
Schrdédinger equation

d%

- Ex—z+ V(x)y =Ey (139}

on some interval of the real numbers, R. We assume
V(x) is real-valued and continuously differentiable and
that E — V(x) > 0. We write (139) as a system:

y{x) ’: 0 1\/ y(x)
Vix)-E 0

. (140)
y'(x) v (%)

The solution is given by the product integral
%
y(x) =I1 exp[4,(s) ds]- vy ,

y'(x)] %o v/ (xg)

(141)
A= ° 1\
V(is)-E 0

The method of proof of Theorem 4 of the previous sec-
tion shows that this last equation can be written as

y\ _[ 1 1
y)] \ikG) k()
exp[iK(x)] 0 ¥
% . expl— iK()] lx'loexp[Az(s) ds]
ot 1/2ik(x) y(xy) , (142)
5 =1/2ik(x) J\3'(x)

where k(x) =V E = V(x) is the positive square root,

x
K(x) = fxok(s)ds,
A V(s) -1 expl- 2iK(s)]
2 4(V(s) = E) \exp[2iK(s)] -1
From the estimate (23) of Sec. I applied to I3,
X exp[A,(s) ds] together with the fact that

exp(:6)

” exp(l— 6 1 ” =2 for real 8,

we have
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I exp[A,(s) ds]=1+R(x, xy, E)
0 1 [*1V'(s)lds

where [IR(x, %, E)ll < exp(i x E-V(E

)-1. a3
For example, in any region where V is uniformly bound-
ed and V’ is integrable, WR({x, x,, )l =O(1/E) uniformly
in x. If we denote a solution of (139) by y(x, E), then
(142), (143) give after some matrix multiplications

y(x, E) =y(x;) cos[foVE— V(s)ds]+[y’(x) /NE = V{xy)]

xsin [*VE=V(s) ds]+7(x, x,, B) (144)

with
< ly'(xg) |
| 7(x, x40, B)| < [9(x0)] +7—E—_ﬁ(m
*(V(s))ds
X[ expi3 )} -1].
[ p(z % E—V(s)) ]
We note that in any region where V is uniformly bounded,

fx’;\/ E-V(s)ds=VE fx’;\/ 1T-V({)/FE ds

=VE (x - x,) + O(1/VE)

uniformly in x. Hence, if V is uniformly bounded and
V’ integrable, we have

y(x, E) =y(x,) cos[VE (x = x)] + [y’ (x) VE |

xsin[VE (x — xy)] + O(1/VE) (145)

uniformly in x. Equations (144) and {145) constitute the
WKB approximation giving the wavefunction asympto-
tically for large E > 0.

Formulas similar to (144) may be derived in a sim-
ilar manner for many other examples of equations or
systems of equations involving a parameter.
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On the theory of time-dependent linear canonical
transformations as applied to Hamiltonians of the harmonic

oscillator type
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Writing the canonical variables (@, p”) as (»T), we develop a method for transforming the time-
dependent Hamiltonian H = 4,,(1)w"®"+ B,@” + C(1) to the time-independent form H
=(1/2)8,,0"®" using the linear transformation @* = s * (t)w" + r (). Differential equations are obtained
for the parameters s*, and r*. The transformed Hamiltonian enables the construction of an invariant I
and an invariant matrix [I*Y]. These invariants apply to both the classical and quantum mechanical
problems. The invariant I has the dynamical symmetry group SU(n), and this characterizes all systems

with Hamiltonians of the form of H.

1. INTRODUCTION

Time-dependent canonical transformations have not
attracted much detailed attention in the past. Even in
the better treatises on classical mechanics, the explicit
implications of time dependence are not explored.
Although Whittaker! allows for the presence of time in
his theory, not one of his many examples involves a
time-dependent transformation. One of the best of the
newer texts, that by Sudarshan and Makunda® develops
conditions which all canonical transformations must
satisfy, but does not provide particular examples.
Pars® does remark that a two~dimensional linear trans-
formation with time-dependent coefficients will be
canonical under certain constraints.

Linear canonical transformations have been used in
quantum mechanics by Moshinsky and others®® for
problems concerning the harmonic oscillator. More
recently, Gilinther and Leach,® in their discussion of
invariants for time-dependent oscillators, made use of
a simple time-dependent linear canonical transforma-
tion to provide an interpretation of the Lewis invari-
ant, 710 They did not provide a general discussion of
such transformation. A subsequent paper by Leach!!
provides a partial discussion of the theory in the course
of showing that the Lewis invariant is a particular case
of a more general invariant.

In this paper we develop the theory of time-dependent
linear canonical transformations as it impinges upon
Hamiltonians of harmonic oscillator type. We show how
we may find invariants for time-dependent Hamiltonians
of (oscillator type) using the transformations and give
explicit formulas for the determination of their coeffi-
cients. These results apply equally well to classical
and quantum mechanics.

The existence of such invariants has a twofold appli-~
cation. As Lewis and Riesenfeld’ have shown, it leads
to the solution of the time-dependent Schrodinger equa-
tion. From these invariants, the generators of dynam-~
ical symmetry groups may be obtained. Fradkin'®!? has
demonstrated this for the three-dimensional time-in-
dependent isotropic harmonic oscillator while Giinther
and Leach® have extended his work to the corresponding
time-dependent problem. We shall show that the Lie
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group SU(n) characterizes most n-dimensional harmonic
oscillator-type Hamiltonians, usually as a noninvari-
ance group. We hesitate to call it a characteristic non-
invariance symmetry group in view of the use of that
term in a different context by Mukunda ef al.!'* It is pos-
sible that this result may be of advantage in the discus-
sion of the evolution of coherent states for oscillator
systems. !¢ Finally we present a particularly simple
expression from which the generators of the symmetry
group may be obtained.

2. CONDITIONS FOR CANONICITY

The theory which we develop is rendered more simply
in the formalism which is becoming increasingly popu-
lar. We write the canonical variables (g;,p;) as

qi:wuy i=1,n, p=1,n, (2 1)
pi:wu, i=l,n, p=n+1,2n

so that Hamilton’s equations of motion are
(:Ju —etY oH (2.2)

awl/ >

in which [¢*"] is the symplectic matrix of order 2u. Its
inverse is written as [¢,,]. Thus

1=[_21) =0 1]

The general linear transformation from coordinates
w" to w" is

(2.3)

W =s* W’ +7", (2.4)

in which the parameters are real and may be time-de-
pendent. We take the transformation to be measure-
preserving. Thus the determinant of the coefficient
matrix [8*,] is unity and the inverse exists. The trans-
formation is canonical provided the Poisson bracket
condition

af u v

[0*, w¥ ], =€*Y — e*fs¥ sV =€, (2.5)

is satisfied. Writing

[s*.]1=8, [*']=¢, (2.6)
in matrix notation (2.5) is

SeST =¢, (2.7
Copyright © 1977 American Institute of Physics 1608



i.e., the transformation matrix S is a member of a
2n~dimensional real symplectic group. Writing S in
block form

(51 S,
oo 3
(2. 8) indicates that

SISZT=3281T)

S,S,"=8,8,7, (2.9)

Sls4T - S2S3T =Im

which is exactly the same set of conditions? as for time-
independent transformations.

The transformation (2.4) may be canonical without
being symplectic since the latter requires the bi-
quadratic form w*“e,, w’” to be invariant under the trans-
formation. In the new coordinate system, the biquadrat-
ic form is

W, 0" =ws* €, , 8V, + e, v +5% €, 70"

+5Y, €., 7w, (2.10)

Since the coordinate-free term is identically zero,
{(2.10) is the same as w"e,,w’’ provided

S“Geuvsvpzeqp, (2'11)
§*€uy 7" =0,

v
I

= 8eST=¢, §7Tr=0.

The first of (2.12) is just (2.7). Since the determinants
of S and ¢ are unity, the second of (2.12) requires r to
be zero. Thus a nonhomogeneous linear transformation
cannot be symplectic. However, it is canonical provided
the coefficient matrix S is symplectic.

“
s¥,€,, 7" =0,

(2.12)

3. THE TRANSFORMATION MATRICES

Under a linear transformation from canonical coor-
dinates w" to w", the general oscillator-type
Hamiltonian

H=A, (oo’ +B,({t)w" +C{), 3.1)
is transformed to
H=2A,,t) 0" +B,(t)a" +T(1), (3.2)

where the matrices 4,,(f) and 4, ,(f) are real, sym-
metric, and of the same rank. All coefficients are at
least continuous over the interval of time which is of
interest, The time evolution of w* may be studied
through either

$“=ew§g—,, (3.3)
or

_.-u d H t4 Vv

w =d_t(s Y+ 7). (3.4)

Equating (3. 3) to (3.4), substituting for H, H, and @*,
and separating coordinate-free and coordinate-depen-
dent parts, we obtain for the (2n)? s*, (2r)? first order
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linear differential equations

Sh, =2 A, 8P, — 254 ,€7A,,, (3.5)
and, for the 2r 7*, 2n equations
7 - 2644, 7" =€*"B, - s* " °B,. (3.6)

Following Ince, !” provided the coefficients and inde-
pendent terms are continuous over some closed inter-
val [#,t,], the sets of equations (3.5) and (3. 6) will
have solution sets which are continuous and unique in
the interval (f;,f,) and which assume given values for
some f; € (¢,%,). Since these given values are left for us
to assign, we shall use them, in the case of S, to en-
sure that the requirements of (2.9) and det.S being unity
are satisfied. For r the choice is a matter of conven-
ience rather than requirement.

We observe that the functions C(t) and C(¢) do not
occur in (3.5) and (3.6). This reflects the fact that
Hamilton’s equations are not affected by the addition
of an arbitrary function of time to the Hamiltonian.

In particular, C(t) may be set at zero in H, As
simplicity of form is a hand-maiden of successful
analysis, we take the simplest form possible for H by
setting

A, ) =36,,, B,()=0, C(t)=0. (3.7
Equations (3,5) and (3. 6) become

5“,:6“"60,, s°, = 2s%,€%A,,, (3.8)

L 6“"5,01’0::— s“vevqu. (3.9)

If H contains no terms linear in w*, (3.9) has the sim-

ple solution set
r* =0, u=1,2n. 3.10)

If the B, are not all zero, the solution set of (3.9) de-
pends upon that of (3.8) due to the presence of the s*, in
(3.9).

4. INVARIANTS

We have seen that a transformation

w” =s*, 0w’ +7*, (4.1)
exists which transforms the time-dependent
Hamiltonian

H=A, (t}o"o"+B,(t)w" +C(t), (4.2)
to a time-independent form

H=30"6,,w" (4.3)

In the coordinate system {5“}, H is an invariant. In
terms of the original coordinate system {w”},

H=3(s" 0" +7*)8,,(s", w* +7*). (4.4)
Direct calculation shows that

= e oH

H:[H,H]paw +—=0, (4.5)

ot

when (3.8) and (3. 9) are taken into account. Thus (4. 4)
is an exact invariant of the motion described by H, In
matrix form, this invariant, which is now written as I,
is

I=3(Sw+r)TSw+r), (4.6)
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where S and 7 are solutions of the linear differential
equations

°

S =€S — 2SeA,

r=ecr- S¢B,

4.7
(4. 8)
and A and B are the matrix coefficients in H.

The existence of the scalar invariant I suggests the
construction of a symmetric invariant 2n X2n matrix

(] =3w T +3ew)ew)”,
=2(Sw +1)(Sw +1)7 +2e(Sw +1)(Sw + r)Te.
(4.10)

4.9)

The invariance of [7**] in terms of the original coordi-
nates is easily checked directly using (4.7), (4.8) and

w=e(2Aw +B). (4.11)

We note that the invariant I is half the trace of [I*¥].
Disregarding the significance of upper and lower suf-
fices, the matrix [I‘“‘] may be written in block form as

[Ilj] [‘Lll]

(1*] = -[L,,] [I,,] , (4.12)
in which

I;;=2(QQ; +P,Py), Ly=3@QP;-PQ;), (4.13)
where

W' =@, P). (4.14)

It is obvious that we may identify I;;, with Fradkin’s in-
variant tensor!? and Z,; with the angular momentum ten-
sor for the coordinate system {w“}.

There are n® - n distinct off-diagonal terms in [I*¥]
and n— 1 linear combinations of the diagonal terms
which are linearly independent of I. Each element of
[1¥] has zero Poisson bracket with I, Thus there are
n? - 1 separate invariants. As has already been de-
scribed adequately in the literature (e.g., Refs. 6 and
12), linearly independent combinations of these invari-
ants provide a suitable basis for the representation of
the Lie algebra SU(r). Hence the invariant I possesses
the dynamical symmetry group SU(r). As [I, H]ps is non-
zero for oscillators other than the n-dimensional,
time-independent harmonic oscillator, SU(r) is general-
ly a noninvariance dynamical symmetry group for H.

We conclude that Hamiltonians of the type

H=A, (l)w*w’ +B,({Hw" +C(t), (4.2)

are characterized by the dynamical symmetry group
SU(n). Following Mukunda et al.,'* the invariant I will
also possess a characteristic noninvariance dynamical
symmetry group which is SU(n +1) (compact) or SU(x, 1)
(noncompact). Consequently this same symmetry group
may be associated with the Hamiltonian (4. 2).

5. QUANTUM INVARIANTS

For the quantum mechanical problem corresponding
to the Hamiltonian (4. 2), an invariant operator and an
invariant matrix operator are defined in the same way
as the classical invariant and matrix except that now
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the w” are operators which satisfy the commutation
relations

{w*, w]=ime?, (5.1)
In both cases it may be verified readily that

<1 20

O:i%[O,H]%‘—E:O, (5.2)

where O is the operator I or [I**]. Since each element
I* commutes with I, we may use those elements to con~
struct the generators of the symmetry group in the
usual way (e.g., Giinther and Leach®). The remarks
about the characteristic noninvariance symmetry group
in Sec. 4 also apply here.

6. CONCLUSION

The existence of a quantum mechanical invariant for
oscillator-type systems does more than provide a sym-
metry group for such systems. As Lewis and Riesen-
feld® have shown, the invariant enables the solution of
the time-dependent Schrddinger equation. This solution
may be obtained more readily using the transformations
discussed here by expressing the invariant more simply
in a different coordinate system. Recently Wolf!® dis-
cussed the solution of the time-independent Schrddinger
equation,

Hiyj=xyp,

H=ap*+Bg* + vigp +pq) + 0p +eq + &,
where the coefficients are constant, using linear
canonical transformations. In general, the wavefunc-
tions in different coordinate systems are related by an

integral transform. In the special case where the trans-
formation has the form

w—aow+r
“le d ’

the relationship is a phase change with possibly a scal-
ing term independent of the coordinates.

6.1)
(6.2)

(6.3)

Wolf’s results may be extended to Hamiltonians of
the form considered in this paper. In a subsequent
paper we shall demonstrate that the wavefunctions for
all time-dependent oscillators are related by a phase

and scaling term to the wavefunction for
H=3pwTw, {6.4)

where p(t) is any solution of a second order differential
equation of the type

B +f(t)p +gt)p=cp™. (6.5)

More generally the wavefunction is related to that of the
time-independent Hamiltonian

(6.6)

only by an integral transform. The expression for the
kernel is the subject of current investigation.

H=%0wTw,

In this paper we have confined our attention to the
theoretical aspects of linear transformations and
oscillator-type Hamiltonians. A simple example has
been given by Leach.!! In the subsequent paper pre-
ferred to above we shall describe more complex
examples.
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Note added in proof: That the transformation matrix
S is symplectic for all time provided it is symplectic
at t =1, is easily shown. Suppose S:[s“,,] is the solution
of (3.8). Then M =8JS7T satisfies the equation
M =eM —~ Me, This represents a set of linear order
differential equations with an equilibrium point at
M=¢. Suppose S(¢;) is chosen in such a way that
M(t,) =e. This is possible since there are (2n)*
arbitrary constants in S(f). Then M(t) =¢ and so S(¢)
is symplectic for all {, T am indebted to Dr. W. Sarlet
of the Rijksuniversiteit-Gent (private communication)
for this note.
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From the equation of motion for a radiating charged particle embedded in the zero-point radiation field
we construct a stochastic Liouville equation which serves to derive, by a smoothing process, a
Fokker—Planck-type equation with infinite memory. We show that an exact alternative form of this phase-
space equation is the Schrddinger equation in configuration space, with radiative corrections. In the
asymptotic, radiationless limit (when the radiative corrections become negligible), the phase-space density
reduces to Wigner’s distribution, thus confirming Weyl’s rule of correspondence. We briefly discuss several
other implications of stochastic electrodynamics which are relevant for quantum theory in general.

INTRODUCTION

Random!'? or stochastic electrodynamics®-® (SED) is
the theory of motion of charged particles in the presence
of the electromagnetic vacuum, considered as a random
radiation field at a given temperature, for most pur-
poses taken as zero. This theory has been used to pre-
dict several phenomena which are usually considered to
have a strictly quantum theoretical nature, such as,
e.g., the van der Waals forces between polarizable par-
ticles® or between macroscopic conductors,” or the
quantal behavior of simple systems such as the harmonic
oscillator, including the radiative shift of the energy
levels®#®° and the lifetime of its excited states,*® etc.

On the conceptual side, SED offers an elementary and
coherent explanation of certain basic features of quan-
tum mechanics (QM), such as the random behavior of
matter, as due to its interaction with the stochastic
field, or the stability of atomic systems, as a result of
the eventual balance between the energy loss by radiation
and the energy pickup from the stochastic field. More-
over, SED offers a perspective for answering questions
of a physical nature, which cannot even be posed within
the frame of the usual QM, concerning, for example,
the dynamics of the transition to a state of equilibrium,
or the connection between the wave properties of matter
and the statistical properties of the background field."

The conceptual picture offered by SED and the con-
crete results obtained up to now strongly suggest the
possibility of considering it as an alternative to QM or,
more correctly, to (nonrelativistic) quantum electro-
dynamics (QED); this has stimulated various attempts to
establish the connection with quantum theory on firm
grounds (see, e.g., Refs. 2, 8, 12, and 13), some of
them very interesting and suggestive indeed. However,
these attempts are not always as general and conclusive
as we would like them to be, due, perhaps above all,
to mathematical difficulties. Yet SED has now reached
a stage of development where it seems possible to use it
as the basis for the development of a fundamental theory
of QM; this is the motivation for the present work.

The structure of the paper is as follows: In Sec. I we
define the SED problem; here we introduce the funda-
mental postulate about the existence of the zero-point
radiation field with appropriately defined statistical
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properties. It is through these properties that Planck’s
constant enters into the description, since the spectral
density assumed is just that of the photon vacuum of QED.

In Sec. I we derive the corresponding Fokker-Planck-
type equation for the distribution in phase space, on the
basis of a stochastic Liouville equation; the process
turns out to be definitely non-Markoffian in phase space.
The transition to configuration space is performed in
Sec. III, where an infinite hierarchy of flow equations is
obtained. Through an appropriate change of variables
(x,p—z,,z_) containing a free parameter 8, the first two
equations can be combined and integrated to give a “per-
turbed” Schridinger equation in terms of 8 (Sec. IV),
the perturbation being a result of the coupling with the
rest of the hierarchy. When a state of equilibrium with
the background field is reached, at which we may as-
sume that the coupling becomes negligibly small, we get
just Schridinger’s equation. In this quantum mechanical
régime, where the z, and z_ spaces separate, the mean
energy attains an extremum value (Sec. V). The descrip-
tion reduces in this limit to that given by the (phenome-
nological) theory of stochastic QM, developed in previ-
ous work.'*!5 The corrections to the Schrodinger equa-
tion in the general case represent the (nonrelativistic)
radiative corrections, which are not explicitly calcu-
lated here.

In Sec. VI we show that the phase-space distribution
coincides in the guantum-mechanical régime with the
Wigner distribution. This means that the average val-
ues of physical quantities given by SED in the equilibri-
um limit coincide with the corresponding guantum me-
chanical quantities, if these are calculated using Weyl’s
rule of correspondence, since the Wigner distribution
is uniquely determined by this rule.'®* Before the quan-
tum mechanical régime is attained (i.e., at short times),
the SED system can of course violate the predictions of
QM; this applies, in particular, to the Heisenberg in-
egualities.

Section VII is dedicated to the calculation of the param-
eter B contained in the new variables z,,z_. A straight-
forward calculation on the basis of the Langevin equation
for the harmonic oscillator gives the expected value
B=3k.

Finally, in Section VIII we discuss some of the rele-
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vant results and their implications concerning the con-
nection between SED and QM. It is clear that many im-
portant aspects of the problem are barely touched
upon—or even ignored; we hope that this paper serves
to stimulate interest in their study.

I. THE SED SYSTEM

The subject of SED is a nonrelativistic charged parti-
cle acted on by three forces: an external force, the
radiative reaction force, and the force due to the elec-
tric component of the stochastic background field. The
corresponding equation of motion is the so-called Lange-
vin equation (in one dimension, for simplicity):

m¥ =f+mT¥+eE, 7=2¢%/3mc?, (1)

where m is the mass and e the charge of the particle.
The external force f is assumed conservative. In the
dipole approximation—which is consistent with this non-
relativistic treatment—the random electric field £ is a
function of time only. The statistical properties of this
field, at temperature T'=0, are assumed to be the fol-
lowing'+4,%:9;

(i) E is a stationary Gaussian process with zero aver-
age,

(ii) its spectral energy density is
p(w)=Hwd/2n%c® 2)

which means that the autocorrelation function of its
Fourier transform

o 1 ©
E(w)E———f E(t)ettqt
V21 Jew
is
-~ - 271 wi?

(E(W)E* () =—§5—6(w -w’), (3)
where { ), denotes the average over all samples of E.
Equation (2) implies that the energy per normal mode of
the field is 3%w. At temperatures 7 >0 the energy per

normal mode follows Planck’s law and Egs. (2) and (3)
would have to be modified accordingly.

The assumption on the Gaussian character of the prob-
ability distribution of the field amplitudes, is introduced
as the simplest and most plausible one. Equation (2) for
the energy spectral density of the field has been de-
rived"!” under the assumption that the random electro-
magnetic field has a Lorentz-invariant spectrum. It is
possible to show® that the random field with properties
{i) and (ii) above, closely resembles the free radiation
field of quantum electrodynamics—which is, of course,
most desirable. It should be noted, however, that Eq.
(2) does not represent a true spectral density, because
it is not integrable; this gives rise to ultraviolet diver-
gencies in SED, of a nature similar to those encountered
in QED; clearly, this problem demands a careful
study. However, since the major results presented here
are not affected by such difficulties, we leave the dis-
cussion of the problem for a forthcoming paper.

Another problem—connected to the former through the
fluctuation-dissipation theorem!®*—is the approximate
nature of the damping term mt¥ which gives rise to
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runaway solutions to Eq. {1). These unphysical solu-
tions can, however, be eliminated by the simple expe-
dient of rewriting Eq. (1) in such a form as to guarantee
that the final acceleration of the particle is zero,

1

mx=—
T

f et f "))+ e E@)] dt’ .
t

The solutions of this equation are the physical solu-
tions of Eq. (1), as is easily seen by differentiating it
with respect to f. Now it can be approximated by a dif-
ferential equation, by developing f(x(¢’)) around x(¢) on
account of the smallness of 7 {for an electron, 7~10"%g).
Keeping only the first two terms of the Taylor series,
we get

mx=f(x)+1xf'(x)+eE_, (4)
where

lfﬂoe(t-t')/ TE(tl)dtl
t

E,=>

has the modified spectral density

PN PO L — (5)
m 27r’c§il+75w5)

For a force linear in x, ‘Eq. (4) can be readily solved.
Indeed, it has been shown that the harmonic oscillator
of SED acquires, at times ¢> (Tw?)™, precisely the
properties of the quantum oscillator'**°; the equilibri-
um mixture at temperatures greater than 0,!*° the Lamb
shift 3489 the (finite) mass renormalization,® and the
mean lifetime of the excited states® are correctly pre-
dicted by the theory.

There is no general method, however, for solving Eq.
(4) with an arbitrary force. We shall therefore con-
struct a statistical description in terms of an equation
of the Fokker-Planck type for the probability density.

Il. A FOKKER-PLANCK-TYPE EQUATION IN PHASE
SPACE

To construct this equation we proceed as follows.
Equation {4) may be written as the system

mx=p, p=f+7f'p/m+ek, . (6)

This set of equations defines a stochastic dynamical
process in phase space. For each particular realiza-
tion of E,, the density of points in phase space—which
we call R(x,p,)—satisfies an equation of continuity,

9R 2 ,, 9 ,.

-'87 +a~x—(xR)+$(pR)—O, (7)
which can be cast in the form of a stochastic Liouville
equation, using Eqs. (6),

3R = 3
W'FLR——EEP—(EMR), (8)
where I: is the nonrandom Liouville operator with radia-
tion force,

i=———-p+%(f+7f’—’§). ©)

We are not interested in the motion of a single system
but in the average motion of an ensemble, the elements
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of which correspond to the different E ; we shall there-
fore take an average over all realizations of E,. For
this purpose it is convenient to introduce the averaging
or smoothing operator P _such that for any phase func-
tion A(x,p, 1), PA=(A), (P is a projector, since P2=D).
A can then be decomposed into the sum of its average,
PA and its random part, (1 -P)A. For the stochastic
f1e1d E_, inparticular, we have

PEm(tl)Em(tz) o 'Em(tznﬂ)ﬁA = 0 3

PE_(t)E_(t,) * *E,(t,,)PA (10)

= 2 (B ()E, @)

all pairs

(E,t)E,t) A%,

wheren=0,1,2, -+, for all A.

Let us now separate the density function R into its
average and stochastic parts, respectively,

Q=PR, 6Q=(1-P)R (11)

and introduce them into Eq. (8),

57 ©+00)+L(Q+0Q)= o7 £,(Q+60Q) . (12)

Applying first f’ and then (1 —13) to this equation, we get

2Q

Ta (13)

L __—PEa
+LQ ep Q,

—6Q +10Q =2 — ¢5 2 (1-P)E Q. (14)

8p EnQ -

Now we want to eliminate 3Q. With this purpose we in-
troduce the inverse of the operator 8/Bt+L which we
call G then for any phase function A we can write

GA(x,p, 1) = ( +L> Alx,p,t)= f ettt 4 p t1)ar

(15)
Now we invert Eqs. (13) and (14), to get
A9 A
Q= —eGb—EPEmﬁQ , (16)
Q= -G E 21 -PE,5Q an)
Q=-¢ En AR p m
and by combining these we obtain the equation
A9 a ~ 9 a 1. 2
=020 — 201 e s
Q=eG 5 PEm[l +eGap(1 P)Em]- G apE"'Q
which can be rewritten as
3Q ~ 3 N lag
-§+LQ =g —pPE [1+6G'55(1—P)Em] G@E’"Q.
(18)

This is not a convenient expression, since the opera-
tor G and the stochastic field E,, appear in the denomina-
tor; but it can be formally expanded in series, yielding

°Q ro_ L0 ”[-eail_fag]"*a
57 +L@=e apPEme:o ap( JE,, GEE"’Q

8 A [ A D ~ k
= —e——PEm;[-eG 5 (1 —P)Em] Q

8p

To obtain the second equality we have written the last

(19)

1614 J. Math. Phys., Vol. 18, No. 8, August 1977

factor E,Q in the equivalent form (1 - P)E_Q.

The method used to go from the random equation (8) to
the nonrandom equation (18) is called the method of
smoothing and has been introduced independently by a
number of authors for different problems; for a detailed
exposition see Ref. 19.

Onaccount of the first of Egs. (10) and of the nonrandom
character of G all terms with even %2 on the right side
of Eq. (19) vamsh and we are left with

8Q

o +1LQ= e—PE ;:[eG—(l P)E:! HQ-

(20)
This equation has still an infinite number of terms which
represent the (averaged) effects of the multiple scatter-
ing by the vacuum field, which means that it includes
the (nonrelativistic, all order) radiative corrections of
QED. Although for QM it is sufficient to keep the first
term (¢ =0), we shall keep them all and write the rhs of
Eq. (20), for short, as
& BB, B, [e6 o (1 PIE["

m ap m

k=0

(21)
f) is a complicated integrodifferential operator, but it
has the valuable property of commuting with the opera-

tor 8/8p. To prove this we take the first term of the
series,

(22)

next we replace the operator G of Eq. (15) by a kernel,
thus writing

E;A(x,p, )= f;dt’ffdx'dp'g(x —x',p=p t~t"NAK', P’ 1),

(23)
where G is a retarded Green function,
(57 +1)5=0, G6x,p,0)=06)2(p). 24)

Equation (23) _is easily verified by applying to it the op-
erator 8/8¢+L and using Eqs. (24). For A=3(E Q)/?p
we obtain from Egs. (22) and (23),

bo%% =e?PE, () [\ at’ [f ax'dp' Gl —x,p - p’ 1 =1")
XE,(t’ BP,Q(x 7517
—e——f dt' PE, (1)E,,(t")

x [f ax'dp'Gle —x",p = p’, L = NQU',p", ")

a -~
= — 25
3[) DoQ s ( )
where we have performed an integration by parts. Thus

we see that the first term of the series turns out to be a
derivative with respect to p. Inspection of Eq. (21)
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shows that the same is true for the remaining terms of
the series; we may therefore write
A 9 3 »
% 55"

Using this property we may cast the differential equa-
tion for the phase-space distribution, Eq. (20), into the
form

%Q b 2@

a9t max

(26)

(f b >Q- Dq, (27)
ap®

where D is a linear operator involving a time integration

from 0 to ¢, as seen from Eq. (25).

We have thus arrived at a Fokker-Planck-type equa-
in phase space. A remarkable feature of this equation
is its non-Markoffian character: the change of @ at time
t depends on the previous values of @, on account of the
right-hand side, which involves an integration over the
past. This non-Markoffian character is a direct conse-
quence of the finite duration of the field autocorrelation,
implied in the frequency-dependent spectrum, Eq. (3).
This is a most important point: We are dealing with a
non-Markoffian process in phase space, and the ensuing
configuration-space statistical description will clearly
be non-Markoffian as well. This seems to contradict
previous work by Nelson and others,'%!® according to
which QM may be understood as the result of a Markoff
process in configuration space. Close inspection re-
veals, however, that the phenomenological stochastic
theories of QM always contain, in some form or another,
a dynamical postulate which gives rise to a nonclassical
(i.e., different from Brownian-motion) behavior of the
system; this point is only too seldom made explicit.

The price we pay for the apparent simplicity of the phe-
nomenological Markoffian approaches to QM are the con-
ceptual difficulties arising from their nonclassical dy-
namical content (see, e.g., Refs. 20 and 21), which have
gone so far as to lead to the assertion that the relation-
ship between stochastic processes and QM is purely
formal and devoid of any physical meaning.??:2® These
difficulties are lifted, at least in principle, as soon as
we recognize that the underlying stochastic process of
QM is much more complex than was previously assumed.

Equation (27) offers the possibility—in principle, at
least—to study QM in phase space. This would not be
the first phase-space description of QM ever made:
Since the early work of Wigner,?* various authors have
proposed different phase-space descriptions which,
through the use of different correspondence rules, can
be shown to be formally equivalent to ordinary QM (see,
e.g., Refs. 16 and 25). We shall return to this point in
Sec. VI. There are other approaches, notably that of
Wiener and della Riccia,?® based on a classical Liouville
equation for a phase-space probability amplitude, and
the SED approach based on the direct solution of the
Langevin equation for the harmonic oscillator.!*?
While the approach of Wigner, Moyal, etc., leads to a
formal extension of usual QM, SED allows, in principle,
for predictions outside the frame of usual QM (e.g., for
short times).

Equation (27) does not seem much easier to solve than
the original Langevin equation for an arbitrary force.
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A detailed phase-space description based on this equa-
tion would therefore involve serious mathematical diffi-
culties, aside from those related to the eventual occur-
rence of infinities associated with the oversimplified
form of p(w). However, many properties of the system
can be investigated without entering into such difficul-
ties; in particular, we shall in the next section proceed
to establish the connection with Schrédinger QM.

Hi. TRANSITION TO CONFIGURATION SPACE

A complete description of our system in configuration
space can be obtained by simply multiplying Eq. (27) by
p" =0,1,2, - +) and integrating over the whole p-space.
Or alternatively it can be obtained in terms of the char-
acteristic function

Qlx,z,t)= [Qx,p, t)e*dp (28)

which is the generating function of the configuration-
space-conditioned or local moments (p"),=p™ [ p"Qdp, as
follows from

9 Q"l faneipxdp_t p(p"e"‘) (29)
by taking z =0,
n _l n ={(_i) 1 ané
=y [ reap=in(35E) (30)

Here we have introduced the density function in configu-
ration space, which, according to Eq. (28), is

ple, )= [ Qr,p,t)dp=Q(x,0,1). (31)

From the Fourier transform of Eq. (27),

8Q i 99

3t  moxdz (32)

~ 3Q A
—iz2fG- T a3 = _220q)
and Eq. (29), we get

a7 (0 9:0) 5 (be™p) —iz e p

- Z%f’z (pet?®) p=-z2(DQ)” (33)
where the tilde denotes Fourier transformation. This
equation still contains all the phase-space information,
as it is written in xz space. We can transfer this infor-
mation to configuration space step by step, by developing

e!*% in Taylor’s series around z =0 and separating the co-

efficients of 2" (#=0,1,2, ---). The first equations thus
obtained are

% ,

2 2 (b)) =0, (34)
8 19, ., T ., _

37 (P2p) 4 5o (p%),0) = fo — o AP p=0, (35)

57 €PDep) 2 (02, = (P~ - (™) p = 25Q) -
(36)

These equations describe the flow of matter, momen-
tum and energy; higher powers of z would yield addition-
al transport equations, each one containing a new local
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function (p”},, Consequently, the phase-space descrip-
tion is equivalent to an infinite hierarchy of transport
equations (in configuration space). However, we are
interested here in the connection with Schrédinger QM
and to establish it, the first two equations are sufficient,
as will be seen below.

The local moments appearing in Eqs. (34) and (35) may
be rewritten, according to Eq. (30), as follows:

] -
(D)= (5 1nd)) (37)
¥ 9z 250
and
9 -\ 2 62 -
2y = — —
Pe=~(7 1), - (572 199)
2 92 .
= (p>x - <-a?2- an>z=o (38)
The last expression is more conveniently written in
terms of the variables?®
z,=x+Pfz, z_=x-Pz (39)

where B is an arbitrary (real) constant whose value will
be determined below. In fact, with 8,=8/9z, Eq. (38)
can be written

(pD .= (pi=—-£(2, - 8.7 1nQ],.,

2 ~
= —Bz <aa7 an)

Now we write § as the product of three functions, in
the noncommittal form

é(x: 2, t) =q+(z+y t)q_(z_, t)q (Z”Z-, t) s

where ¢ is not further factorizable into z, and z_ func-
tions. If we use this expression for @ and recall that
Qx,0,t)=plx,t), we obtain from Eq. (40),

+482(3,0_10Q),,.  (40)

=0

(41)

2
(D), ()= =B oy Inp 0, 42)
where
o=4p%(8,0_Ing),_, . (43)

Observe that it is the function o which connects Eq. (35)
with the subsequent equations of the hierarchy. Now let
us go back to the first two flow equations; for our pres-
ent purposes it is convenient to write them in vector

notation. With the usual expression for the flow veloci-

ty,
v, ={p/m,

Eq. (34) assumes the form of the continuity equation (a
sum over repeated indices is understood),

(44)

g—te+3,(v,p)=0, (45)
and Eq. (35) becomes
8 1
mé—z(v‘p)+7—zaj((p,pj)xp) ~fip=T(;fJu;p=0. (46)
Since the vector form of Eq. (42) reads
(pipy=m*v;v,-F%8.8 Inp+o,,, “mn
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where

c,,:o“=252[(a‘ia_1+a+ja_i) Ingl,,, (48)

Eq. (46) transforms into

3 B2
mé—t(v,p)+mal(v,v,p)—aaj(pa,ajlnp)—f,p

1
==-0,00,,0)+Tpv2, ;.

By further introducing Eq. (45) and the potential V asso-
ciated with the external force f, we obtain after some
minor algebra,

9 2
m%‘—+mv,8,v, —%Bi[%(ajlnp)2+af,lnp]+aiV

(49)

This equation has a close resemblance to the classical
hydrodynamic equation for the momentum flow of a vis-
cous fluid,?® with a stress tensor po,,/m?. There is,
however, an important difference, namely, the terms
containing 8;1lnp. These are kinetic, nondissipative
terms of stochastic origin,?® which manifest the different
nature of the SED system: it is obviously not a classical
hydrodynamic system. Nevertheless, the transport
equations may be useful (and in fact the particular form
of them with F ;=0 has been used) to establish hydrody-
namical analogs for QM.

1
= “mp 9,(pd,)+Tv B, f =F,;.

It is also interesting to note that Egs. (45) and (49)
(with F;=0) are precisely the fundamental equations of
the stochastic theory of QM (SQM), the phenomenological
counterpart of the present theory.'**® This theory offers
thus aphysical justificationfor the postulates of SQM and
moreover, determines its free parameters from first
principles, as will be seen below.

IV. THE SCHRODINGER EQUATION

We will now construct a first integral of Eq. (49). For
this purpose, we write (without loss of generality) the flow
velocity v and the right-hand member F in terms of new
functions, as follows:

T= ;11-(23\75&5), v-B=0, (50a)
F=-ve¢+K, V+K=0. (50Db)
With these expressions, Eq. (49) takes the form
85 1 = _’Bi(?_jﬁ)z B &l ]
3,{2,3§+2WZ1, + 5 o) " wm +V+®
8B
== 57 tv,0,B,-2,B)+K,, (51)

which has as first integral the Hamilton—Jacobi equation
LT 1 s Bz (Vp>2 BZ Vzp
_ 4 — —_——} = ——= b =0,
28 57 * om (28vS+B)P+ 3\ p o +V+
(52)

We have absorbed the integration constant into 8S/8¢ and
have selected B soas to cancel the rhs of Eq. (51), i.e., B
is a solution of the differential equation
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‘_’E_Ux(vxm Z. (53)
Through the usual change of variable
b=(p) /%' (54)

Eq. (52) transforms into a complex equation for ¥ and P*
which is trivially separable into the Schrddinger equation

Zz‘B-:—td) =-2im(-21'3v+i§)2¢+(V+q>)¢ (55)

and its complex conjugate.

Observing that B and & appear as avector and a scalar
potential respectively, it is convenient to rewrite Eq. (55)
as follows:

2iB 3? —2—17< 2ipV - —A) P+ (V+ed, ), (56)
where
=—§‘Zn ¢ =e9,. (57)

These potentials containthe nonrelativistic radiative cor-
rections to the Schrédinger equation. From Egs, (50b)and
(53), they can be shown to satisfy the equation

e 94

—z+'51)X(VxA )

F=-ev¢,- c ot

(58)
which assigns a meaning to ¥ in Eq. (49). It is easy to
show that the introduction of an external Lorentz force in
the Langevinequation [or in Eq. (2 '7)lresu1ts in the addition
of the corresponding potentials to A, and ¢, in the Schrd-
dinger equation. For the calculation of the potentials we
use Eq. (50b), from which we obtain

- Vf(v)g, 1 YXEG)
o 4ﬂf &, K= v><f————d3

fr—»'] lr—v'|
(59)
where the components of F are given by Eq. (49),
1
F,=_;n—pa,(po”)_-ry,a,a‘v. (60)

To evaluate F explicitly we would need to know the function
¥, which in its turn requires theknowledge of the solution
of the phase-space problem. Below we shall once more
touch upon some aspects of the radiative corrections.

V. THE LIMIT OF QUANTUM MECHANICS

In the foregoing section we obtained for the SED sys-
tem a Schridinger equation containing a still undeter-
mined parameter B and the effective electromagnetic po-
tentials A and ¢,. For this equation to correspond to
usual QM, we must have g=%%, and 4, and ¢, must be
zZero,

Let us first examine the significance of this last condi-
tion being imposed on A, and ¢,. From Egs. (58) and
(60) we see that this condition is met only if

1
~— 3,(po;;) +7v,8,8,V =0,

mp (61)

We recall that usual QM is implicitly restricted to non-
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radiating systems, a restriction which is lifted only by
explicitly introducing the interaction with the (quantized)
vacuum field; the present theory, on the contrary, con-
tains the radiation term as an essential ingredient, To
obtain the radiationless limit implicit in QM we can sim-
ply take 7=0; but in dropping the term with 7 we are
accepting the existence of a stable physical solution,
which is attained precisely thanks to the radiation force,
that tends in the long run to compensate for the energy
gained by the system due to the stochastic force. We
must therefore be careful and take the limit 7— 0 only
once the radiation has had the opportunity to stabilize
the system, i.e., for long times. Some related points
have been recently discussed by Boyer.2

With the above condition, Eq. (61) is satisfied only if
0 =0, which holds, in particular, if ¢ does not depend on
either 2, or z_ and can therefore be taken as a constant
[see Eq. (43)]; the Fourier transform of the phase-space
distribution can be written in this case as the product of
(time-dependent) functions of either z, or z_, according
to Eq. (41).

Clearly, a system subject to arbitrary initial condi-
tions does not necessarily meet these two requirements
at all times; but if it is to be correctly deseribed by
usual QM, it must evolve to a state of equilibrium with
the stochastic background field, in which they apply at
least approximately. Let us now prove that this “radia-
tionless” “separable” limit described by ordinary QM
(i.e., the quantum mechanical régime) is indeed a state
of equilibrium,

According to Eq. (27), the ensemble mean of the kinet-
ic and potential energies of the mechanical system
evolves in the following way (recall that (4)= f AQ dp dx
= [(A) pdx):

d (p®) Q
dt 2m o P
1 N
- [p<f+%f'p)Q+DQ}dpdx,

1
dpav==— [ pfQapax.

d _ , 0Q
-t<V>_fv ot

The time derivative of the mean energy is therefore

d(H) 1 )
at " m <mf‘bQ+ g)dp
7 1rz 1 -
=) +—<D). (62)

It is clear from this expression that (H) may attain a
constant value thanks to the balance between the energy
radiated and the energy picked up from the stochastic
field, as stated above. But since we are already dropping
terms with 7 in passing to the limit of usual QM, it only
remains to prove that (D) vanishes as well in this limit,

With this purpose, we use a result that will be proved
in the next section, namely, that the phase-space dis-
tribution coincides in the quantum mechanical régime
with the Wigner distribution; Moyal'® has shown (on the
basis of QM) that the Wigner distribution evolves ac-
cording to the equation
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where?®

. ) r 2 anti=r
Aon+y,r =(_1)’l r+162" <_'> <_—> H,

ap X
Oon,r = 0,

and

= om +V(x)

For our purposes it is convenient to rewrite Eq. (63) in
its equivalent form

Q p Q.2
at m 9x ap

( 1)"[32" ent1 _3_ 2n
Z:(2n+1)' [Q<Bx> f:}'
By comparing Eq. (64) with Eq. (27) we see that in the
quantum mechanical régime, D@ has the value

a ( I)Hﬁzn 2n-2 —a—— 2n
"% n1(2n+1)'< 5 le(s) 1]
whence (D) = [ DQ dp dx =0. In the limit of QM, there-
fore, d(H)/dt=0 indeed.

(64)

DQ = 65)

The constant value of the average energy for any sta-
tionary state may be ascertained by looking for the ex-
tremum of (H) with respect to changes in the (normal-
ized) density of particles, as is well known from ele-
mentary QM; this holds even if ¢ (now time independent)
is different from zero. To see this, we recall that in a
stationary state the flow velocity vanishes, and hence
Eq. (42) reduces to
lnp +0, (66)

<P>—;32

The condition that the mean energy be an extremum,

2
= [ e a= [ o5 G0 o

- [([2B (e 92| g =
—fl:m (dx) +<V+-§E>gp}dx—extremum,

(p)2, along with the normalization condition

+ V) ax
®7)

where ¢ =
Jpdx= [ oix=1,

constitute a variational problem, the solution of which
is the Euler-Lagrange equation®’

28 d*p

e (V+§%>¢=<H>w (68)

(H) plays the rdle of the Lagrange multiplier); but Eq.
(68) is just the time-independent Schrddinger equation
(below we show that =% #), with an additional term @/
2m)@ representing a possible remnant of the whole
phase-space description. Though it appears as a poten-
tial energy, this term is actually of kinetic origin, as
shown by Eq. (686).

Equation (68) offers an alternative way for the calcula-
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tion of the effects of the radiative corrections on the en-
ergy of a stationary state; in particular, the first-order
correction

8E ={a)/2m (69)

contains two contributions, namely, the mass renormal-
ization due to the vacuum fluctuations, and the Lamb
shift. The calculation of these radiative corrections in
the general case is evidently a difficult task; however, a
first-order calculation is easily performed for the harmon-
ic oscillator on the basis of the Langevin equation, yielding
for the mass renormalization®:

m=3m/8ra (a=e*/lc)

and for the Lamb shift of the ground state®*78;
alitw? 3mce?
0k, =———In o———.
L= e " 2ahw

The large (though finite) values obtained can be traced
to the exaggerated contribution of p(w) |see Egq. (2)] at
high frequencies; if the usual nonrelativistic cutoff w,
=mc?/l is introduced, dm/m becomes of the order of the
fine-structure constant o (but cut-off-dependent) and
OE ;, coincides with the value predicted by nonrelativistic
QED with the same cutoff. For further details see Ref.
9,

We may easily understand why this calculation gives
finite results: From Eq. (66) we see that to first order
in perturbation theory, ¢ can be written in the form

U=<P2>x-<P2>2 > (70)

where (p?)? represents the unperturbed (i.e., ¢ =0)
local variance of p. Due to the long tail of

(E L (DE (') 5, both (p2)? and {p?), contain infinite (un-
physical) contributions; but their difference is finite.

VI. THE WIGNER DISTRIBUTION

In the foregoing section we saw that the characteristic
function @ takes on the simple form

Q=q.z,,0a_(z_,1)

in the quantum mechanical régime. From Egs. (30),

(31), (39), and (44) we see that p and v are given in this
case by
P(x,1)= Q(x,0,8)= q.(x,1)q_(x,1) (11)
and
et W) __iB o a0
vy, )=~ mp< scg M X In q.(x,t) "’ (72)

By comparing with Egs. (50a)—with B =0, as corres-
ponds to QM—and (54), we see that

g_(x,t)=w*(x,1), (73)

whence the phase-space distribution can be written [in-
verting Eq. (28)]:

4. (%, 8)=¢(x, 1),

Qv,p, 0= o [ —p2, Du(x 4Bz, 0P dz . (19

This is Wigner’s distribution, if 8=3%. According to the
present theory, this distribution is not expected to hold
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at all times, but is attained only as a result of a compli-
cated evolution of the system towards the quantum-
mechanical régime. As a consequence of this evolution,
the phase-space description collapses in such a form
that it becomes equivalent to the Schrédinger descrip-
tion, the whole phase-space description being no longer
necessary. In other words, SED endows the Wigner
description—which is usually presented as a possible
phase-space formalism of ordinary QM (see, e.g., Ref.
25)—with a well-defined physical meaning: It is the
phase-space description of the SED system in the quan-
tum mechanical régime.

As is well known, the Schrddinger equation admits so-
lutions which give negative values for the Wigner distri-
bution'®*3%; for stationary states, for instance, only
Gaussian configuration-space distributions give nonneg-
ative phase-space distributions.*® According to Moyal®®
and Marshall,! among others, if @ as given by Eq. (74)
is to represent a real distribution, not merely a formal
construct, only those quantum mechanical solutions
which give nonnegative @’s are physically acceptable.
This principle can be justified on the basis that the pure
excited states of QM are not, strictly speaking, station-
ary states and therefore cannot be solutions of the whole
phase-space theory, the truly stationary state being in
general a quantum mechanical mixture. For example,
the stationary state of the harmonic oscillator at tem-
perature T >0, as given by SED,® is the mixture of
states with weights proportional to exp{-nfiw/kT), in
agreement with statistical QM. Actually, since the Wig-
ner distribution is in general only an approximate ex-
pression for the real phase-space distribution, this
principle may be relaxed to some extent.

The present phase-space description provides a defin-
ite rule of correspondence between classical dynamical
variables and quantum mechanical operators, since, as
is well known, Wigner’s distribution implies Weyl’s
rule's+2°;

exp(ibx +inp) -~ exp(i6x +inp)

or equivalently®*:

n
xnpm_>__1"_ Z( >;n-l£m£l .
2" e\l
This means that the SED predictions in the quantum-
mechanical régime coincide with those obtained from
QM only if Weyl’s rule is consistently applied; the same
conclusion is contained in the work of Boyer? and
Santos'? since the symmetrization rule they propose is
equivalent to Weyl’s rule. However, the usual operator
formalism of QM uses neither Weyl’s nor any other cor-
respondence rule; i.e., usual QM is incompatible with
any phase-space description.’®?® The reason behind this
discrepancy is that the quantum mechanical dispersions
and similar statistical quantities are calculated for var-
iables which are already partly averaged; they are, in
the language of analysis of variance, dispersions be-
tween classes.?®

We thus see that ordinary QM is not a truly statistical
theory, and hence, we certainly will find it impossible
to adhere strictly to a statistical interpretation without
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at the same time violating some of its statements; we
have just met with two instances of this problem. We
are thus faced with the alternative: Either we accept a
statistical phase-space description, implying the need
to revise some of the usual tenets of QM, or we adhere
to the usual definitions and hence give up any possibility
of constructing a phase-space theory. As yet, the ac-
ceptance of a statistical theory with all its implications
does not contradict any experimental fact, but differs
from usual QM only in the interpretation of certain re~
sults.’®

The present work reveals, moreover, several essen-
tial differences between a classical stochastic process,
such as Brownian movement, and the stochastic process
underlying QM. In the former, which is Markoff pro-
cess, a state of local equilibrium is eventually attained
in which the phase-space variables separate and equi-
partition of energy holds; in the latter, which is a pro-
cess with long memory, it is not x and p that eventually
separate, but z, and z_, and the average energy attains
an extremum value. Once the system has reached the
quantum-mechanical régime, x and p remain forever
inevitably correlated, {(ax)?){(ap)?) = £2. This inequality
can of course be violated at short times, when the sys-
tem is far from equilibrium.

It should be noted that we have assumed that the sys-
tem may evolve towards equilibrium without specifying
under what circumstances it does. Here we touch upon
another aspect of the theory which requires careful at-
tention, namely, the ergodic properties of the SED sys-
tem; the study of some aspects of this important ques-
tion has been successfully initiated by Claverie and
Diner.?"

VII. THE VALUE OF §

We have just seen that the variables z, and z _ define
two disjoint subspaces in the equilibrium limit, which
means that the parameter 8 is physically significant and
ought therefore to be determined from physical consid-
erations.

That 8 must be somehow related to # is clear from the
fact that it is a measure of the dispersion produced on
the dynamic variables by the random field [see, e.g.,
Eq. (42)], while % arises in SED as a measure of the dis-
persion of the random field itself [see, e.g., Eq. (3)].

Since the calculation of 8 for the general case is not a
simple task, due to the complicated structure of the op-
erator 13, we resort here directly to the Langevin equa-
tion, wlhich contains the necessary information and is at
least tractable in the linear case; we shall therefore
prove the validity of the formula 8 =37% proposed above,
for a harmonic oscillator.

The corresponding Langevin equation is [cf. Eq. (4)]
mi = —mwix —mrwix + eE (), (75)

where w, is the natural frequency of the oscillator. Let
us now average over the ensemble of realizations of E .
Writing x = x, + x;, where x,=Px=(x); and x, = (1 - P)x,
we obtain from Eq. (75),
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. .
Ke= ~whx, = Twli,

(76)

and

. . e
Xg=—wlxg = Twikg+ S En). (1)
The average and the purely random motions become un-
coupled, thanks to the linear character of Eq. (75). The
stationary solution of Eq. (77) is

Em(w)e-iwt

— a3 dw
wi - WP +iTWiw

e -]
Xs= m(2m) e j_‘

and the dispersion of %, is therefore |using Eq. (5)],

. N w’ "Ydw
) p=lim —
(£5)e 1o M Jy  (1+7%0%) (w2 — 0?)? + (Twiw)?]
= _%“'inq +0(1) . (78)

The introduction of the convergence factor is justified as
follows. The integral expression for {%2)g is divergent,
due to the “long tail” of the integrand; but it can be eas-
ily seen that the infinite contribution appears already in
the transient part of the complete solution of Eq. (77),
and hence must be subtracted from the steady-state sol-
ution due to its unphysical character; the result thus ob-
tained is #w,/2m (for details see Ref. 9). To simplify
the calculation, we observe that the main contribution

to the (regularized) integral comes from the sharp reso-
nance at w= w, and hence we may modify the shape of
the tail without affecting the integral, as is confirmed
by the essentially cut-off independent result, Eq. (78).
Formally, the problem of evaluating {£2); may be
solved also by a mass renormalization, but the method
referred to above (Ref. 8) seems more suggestive. No
mathematical trick would of course be necessary if the
spectral density of the vacuum field had the right form
at high frequencies. This is the only instance in the
present paper where we are directly faced with problems
generated by the incorrect shape of the spectral density,
but it already points to the relevance of this question for
the convergence problem in quantum theory.

Since the stationary solution (corresponding to the
ground state) of Eq. (76) is x,=0, x,=0, the total mo-
mentum dispersion is given, in a first approximation, by

(pY =m¥{ &) g = mhiw,/2 . (79)

(A similar calculation gives {(x2) =7%/2mw,, where the
total average energy is (H) =fiw,/2, as expected, since
the oscillator is in equilibrium with the vacuum field; of
course, a more careful calculation yields in addition the
Lamb shift correction.)

On the other hand, the dispersion of p for a stationary
state (v=0) in the quantum-mechanical régime (7=0,
g =0) is [ef. Eq. (66)]:

(p?)=—p* [ paZlnpdx , (80)
where p is the (integrable) solution of the stationary
Schrddinger equation

26° d*(p)®

o e tamwox®(P) 2 =1hw,(P)V
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namely,
p ~ exp(-mw,x?/7).

Introducing this p in Eq. (80) we obtain
(p?)=2mw,p%/1 ,

finally, comparing this with Eq. (79) we get

B=37 . (81)

Since the value obtained for § is independent of the
specific properties of the oscillator, it seems reason-
able to accept that it has the same value for any other
type of force, at least up to terms not depending on 7.

VIli. FINAL REMARKS

The results presented in this paper show that SED
contains the usual (nonrelativistic, spinless) QM as a
particular, well defined limit case, obtained when a
certain type of equilibrium in phase space is established
and the system no longer radiates. Quantum mechanical
equilibrium in phase-space differs from its classical
counterpart, as discussed in Sec. VI.

The transition to configuration space justifies on phys-
ical grounds the use of the Wigner distribution in the
limit of QM, and this, in its turn, gives us a reason for
selecting the Weyl rule among the various correspond-
ence rules proposed in the literature.

The present theory gives support to the interpretation
of QM as a stochastic process, as proposed in previous
work'*!® and determines from first principles the val-
ues of the phenomenological parameters appearing
therein. It offers, moreover, the possibility of analyz-
ing the quantum mechanical process in phase space for
short times, before the equilibrium state is reached—
though the mathematical difficulties involved in such an
analysis appear to be considerable; the process is far
from being Markoffian, as is evident from the integro-
differential Fokker—Planck-type equation (27). In the
quantum-mechanical régime, the first two equations of
the infinite hierarchy suffice to describe the process in
configuration space, and these equations define a (non-
classical) Markoff process, as has been shown by the
stochastic theory of QM.**'®> Hence we conclude that for
times long compared with an appropriately defined cor-
relation time, the stochastic process may be approxi-
mated by a Markoff process in configuration space.

Since the interaction of the mechanical system with
the zero-point radiation field is an essential part of the
theory, it is possible, in principle, to obtain the radia-
tive corrections to the energy and the lifetimes of ex-
cited states, without resorting to further postulates.
For the same reason it should be possible to connect the
theory with nonrelativistic QED. Besides the interpre-
tative advantages of such an approach, it would probably
throw light on some questions related to the need of
renormalization; in fact, the present treatment has al-
ready allowed us to trace the origin of certain diver-
gencies to the unphysical form of p(w); it is clear from
this that the problem of introducing an acceptable (pre-
sumably problem-dependent) form for the spectral den-
sity of the vacuum field deserves closer attention.
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We have repeatedly referred to the problems gener-
ated by a spectrum of the form p(w) ~ w®; let us now re-
view some positive implications of it. As is well known,
a uniform spectral density implies a field autocorrela-
tion of the form {E(#)E(¢'))z = const x 8(¢ —¢’), and this yields
a Fokker—Planck equation with no memory, as for
Brownian motion [since the operator D reduces to a
constant, as can be seen from Egs. (24) and (25)]. The
asymptotic solution of this classical Fokker—Planck
equation is a Maxwellian distribution multiplied by a
p(x), which means that the correlation between x and p
vanishes and o as defined in Eq. (42) is essentially dif-
ferent from zero; hence a description in terms of a
Schrddinger equation is spurious in this case. It is
clear, then, that the spaces which separate under equi-
librium are somehow determined by the structure of the
spectral density; for QM, in particular, p(w) must be
frequency dependent. Whether p ~ w® is the only form
leading to a natural description in terms of a linear wave
equation is a question whose answer may eventually
justify the wave properties of matter within the frame of
stochastic theory. The frequency dependence of p(w) is
important also in connection with the atomic stability;
in fact, it has been shown by qualitative arguments® %
that the hydrogenlike atom is a stable system if p ~ w®
and the friction force is ~'%", while it is not stable for a
white-noise spectrum (not even with a Brownian-type
friction ~x). Moreover, the specific form proposed for
p(w), having been derived under the condition of Lorentz
invariance, will allow the eventual passage to a relativ-
istic theory without the need to abandon the main hypo-
theses of SED.

Finally we should remark that even though the SED
system is a charged particle interacting with the random
electromagnetic field, the charge does not appear in the
final results concerning QM proper (i.e., the Schrédin-
ger equation, the value of 8, etc.); though it appears,
of course, in the radiative corrections, through the fine-
structure constant. We could therefore conceive of
QM—along with Boyer?-—as the mechanical limit of SED.
The same mechanical equations would be obtained for a
neutral particle, assuming that it possesses a fluctuat-
ing charge, provided the fluctuations are sufficiently
rapid not to contradict the observed law of charge con-
servation. We may speculate then that the same mech-
anism is responsible for the quantum mechanical behav-
ior of both charged and neutral particles. Infact, onthe
basis of the present results we could go even further and
speculate that the mechanism responsible for the quan-
tum mechanical behavior is of a more general nature,
involving not only the electromagnetic radiation field—
the specific effects of which are the radiative correc-
tions—but possibly other stochastic fields as well; this
would lead us to consider the stochastic theory as some-
thing much more fundamental than we have up to now.
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We show that the presence, or absence, of bound states in the three-dimensional Schrodinger equation

directly depends on the existence of zeros for a function which is a zero energy solution of the equation
and which has the meaning of an impedance in a related equation. Several inequalities that are sufficient to
prevent the existence of bound states are obtained from this remark. Some of them are new and bridge the

gap between previous results.

Let Z(x) be a positive function, with an absolutely con-
tinuous derivative for any real x, and going to a positive
constant as x - +>. It is well known that the operator
Z™(d/dx)Z*(d/dx), which appears in the transmission
line problem, has no “discrete spectrum,” [negative
eigenvalue, eigenfunction in L?(R)].*2Z (x) inthis opera-
tor has the physical meaning of an impedance. Simi-
larly, it has been shown®? that the equation

(22 L 222 104 192yt = -0t W
has no solution such that (0)=0 and y € L,(0,«), for
any value of E. Equation (1) and the transmission line
equation are equivalent to Schrodinger equations with
the potential Z(d?/dr?)Z, so that these results mean
that such a potential has no bound state. In the radial
case, this had also been shown directly.® A similar
result has been proved in a radial coupled-channel
case,® and the way it was proved (using Picard equa-
tions for the vectors made of the solutions and their
gradients) can clearly be generalized to a many-channel
case. Somewhat related results, concerning the equa-
tion div[(Z*(r) - E)grady]=0, were also obtained in plas-
ma problems.® On the other hand, several inequalities
that are sufficient to guarantee that a potential has no
bound state are known in the literature.’"®

In the present paper, we show on the three-dimension-
al Schrédinger equation without spherical symmetry how
the existence of a bound state is related to the impos-
sibility of solving the equation

Z(r)alz(n)]=V(r) 2

with a positive function Z(r), and we show that some
conditions for the absence of bound states are readily
related to this property.

1. SUFFICIENT CONDITION FOR NO DISCRETE
SPECTRUM OF (1) AND (2)

Let Z(r) be a strictly positive real function, which is
twice differentiable for any finite r, and behaves, for
|r| =, in such a way that Z(r) remains positive, Z,
Z*, and |gradZ | are uniformly bounded, and AZ goes
to zero more rapidly than |r|2. Let W(r) be a real
nonnegative continuous function, going to zero more
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rapidly than |r|*2 for |r| ~=. We claim that the equa-
tions

Z2div[Z “grade(r)] + (E - W)p(r)=0 (3)
and

HY=[-a+(V+ W)p=EY 4)
where

P(r)=Z"1¢(r) (5)

and V(r) is defined by (2), have no solution of negative
energy in the set ¢ of functions f such that /% and
| gradf|? belong to L(R,).

Proof: The equations are shown to be formally equi-
valent by substituting (5) into (3) or (4). Since Z, Z7,
and |gradZ| are uniformly bounded, ¥ and grady belong
to L,(R,) if ¢ and grad¢ do, and conversely. Now con-
sider the following equality, which readily follows from

(3):
1=E [ [ [Z-2¢*x,E)dr
= [ [ [Z=2W(r)p2(r, E)dr
- [ [ [¢(x,E)diviZz *gradé(r, E)]dr. (6)

Notice in passing that this equality expresses the ener-
gy conservation in the time-dependent form of (3). Ele-
mentary transformations, and the Gauss theorem, yield

1= [ [ [Z*W(x)¢?(r, E)dr+ fffZ'2|grad¢|2dr
- lim [ f Z"¢grads.ds. )

The limit in the last term is zero because q>! gradd)‘
belongs to L(R,). Thus I reduces to the first two terms
in the right-hand side of (7). These terms are positive
or zero (0iff ¢ =0), I therefore is positive and thus E is
also, which contradicts the assumption. QED
Notice that the result holds for Eq. (3) even if Z is un-
bounded above.

2. SUFFICIENT CONDITION FOR NO DISCRETE
SPECTRUM OF (2)

Setting F(r)=[Z (r)|™, we see that (2) is equivalent to
the zero energy Schrodinger equation corresponding to
the potential V(r)
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AF(r)= V(r)F(r). (8)

Thus, for the Schrédinger equation (4), the result stated
in Sec. 1is equivalent to the nonexistence of a negative-
energy bound state when a zero energy solution is strict-
ly positive, We can directly show a more general re-
sult. If V(r) is a continuous function, and goes to zero
more rapidly that [r|*? as |r| -, it is well known that
the wavefunction ¥,(r) that corresponds to the ground
state has no zero, and decreases exponentially for large
|r|, together with its gradient. Thus we get from (4)
and (8), using the Gauss theorem,

lim [ [ (Ferady, - g,gradF).ds
=0
= [ [ J(B - waeo(r)F (x)ar ©

and this is impossible for negative £ and nonnegative W
if there exists a solution F of (8), which keeps a con-
stant sign, and remains bounded, or diverges less than
exponentially as |r| ~, Thus one gets here a nonnega-
tivity condition instead of positivity; extremas, at which
F and gradF vanish, are allowed. But clearly, for a
regular potential, these points cannot be too many (in
particular, they cannot form a closed surface).

3. NECESSARY CONDITION FOR NO DISCRETE
SPECTRUM OF (2)

We assume in the following that V+ W in Eq. (4) is
continuous and goes to zero faster than |r|“?as |r| -,
Now let us suppose we know a function F(r) which

(a) is a continuously differentiable solution of Eq. (4)
for the zero energy.

{b) is such that FgradF is zero on a surface S en-
closing a simply-connected finite volume /.

(¢) is such that gradF * gradF is bounded and strictly
positive on a certain nonvanishing area ASe S,

Then we claim that A has indeed a negative energy
bound state.

Proof: Since HF is zero, the integral on [/ of FHF is
zero. Using (b), the Gauss theorem and some elemen-
tary vectorial algebra, we easily derive the equality

JyFHF=0= [ gradF .gradFdr+ [, (W+V)F4r. (10)

Now let us recall that # has a bound state if and only
if!° the minimum of E(f)=(f|H|f) Af|f) on a set of
functions such that f and Hf belong to L,(R,} is negative.
This minimum is then equal to the energy of the ground
state, From (10) we know that if f is equal to

e {F(r) re ),
0 (r£v),

then E(f) is zero. From the assumptions (b) and (c) we
know that F should be zero on AS, Since F is continu-
ously differentiable, gradF is a continuous function.
Hence, there should exist in [/ a volume AV, containing
AS, in which ]gradF | is bounded below by a positive
number, say, m, and bounded above by, say, M. Let
dS be a part of AS and d/a part of A}/ containing dS,
and contained in a ball of diameter §. Now F is zero in

(11)
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a part of 4/, and is differentiable, so that, for any
point d of dS, and any point r of d//, we can write

F(r)= f; gradF .ds, (12)

where the integral is taken on the straight line, of dif-
ferential element ds, going from d in dS to r. Thus, the
upper bound M of gradF readily yields

|F(r)| <Ms (redl). (13)

Let us now use for f in the functional E(f) a function

F, which is equal to F for any » € [/ except in @/, where
Fg and its gradient should be taken equal to zero. We
easily see that

fVFﬁHF6= - fd,/{lgra;dF|2+ (V2+ W)Fz}dr‘

fVF dr — fd vF dr
The first term in the numerator is smaller than
—mzﬁvdr and the second one is smaller than
52M? [, V(r)dr. The first term in the denominator does
not depend on the size of d// but the second one is
smaller than 52M/2 [,de‘. We can always choose d|/, and
thus &, in such a way that the first terms in the numera-
tor and denominator are dominant, so that ﬁ,F(,HF‘5 is
strictly negative. This proves our point,

(14)

The result can be extended to infinite domains if ¥
and grady are L, in the infinite directions. However,
if V/ goes over toR,, it is necessary to make the addi-
tional assumption that there is, at finite distance, at
least a point at which ¢ is zero and |grady| is strictly
positive and bounded.

One can also notice that ina situation where both F and
gradF are zero on the closed surface S, it is possible
to continue F outside of I/ by zero, so that there would
exist for any potential equal to V+ W inside V/, and ar-
bitrarily continued outside of //, a zero energy bound
state. This is impossible.

4. APPLICATIONS

Since the presence, or absence, of bound states, is
narrowly related to the sign of a continuous solution of
Eq. (8), it is interesting at least for pedagogical rea-
sons to derive a condition that is sufficient to guarantee
a solution of constant sign. Now considering Eq. (8) as
a Poisson equation, we see that the solution, if it
exists, of the following integral equation:

F)=1-0m)™ [ [ [V(e)F@)|r-p|dp

is also a solution of Eq. (8).

(15)

Since W{p) is simply required to be nonnegative, we
can always assume that V(p) is everywhere nonpositive,
Thus (15) has certainly a solution which is everywhere
greater than or equal to one if the successive approxi-
mations algorithm corresponding to Egq. (15) converges??
It is equivalent to consider the equation

sF(r)=(4m)* [ [ [ |V(o)] |r-p|dp
+@n) [ [ v |r-plsF(e)dp.  (16)

Recall that in a Banach space, 8, a contracting map-
ping has one fixed point, which is given by the succes-
sive approximations algorithm, starting, for instance,
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at 0. Thus we only have to check that the first term in
the right-hand side of (16) belongs to A, and that the
operator is a contraction. Throughout the four exam-
ples we give, we shall assume that V(r) is continuous
and goes to zero faster than |r|?as |r| ~,

A. 1st example

For a certain number € < J0,1[, let 5 be the set of
functions f such that [ [ [ |r|™2|f (x)|dr is finite. A
simple calculation gives

f|r|'2'elr—p|"dr=41r]p|‘6E+1_{(}. (an

Thus the first term in (16) belongs to 8 (it would suf-
fice that [ | [|V(p)||p|=*dp< ). The contraction con-
dition is

(m)rsup [V |o]™ [ |r[*|r-p|ar<1

or

2 1 _1_)
s lo(vial<(G+ 11

o=

or, for the best choice of €, i.e., €=

sup |p]?| V()| <.

Notice that in this inequality, which is well known, one
can choose the center of coordinates in the most con-
venient way.

B. 2nd example

For the sake of simplicity, we assume here in addi-
tion that | V(r)| decreases more rapidlythan |r|=/" as
|r| goes to = (¢>0), and that | V(r)| is almost every-
where positive. We define A as the space of functions
such that [ [ [ | V(r)|£3(r) is finite, It is easy to check
that the first term belongs to 8. The contraction condi-
tion is

(am)y2f [ [ |ve)dr [|vie)] |r-p|-2dp<1. (18)

Using the Hardy-Littlewood-Sobolev inequality'? we
obtain as well

Jar|v()|3”2<(32r)/2~ 10,02. (19)

Notice that both inequalities (17) and (18) do not depend
on the center of coordinates and that the inequality given
by Glaser et al. is better than (19) (it would lead to
12.82 in the right-hand side).

C. 3rd example

Let 8 be the space of continuous functions f, bounded
at «©, with the norm ||fll= sup |f(®)|. The contraction
condition reads

unrsw [ [ [ 1v(e)| |r-p]*dp<1 (20)

and clearly this condition also guarantees that the first
term belongs to 8. This condition, in which one should
recall that V(p) is the attractive part of the potential,
was given by Hunziker!® as a convergence condition for
the Born series. It does not depend on the center of
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coordinates. In the case of spherically symmetric po-
tential, it reduces to the Bargmann condition
J.”p|v=(p)|dp<1, and thus is a best condition. We must
realize however that condition (20) is more general than
Bargmann’s condition. Furthermore, condition (20), for
the nonspherical case, is beffer than the one obtained by
replacing | V(p)| by a spherically symmetric upper
bound,

D. 4th example

Let B be the space of functions of f such that, for a
certain positive number €, to be defined later, |r|% (r)
is continuous on any compact set in R, and bounded at
© with the norm

IF ll=sup [ o] * (p)].

Ais complete, and the contraction condition reads

sup|x|*S [ [ V@] |r=pl|o|"dp<tr. (20
For p> %, it is possible to write the integrand in (20) as
a product of two factors, the first one being ]V(p)|
x|p[**#. Then, using Holder’s inequality, one obtains
results of the form given in Ref. (8), but these are not
so good, and the method fails as p~3. For 1=p<3, we
take as a first factor | V(p)| |r —p|t2#-3-»-0s1%  The
Holder inequality then yields, instead of (20), the suffi-
cient condition

sBp{ffflv(P)l"'r—plz"3‘(P'1)slp|(ﬁ-1)sdp

<(44r)9{fff|r/{r[ _xl-s.s,xl-s-udx;u-» e

where u=€p/(p —~1), s and u can be chosen arbitrarily
in the set s>0, (s+ 1)<3, >0, The right-hand side of
(22) is equal to a number

T(s+pu-1) [ (23)

. TS, ML |7~
(47[) l{m tanTtan—z - 11) .

The inequalities (22) obviously reduce to (20) for p=1.
For €>0, and providing the potential is bounded at = by
[r[-2-%, the first term in the rhs of (16) belongs to 3.
Besides, because of the continuity of V, it is easy to
see that the solution of (16) which is obtained in B is
actually continuous even at |r|=0,

Our inequalities (22) and (23) bridge the gap between
p=1and p=% in the inequalities of Ref. (8), since they
hold here in the general case (no symmetry). In the
referred paper, inequalities are given in this gap only
in the special case of spherically symmetric potential.
It is interesting to see that, in this last case and for the
choice s=2, u=% (r=0) gives the supremum in (22), so
that (22) reduces to

S [T 1vio) 2| #=2do= (4n) 1412, (24)
The inequality (24) is not optimal, as can be seen by
comparing it to the corresponding one in Ref. (8), For
the general case one may prefer choosing s=1, u=1,
which gives
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sup{ }= (4m) {r/a~, (25)

Clearly all these inequalities are simply examples of
what can be obtained. Results of Secs. 1, 2, 3 can be
extended, with some simple modifications, to spaces
with dimension not equal to 3, but results of Sec. 4 can-
not, because they are related to the sign of the Green’s
function in (15). In the one-dimensional case, one rather
shows that a purely attractive potential indeed has a
bound state.
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Varieties of symmetry breaking in a class of gauge
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In unified gauge theories, the Higgs particles can interact in various ways. The problem of finding the
symmetry-breaking directions can become very complicated in nontrivial cases, where the scalar fields have
many interactions. A method is presented which predicts, in a simple way, the possible types of
spontaneous symmetry breaking in a theory symmetric under the group U(N)®--QU(N;)
JSU(M)X - SU(M, ). Within its framework it is possible to obtain results by drawing a new kind of
graph. It is found that in such models, various phases (and hence phase transitions) are possible. There are
distinct hierarchies in the symmetry breaking strengths and they are related.

I. INTRODUCTION

After it was proved that non-Abelian gauge theories
can be renormalizable and that vector mesons can ac-
quire mass’ without losing their renormalizability, the
way towards the unification of all interactions in a
Yang—Mills type of theory was opened. Salam? and
Weinberg® were the first, with a model unifying elec-
tromagnetic and weak interactions. The possibility of
asymptotic freedom? encouraged others to include strong
interactions in this program. Such unification could be
based on one simple group® (and hence restricted to only
one gauge coupling constant) or, alternatively, on a di-
rect product of simple groups.® It seems to us that the
latter alternative followed, in particular, by Pati and
Salam® can be more predictive in the present domain
of energies. Hence we present a technique for investi-
gating the character of its Higgs potential.

In earlier work the Higgs particles were treated
merely as an instrument for obtaining specific dynamics.
The surviving “physical” scalars were expected to dis-
appear when the theory became better developed. Now
it seems that one may have to live with them. Usually
one can arrange for some of the scalars to “disappear”
by acquiring superheavy masses. Often, however, a
number of relatively light (pseudo-Goldstone) scalars
remain and must be taken seriously. (In such theories
asymptotic freedom’) may have to be sacrificed.) A
phenomenological investigation of the Salam —Weinberg
scalar was made using principally its dilation char-
acter.® A lower limit on the scalar mass was estab-
lished® by appealing to radiative mechanisms for sym-
metry restoration. Accepting their possible independent
existence, one can give these scalars “color”, by which
we mean letting them feel more than one kind of
interaction.

The purpose of this article is to present a mathemati-
cal technique for seeking out the minima of the classical
potential, a quadratic polynomial in the scalar fields.
This problem seemed to be a hard one to solve by con-
ventional methods when the theory contains many kinds
of Higgs fields, each one having more than one type of
interaction. The article of Ling-Fong Li° (the only
one which deals in general terms with this subject) treats
some relatively simple cases.
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In the technique which we present here, one finds,
step by step, the structure of the symmetry breaking
considering qualitative features of the interactions.
Repulsive or attractive forces lead to different break-
ings, where the relations between the strengths of these
forces determine the subgroups which remain unbroken.
Our method uses in each step the consequence of the pre-
vious step. The technique proceeds by eliminating any
variables which can be fixed, and hence need not be given
any further consideration. In Secs. II and III we present
the Higgs fields {45 ,,A%,}} , and show that one needs to
consider only the diagonal elements of {A°A%*}. In Sec.
IV we give two conditions which allow us to use the ori-
ginal simple form of the potential, while obtaining
results in a subspace which is obtained by fixing some
of the variables. In this way we are not obliged to con-
sider the complicated form of the potential in this sub-
space. In Secs. V and VII a graphical method of repre-
senting the problem is presented. These graphs are
most crucial to our method. In many cases the draw-
ing of such a graph is quite easy and can save one from
complicated computations. From the topology of the
final graph, the symmetry breaking is read instantly.
Sections VI and VIII are dedicated to explaining the
procedure, which is mainly based on finding the maxi-
mum space which has a positive definite metric, and
hence contains a minimum point.

It appears that, contrary to the relatively boring
situation produced by “grey” kinds of Higgs fields which
are governed by a simple gauge symmetry, the colored
Higgs theory based on U(N,)®U(N,)®- -+, possesses a
wide range of possibilities. The vacuum can be broken
in various directions and with various strengths, and
among the interesting consequences are the specific
relations between the breakings of the different groups.
We find that the transitions between different phases
can be sharp (first order) or smooth (second order),

These classical results should be treated carefully
as it was shown®!! that higher-order calculations in-
cluding the interactions of the scalars with fermions
and vectors, can completely change the structure of the
symmetry breaking seen in the tree approximation.
Moreover, it was shown that the symmetry restoration
can be achieved by changing temperature, ' density, **
and external fields. !* It seems to us that, taking into
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acccount all these effects, it might be constructive to
present a theory where limited confinement can occur
through phases which have the threshold of a first-order
phase transition. The many-phase situation which arise
in these “colored Higgs” models may lead to phenomena
where different environments favor different phases.

Apart from that, we found that the usual hierarchy
of symmetry-breaking can arise by two mechanisms,
The first is characterized by degenerate minima of the
classical potential, which leaves to higher-order con-
tributions the decision as to the fine structure of the
breaking. The second mechanism arises by the
“coloredness” of the Higgs particles whereby a parti-
cular breaking in one group enforces a hiearchy of
breakings in the others. The presentation of these fea-
tures will occupy a series of articles. In the first one
we present the general method of finding, in a simple
way, the possible directions of the breakings. The
second article will illustrate the method, describing in
detail the situation in U(N)®U(N)®U(N), and will include
an examination of the symmetry breaking in the original
Pati—Salam model. The third paper will represent
physical features of these “colored” theories by pre-
senting “improved” Pati—Salam models, and then in-
vestigate the possible hierarchy phase and phase tran-
sitions which can arise in these models.

Il. DIAGONALIZATION

We are interested in a renormalizable invariant theory
of the group G=5"198¥288¥3...®5¥, where S%0 is
either SU(N;) or U(N,). We have « multiplets of Higgs—
Kibble fields A;(6 =1,...,«) where A, transforms under
G as

(191"",1’ Nb’No-l’l""’
(k -6) (6 -2)

and A? transforms correspondingly (Fig. G2-1). The
Lagrangian has the conventional form® and contains the
potential V{A® A%}, which describes the interactions
between these fields. We demand that V should be in-
variant under the whole group G and under the x dis-
crete transformations:

T :A,=-A, 6=1,...,k)

1,1)

T°:A,=4, (%)) @.1)

Since we want our theory to be renormalizable, V in-
cludes only four field interactions and “mass terms”

V=S Tr A + Daps TrAA) Tr )

+§laatr(AcA;AaA;> + 293 TrldAAL As,)]- (2.2)

It is clear that for N;=2,4, other kinds of interactions
might be added (e.g., like det4,A,, etc.); but as we are
not going to consider here such terms, it is demanded
that the corresponding S¥s be U(N;) and not SU(N,), in
order to avoid having such interactions appear as
counterterms in high-order calculations.

Our aim is to find the minimum of the effective poten-
tial for the classical part of A;. We shall work at first
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only in the tree approximation and hopefully, get a few
hints as to where and how higher order contributions

can change the situation. The above potential should have
a classical minimum for each of the Higgs fields, hence,
we obtain the following relation (from now on A4, is
treated as the classical part of the Higgs fields)
6=1,...,k):

A% «
ol = [ +2 2a, s Tr(C,CH] C
B(A;)T oo [P«ﬁ B=1a6'8 ( 8 5)] [

+20,C,CiCs + 24" C3,,Co +2v5.,C4C,., Cin

=0 °

, ,,,n):c‘"m. (2.3)
The k matrices Dy, =C;C; are hermitian and transform
under the S¥¢ group transformations only. Hence we can
make « independent gauge transformations to diagonalize
simultaneously all the D, matrices, All the elements
D‘}'m are real and non-negative, thus it makes sense to
use the remaining gauge freedom to order their central
diagonal, *®

6 =p® =p% . ..
Dl,l/D2,2/D3,3

(2.4)

Our next step is to learn the structure of Gy=C;C;. We
multiply each of the x equations (2. 3) by the correspond-
ing C§, and get for each &

. 0 >
Z Dy, ns 2 0

™ +282a6,ﬂpﬂ] Dy +2a,D?

+ 298G, Dy +2¥8.,C D, Ct =0  (p° =trD,=trGy).
(2.5)

Taking the Hermitian conjugate of these equations, and
then subtracting it from the original equation, we obtain

[D69G5+1]=O (5:1,°55,K).
(2.6)

Hence, another set of k independent gauge transforma-
tions which leaves all the D, invariant and diagonalizes
all the matrices G,, can be carried out. This is a con-
sequence of the structure of the matrices D, (2.4). Each
D, is constructed from m, scalar matrices, e.g.,

o 1
D
Dy = . , Di=d5-1

Dﬁ

L ™p.

Thus, from (2.6) one concludes that the nonzero ele-
ments of G,,, are concentrated in the equivalent diagonal

N
Nk sNk-1 sM3 M2 g™
. . . . » L

Ak A2 A1

FIG. G2-1. Transformation properties of the Higgs fields.
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matrices only,

O+l
Gl
O+l
Gz

Gf,:';
Hence we can diagonalize it by a gauge transformation
(G5 is Hermitian), while Dj remains unchanged. From
the knowledge that C,C; and C;C, are diagonal, it follows
that D, and G, have the same nonvanishing elements in
their diagonal, except that the descending order of the
elements in D; is lost in G,; this can be proven by multi-
plying C3C,; =G, by C; from the left which results in

DyCs=C,G,. 2.7
So for every C§ , #0 we obtain
Dg,j:Gg,r (2.8)

By choosing proper nonvanishing terms in Cg, this
correspondence proves to be one-to-one. It should be
stated that the number »; of such nonvanishing elements
is at most the lesser of N, and N,_, (for this purpose,
we work in a k modulo world; N,,, =N,).

. STRUCTURE IN SUBSPACES

The main problem begins only now, when one wants
to find out from Egs. (2.5) the set of {G,, D;}. But for
every structure of G; we obtain a different kind of
Eq. (2.5), each one giving us another extremum point,
and we have no idea which is the real minimum. By
“structure” we mean here those d5 which are zero
(where the case in which none of them vanished is tri-
vial). So we must change our strategy and use the char-
acter of the potential V to find out in which form D, and
G, would give us a global minimum,

The first row in the expression (2.2) for V is a func-
tion of pg=Tr(4,A;) only, while the second one is de-
pendent on the structure of A;. We shall indicate this
second row by V,. The minimum point of V is a global
minimum point in an open space, and it should also be a
real global minimum for any closed subspace which
includes it. The subspace in which we are interested is
defined by (6=1,...,k)

Tr{A,A}) = {py) =p°. (3.1)

Until (p) is found we work in a subspace in which p is a
constant. In this subspace, the first row of V in (2.2) is
a constant, so we can concentrate on the second row

V4. Moreover, we limit our subspace to that in which the
matrices (A,A}) and (A}4;) are diagonal and (for each &)
comprised of the same nonvanishing elements except
for order. We shall search for the minimum of V, in
this subspace, as we already know that it includes the
global minimum point which has this structure. As a
first investigation, we examine the matrices (4}A,)

for the purpose of finding out their form as a function of
the (4,A}) matrices. We denote the diagonal elements
(4443),; by x5, and the whole diagonal of (4,A?) by the
vector x°, and similarly the diagonal of A4, by x'°,
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In both there are ny nonzero components, and the vector
x® differs from x’° in the order of its components and

in the number of zeroes [according to the different di-
mensions of AjA, (N,.,) and A,A4(N,)]. The second line
of the potential can be written in this subspace as in
(3.2), where from now on we shall seek the minimum

of V, as a function of the x?, x'¢,

Va(x®, X0) =2 (apx°%® + 295+ 1x0x/51), (3.2)
L

We observe that the first term is independent of the

“ordering” of x’®, so we consider for the moment the

second term only.

We now take advantage in the ordered form (2. 4) of the
(x") components, i.e.,

(xD)= («% ) = 0.

In this gauge it is clear that the (x’®) components, at the
global minimum point of V,(x*,x’®), can be gauged to the
form

(2= ((xPN =0 (3.3)

if 3., <0. In such a case we denote each x’® by x*3. In
the opposite case, we have ¥}, >0 and hence

(x> (xZ)) =0, (3.4)

and we denote x’® by x7%. !¢ It should be noted that we are
not interested at present in the degeneracy of the
minimum of the potential. Rather, we shall be satisfied
to find only one point in it. We shall limit our subspace
again by demanding that all the nonzero components of
the x concentrate on the lowest indexes, and the com-
ponents of x’® be equal to those of x°, except for the
order, which is fixed according to thé rules (3. 3) and
(3. 4). The ordering of the vectors (x®) by a gauge
transformation gives us the possibility of expressing the
x’® components in terms of the x® variables which form
the space R x,

L] 8 ]
x°=(x1,x2,.,.,x"b,o,o,.e.,o)

8 .5 ] 8
(xly Xy oo 7xnu’ov07 e ,0)’ Vb-ls 07

X0 —
(0’0"°°’0’x:6’ xa(naﬂl)"°’7x1)’ }’g-l>0’
h=1,...,k).

(3.5)

Since the global minimum point has this structure (2. 4),
we should find it as the minimum in this subspace.

The problem as stated now is to find the minimum
point of V, inside the space R,* of the free variables
% (6=1,...,k) (i=1,...,n). The space Ry in which
we are interested is the plane in Ry*, which is fixed by
a constant p,

ng
2. x5=0t.
s

(3.6)

The minimum point (x) should be inside the closed
“pyramid” Ry, defined by the “positivity condition” in
Rz\’:

(3.7
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Symbolically this chain takes the form

Ry«(¥} > Ry 2 Rj.
(Ix=p) x»0)

(3.8)

R3 is a closed subspace, hence there is always a mini-
mum point of V; in it, But, it might happen that the
minimum point of ¥, in R, is outside of Ry, or there is
no minimum point in Ry at all. In such cases X)ygy is
on the border of Ry, which means that some of its
components should vanish. As a result one can reduce
the number of free variables by fixing some of the {x3}
components to be zero. The dimensions of the three
spaces Ryx, Ry, Ry as well as the value of some of the
n; are reduced by this fixing. We call this most power-
ful technique, which we shall use repeatedly, “sub-
spacing.” The procedure of this algorithm will be the
following. We begin by searching for the minimum
point in the whole R,. A necessary condition for having
a minimum of V, inside a volume is that its second de-
rivative matrix V should be positive definite!” (notice
that V, has a constant second derivative in the entire
R,) so, according to the positivity of V, one finds out
if there is 2 minimum point in R, or not. In the case
that such a minimum does not exist, we conclude that
there is no minimum point inside the bounded pyramid
Ry either. Hence we “subspace” as described above:
fix x‘jg to be zero and then look for a minimum in the

R .,y Space. (Simultaneously, Mg, is fixed to be the
actual number of thenonvanishing component in x%,)
We call this the NM or no-minimum case. In the case
that a minimum exists in Ry, we shall examine if it
satisfies conditions (3.7). If these conditions are satis-
fied then we have the desired minimum point in Rg.

But if (3.7) are violated, then the minimum point of

R, should be on its boundary and one should subspace
as in the NM situation. We call that situation PM
(pseudominimum), It should be clear that by trans-
forming from Ry to R.,, we have the same problem as
before and should search again for the position of the
minimum in the same way, but with one variable less.
This process is finite and in the extreme case the solu-
tion would be

(3.9)

and none of the X® components is a free variable any
longer.

6 . 6
x3=0;.p

Let us have a break in our race to the minimum,
and glance at what kinds of matrix (4,) should be found
there. There are two cases: for x*> we have {4*%) and for
x® we have (4%, which predict the proper D® and G°

VT 0 0 il
. ¢ ,(A'5>= 0 .. .

- .

0 V] V7 0

ng ng

{‘Aob)z

(3.10)

As we mentioned above for the (x5), the space of the
(Ao) might be very large, but we are presently search-
ing for only one point in it. One should notice that the
ordering along the rows of (A*%) is achieved by a gauge
transformation but that the columns result from the
structure of V,.
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IV. THE DOUBLET AND SINGLET CONDITIONS

The main technical problem in the above program is
to find out the positivity of ¥ which is the matrix of sec-
ond derivatives of V, in Ry. The constant matrix V is
not simple one, because of the “plane conditions”

[Zj x}=p°®) and therefore we prefer to work in the Ryx
space, where all the X® components are free variables,
A general vector in R, denoted by x, is the direct
sum of the vectors x°. The potential V, takes the form

V,=xV*x+ax+c, 4.1)
V* plays the role of a constant “metric” in Ry and is
equal to the second derivative of V, in that space, ¢
contains the self-interactions of the vectors x° which
are constant and hence already satisfy (3.9), and the

ax terms are their interactions with all the other x*—
the independent variables.

A vector X which satisfies the condition 372, x$=0
for every index & will be indicated by y. It is obvious
that to have a minimum in R, we need the following
condition for any vector ¥ in Ry*:

yV*y = 0. 4. 2)

This means that in R,, V; is positive definite and mov-
ing to any direction in the subspace R, from the extre-
mum point in it; the potential V, does not decrease,
The condition (4, 2) for the x vector is equivalent to the
requirement that any submatrix of V* which lies on the
central diagonal should have positive determinants.,

We are not looking for a minimum in Ryx but in R,
and hence have instead the condition (4.2) only for the
y vectors. A necessary but not sufficient condition for
(4. 2) to be satisfied is the “doublet condition”:

“There is no minimum point in Ry, if V* contains
two identical central submatrices with negative deter-
minants, for an equivalent set of variables.”

Equivalent variables of the 5 type are the components
x'j (with different values of j) of the same vector x°,
The proof is straightforward. Assume that such a ma
matrix v! of dimension / and with negative determinants
appears twice in V* as v! and ¢}, and condition (4. 2) is
satisfied for all the vectors y. The matrices v} and
vl act on two equivalent spaces s! and s}, which are
constructed from two equivalent sets s, :(xf;i, x‘}:,
cvoy X3, Sp= (e, %%, ...,x¥). As a consequence of
their nonpositivify there are'two identical vectors d,
and d, in s, and in s,, respectively, which satisfy
d,v,d, =d,vid, <0. Hence the vector y* which is con-
structed from d, and —d,:y?=d, —d, (note that y? is a
y vector as a consequence of the equivalence between
the sets of variables in s, and s,, to which d, and d,
belong) satisfies yéV*y?=d,vld, +d,vid, <0, which con-
tradicts our assumption that (4.2) is satisfied. Hence
the “doublet condition” is necessary to satisfy the con-
dition (4.2).

In the case that the “doublet condition” is not satisfied,
one has the NM situation and should subspace. This
fixing of some variables to be constants changes the
structure of V* (which is the second derivative matrix
of V, in Ry) and hence it might satisfy (4.2). As a sim-
ple example, we look at the case where o, <0, then for
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hé
X, = .
=0 FIG. G5-1. Arrow of points
Xg represents a vector.
x9
3
JLX1

any n, greater than one the doublet condition is violated,
and V* includes », central submatrices with negative
determinants, Subspacing in this case means fixing »n,_,
component of x! to be zero and the last one to be p?,

xj=6, 0%, (4.3)

None of the X! components is a variable any longer, and
hence its contribution to V; is only through the terms
a-X,c. This is a general rule; any “subspacing” should
be followed by throwing out the corresponding a,, y}*,
y!_, terms from V*, getting a new matrix V*, and fixing
ng, N, N* to their new actual values,

One should notice that the doublet condition is not a
sufficient one. We know that identical central sub-

matrices with negative determinants in V* are forbidden,

while an absence of any such matrix pairs means that
a minimum exists in Ry* space and hence in By. Now
one should contemplate the implications of a single
negative determinant. In order to answer this question,
we go to a subspace of the y vector, which is con-
structed from only two kinds of equivalent variables,
the components of x! and of x!*'. Suppose that yi*' >0,
the determinant of the matrix D is negative and appears
in V* only once,

a, v
D —

i+l

Yl atﬂ

This means that the interaction in R, * space takes the
form

h s Mye1) 2
— E i +1)
Vi, X)) = 2sax) + 2 %
1

+ 27;+1x1xl(141)‘ (4° 4)
In the case that one of the o,;, a,,, is negative, we should
“subspace, ” and the corresponding variables become
constants. In such a case the matrix D does not appear
in V* at all. In the case that o, a,,, are positive, one
of the eigenvalues of D, d,, is positive, and the second,
d,, is negative. This is because Tr(D) is positive and
det(D) is negative. The eigenvector corresponding to d,
is (a',a**'). After subspacing according to the doublet
condition, we are left with »f matrices D,, and n},,

x o — FIG. G5-2, Schematic repre-
sentation of an arrow.
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FIG. G5-3. Interaction of x},
with x*! for Y}*1 <0,

21 £
matrices D,,, and a single D matrix,
a, 0 00
D= sy D= ’
0 O 0 a,,

where, in order to eliminate the D matrix, one can

either go to the border x}=0, or to the border =0,

Now it is obvious that the minimum value of Vy(x;, X,,)

is in the direction
-a;  F=Jos i=Jos

Vi= Vi
al/hfy j:#jo, j‘*‘j:);

where the interaction in the D matrix happened in j,,

74 indexes, respectively. The value of the second deriva-

tive in this direction is

=

a
1+l /h’iﬂ ’

1%

1 1
r,:l (1 + hx>a3 t o, (1 + m)a?u

+2‘y§*1a,al.1 (4" 5)

and to have a minimum in R it should be positive.
This is equivalent to the requirement that the deter-
minant of the matrix

o,(1+V/R) v

vt @,,, (1 +1/K,,) (4.6)

should be positive. It is clear that detD* can be posi-
tive, while detD is negative; so the answer to our ques-
tion is dependent on the value of the parameters, and
thus a single determinant might be negative.

Similar considerations are valid in spaces which con-
tain more than two types of variables. The answer to
the question as to whether a single negative determinant
is permissible is that this always depends on the speci-
fic parameters under consideration.

V. GRAPHS

There are many ways to write the matrix V, and we
find it constructive to use a graphical approach. In this
way one obtains a deeper insight into ¥, and can treat
it with greater facility. In the following we shall de-
scribe this graphical method. The objects of the graph
are arrows which are constructed from the components
of the x° vectors by putting them in columns. Each
column describes one vector x® where its components,
x‘}, are spread in order as points along the arrow, x,
at the tail and x2_; at the head of n; points arrow. For
example, see Fig. G5-1.

FIG. G5-4. Interaction of x!
. with x™! for ¥#*! for /> 0.

L+ £
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In the following we shall sketch such an arrow as in
Fig. G5-2. The x!, x*! interaction is in N, dimensional
space but, as we observed, #,, n,,,, which are the actual
number of non-vanishing components in x**!, respective-
ly, are not necessarily equal to N, or to each other. In
any case each of them is equal to, or less than, N;. To
illustrate their interaction, we take for example N,
=4, Ny.,y=2, Nga,=3and ng,;,,=3, n,=2. We shall
sketch them in N, =4 unit interval in two different ways
(Fig, G5-3) for y!* <0, and (Fig. G5-4) for yi* >0,

One should read from these graphs the potential by
reading row after row and summing them. A point in
the 7 column and j step from the tail should be read:
a,(x)? (self-interaction). Two points next to each other
in the same row, the first j unit from its base and the
second m unit from its base, should be read as:

o, (082 + ay,, (ehh)? + 2y ita iy I,
Therefore, Fig. G5-3 is equivalent to the potential

Vs(xl’ xlu) =[a'1u (xé”)z]
+ [al(x;)z T, (eg*)? + 2y ;”xéxé‘l]

+ o, (D)2 + oy, (32 + 29, xixi*),

It is clear that such a situation occurs when yi** <0,
since at the minimum the two vectors are ordered in
the same sense. In Fig. G5-4 by summing all terms
one obtains

2 3
V(x‘, x1+1) — gal(xg_)z + Z‘:a;“(x%u)z +2‘y§”xéx§"lo
J= i=

The graph (Fig. G5-4) is relevant when yi** <0, and
hence at the minimum the vectors are ordered in the
opposite sense. We give another example for x =5,
and (Ny, Ny, Ny, N, N,) =3, 3, 3,5, 5) and (n5, ny, 1y, 1, m,)
=(3,3,3,5,3), taking for all 5,v%*' >0, except 6 =2,y
<0, in the graph (Fig. G5-5).

The potential in the sum of all the rows, where the
first row is read as follows:

V(1) =a, (x5 + o, (6d)? + a,(x3) + @, (x3)?

+ 295x5x? + 2ySxixd + 233t
and the fifth row contributes

V3(5) - az(x§)2 + al(xi)z

+293x2x) + 2yixixs.

It is important to sketch the last vector twice, the first
time as the x vector, treating it like the others, and
the second time as the zero vector, reading it only

for the “y;x' -x*” terms, and not the “self-interaction

&Liﬁ
i

5 4 3 2 1 5

FIG. G5-5, Example to graphical representation of V.
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FIG. G5-6. Fixed point in a
graph,

L

terms”, In order to remember it, we put the zero
vector outside and separate it from all the other vectors
by a pair of lines.

A vector x° which has only one point, meaning that
this point represents a constant (x§= p°o ,-,1) and not a
variable, will be represented by a point (and will be
referred to as a “fixed point”), e.g., see Fig. G5-6.
One can define such a graph by giving the length of each
vector, n,, its direction, I, (- 1) for down and (+1) for
up, and the point where its tail lies, s;. These three
quantities are given by

hg = min(Ng, Ng,.), (5.1)
Iy=- (Ygﬂ./ ')’g-l ()Is-n (5.2)
Sp=Sg1 + s, « Ny )6, = 1) (5. 3)

I, is fixed to be (- 1) and s, to be (+1). From the above
one finds that the number of rows, denoted by ¢,
satisfies

min{N,}® <t <[(x/3 +2)max{N,}’] - «/3. (5.4)

One of the graph’s features is that in the space of all
the {x} variables, Ry#, it presents a most convenient
basis by which we can construct the potential V, in a
simple way.

In the following we construct the second derivation of
Vy, V* in this basis, We take every row of the graph
as a vector, so we have ! vectors of x dimension o
(=1,.,.,%). This means that component z; will be
equal to x2, if in the graph the mth component of
x*(x?) appears in the I row and in the p column. But if
this is an empty place or filled by a fixed point, u,’, is
equal to zero, e.g., Fig. G5-7,

In this basis we obtain

xVxx =37 whutul + 41xx?, (5. 5)
1

«’ is a constant matrix which has nonvanishing elements
in its three central diagonals in cases where the cor~
responding components of u’ are nonzero,

uéj,sz ={58(5y, 8y) s + 881 + 1, B2) 51" + 6(8y, 83 + 17514l

dui;)  dus,
x (ax"i) % ax%2° (5.6)

The last two multipliers are nonzero if u’ depends on
¥°1 and on ¥°2, This is the only dependence of ué:v“z on
1. (In the above we use as an exception 8,,y,;=0,) '

4 3 2 1 4

N »

FIG. G5-7. Graphical basis for V*.
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has the form

2
Gy Y1 s
'}’% Olg Y2
Y2
ul = . .
o Yeet
X
el Ok

One can write (5. 5) in the general form
(5.7)

The vector u is a direct sum of all the u’ vectors, hence
has #-x components. U is a (¢ X#) X (k Xk) dimension
matrix where the U*’s appear as a {(«x Xk) matrix in its
diagonal, The nondiagonal (k Xk) matrices are equal

to zero, except for possible v} elements which might
appear at most twice in each of them, and represents
the terms “2y1x*%'!”, Their sum is denoted by U1,

e.g.,

xV*x=ulu,

U1:). 0)..(;10)
0: (@ : 0
(07,{.) e (US)

VI. PROCEEDING

Now that we have the graphs, and V* is represented
in corresponding basis by the matrix U, we can proceed
quite easily to find the structure of the minimum. One
proceeds step by step, where in the jth step one looks
for negative determinants in V* constructed from j-type
variables. {%°1,...,x%}, where the 3, type of variable
means the components of the vector x*, If we find such
a determinant, we should find out how many times it
appears. We use for this purpose the graph which illu-
strates it explicitly. In the case in which this number
is greater than one, NM occurs and we should go over
the subspacing procedure, and adjust the graph, the
potential Vs, the vectors x° and their actual lengths n,,
to the new situation. In case we arrive at a singlet
negative determinant, we should find out if this situa-
tion is allowed, according to the description in the
previous section. Nevertheless, if one wishes to avoid
the tedious task of working it out he can disregard the
above procedure of the negative singlet, but he should
proceed from there on in the following two ways. The
first assumes that this single negative determinant is
allowed, and the second assumes that it is not, In the
end he should obtain two extremum points and by com-
paring the two values of the two potentials he will know

FIG. G6-1. Subspacing at the first step.
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(A) D<0

D*>0

FIG. G6-2. Three kinds of subspacing in the second step.

D*<0

which is the minimum point and which is the right as-
sumption, The first step was described as an example
for the doublet condition, and it is shown graphically in
Fig. G6-1, The second step was partially treated as an
example for the “singlet negative determinant” condi-
tion, which we utilized, From the graph (Fig. G6-2)
we see that there are two situations: (A) for y}*' <0,
and (B) for ¥i**> 0. In the first case there are only two
honest subspacings when the NM situation oceurs
(detD=D <0), irrespective of the sign of any possible
D* (detD* =D*)(4, 6) “and” means “consider all cases,”
“or” means “if single negative determinant is forbidden
consider only the graph to the left and vice versa.” We
give another specific example of case (B) in Fig. G6-3,
If one finds the sign of Df, D¥, he has three honest
subspaces, if he is the lazy type he should consider all
five graphs as honest. One should not think that as a re-
sult only part of the X’ or x**! can be thrown out, as in
that case D cannot be constructed (Fig. G6-4), because
in any case we can again show that the potential, de-
scribed by what is left in Fig, G6-4, is higher than the
situation described by Fig, G6-5(B). Hence the previous
conclusion that subspacing must take place only in the

—_———
L]
roe
o
el tt—
—_——e—— —_— —_— —
® ) L] ’ L
. . :-nd < . or .
. D<0 [) [
—— —— ———
—_—— —
') *
k ' ar L] [
. .
—— e ———
bx-<0 D*>0
FIG. G6-3. Example of Fig. G6-2 (B).
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FIG. G6-4. Wrong subspacing.

upper indices of any vector X* is unavoidable [Fig.
G6-5(C)]. This conclusion arises from (3. 5) where the
vanishing components of x® should always be at the head
of the arrow; in any other way of making subspacing we
miss the minimum point and waste our time in fruitless
investigation,

The difference between subspacing at the first step
(@5 < 0) and that of the second (D <0) is that one must
now consider a few different solutions,

In the case of Fig. G6-2(A) we have two independent
solutions and in the case of Fig, G6-2(B) three, This is
also the case in the following steps, where one has, in
general, more than one allowed subspace with positive
definite submatrices in V*, We should list them and
treat them all on the same footing,

In such a way we proceed step by step from the one
dimension problem to the (k ~ 1) type of vector problem,
(As we want to give a general picture, we avoid treating
the x step and leave it to the following discussions. )

We consider each submatrix which arises from our
graph; whenever it gives a negative determinant we do
not let it appear more than once, That is done by sub-
spacing the proper variables, which means fixing them
to be zero, or, when we are left with only one variable
in the X' vector, it is fixed to be p’. It should be clear
that this procedure is not uniquely defined and is de-
scribed by a free-like diagram. This occurs because,
in general, in every step we can choose several dif-
ferent borders in which the minimum might be found,
Any such choice is followed in the next step by other
choices, and hence, in general, every branch branches
off into smaller twigs, etc. This game is finished when
each line has a minimum at its end. The global mini-
mum is found by comparing all these border minima
and choosing the lowest one.

One should remember that even when condition (4. 2)
(yV*y = 0) is fulfilled and 2 minimum point is found in
Ry, this minimum can occur outside the domain of
interest; Ry. That means violation of (3.7) (x%>0) which
is the PM situation. One should proceed from this PM
as from the NM situation, but this time one does not
need to check the positivity of V*, where it remains
positive definite in any subspace. Another hint one can
get from the structure of V* is that the new “subspac-
ing” should be done only to the variables which get
negative values at the minimum point of R,. More-

T

1>41> 1t
(A) (8) (C)

FIG. G6-5. Wrong subspacing predicts right one.
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FIG. G7-1. Chains in the graph,

over, in all the private cases which we considered it
was found that if some extremum points are found to be
inside the pyramid Ry, the global minimum should be
one of them; hence there is no need to treat any other
branches which lead to the PM situation.

VIi. TOPOLOGY

In this section we shall study the topological features
of the graphs so we can use them to get easy answers
to a few problems.

First, we connect each of the two points which are
found adjacent in the same row. In this way one gets a
set of “chains,” For example, we look at the graph

xf—xl-xf-x

(Fig. G7-1). The chains are
x%—xi,
xi-xf-xf,
Boxh-soal,
x§—xj-xf -3,
3
1o

We should emphasize that in the topological treatment
a single fixed point vector is treated equivalently to all
other points, contrary to the minimum point problem,
Any two points of the same vector which are found in
similar chains and in the same place will be called
“equivalent points.” In Fig. G7-1 the four nontrivial
equivalent sets are

0%, 28, x9), O, %, 2), G, 24, 69), (e, 23, x3).
In this way we put a point in two different equivalent
classes, “chain” and “equivalent set,” and now connect
both by defining as a “zone” the collection of all simi-
lar chains, Two chains are said to be similar if they
have an equal number of components of each vector x°,
So, the only zone in Fig, G7-1 which includes more
than one chain is the collection of all four equivalent
sets written above. This zone includes twelve points,

The length of a zone, which is the length of the chain
in it, will be denoted by I,, and its width, which is the
number of components in any one of its equivalent sets,
will be denoted by W,. A few examples for the case
k=3, Ny=N (the zones are indicated) are given in
Figs. G7-2—-G7-4,

FIG. G7-2. A graph of one
zone.
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FIG. G7-3. A graph of two
zZones.

Part of the importance of this topological treatment
can be seen by observing that all equivalent points have
the same value at the minimum point, To prove it, we
look at the space of all points which are in the same
zone; they are interacting in V; between themselves
only, We denote the sum of all the corresponding equiv-
alent points in one vector X° by p%, and the potential in
this zone by V2, In a space where a minimum point
exists, V¥ is positive definite. Moreover, the problem
is completely symmetric for the equivalent points;
hence the minimum should be at the midpoint, where
x5, =pl/w,. This rule is quite important in the PM
situation, where one now knows that only subspacing of
all the equivalent points together makes sense. Sub-
spacing of only part of them will lead to another PM
and hence one can treat all equivalent points as one
variable only.

For example, in Fig, G7-5, where V* is positive
definite but at the minimum some of the x%’s are nega-
tive—only two subspacing make sense. We give an-
other graphic illustration of equivalent chains and zones
where (N, Ny, N3, Ny, N;)= (6,10, 10, 6,6), in Fig. G7-6,
The chains are

{x%-x%-xé—xé—x%—x?—xé—x%-xé—x%—x?

3 4_ 5 _A_ .2 _ . 3_4_ .5 1_ . 2_.3
X{g —X{—X{—X{—Xg-Xg— X5~ X5—~X5— X7~ X}

xf - x§ - 5§ - x§— 2 - xf
3 4 5 1 2 3
x7—x4—x4—X4—X3—x3a

The first two chains are equivalent to each other and
hence form a zone of two-point width, the last two are
equivalent and form a zone of the same width as well,
One should notice that two points should be in the same
place in the chain in order to be equivalent; so x3 is
equivalent to x%, but not to x, where they appear in the
same chain but not in the same place,

We shall now try to learn more about the topological
properties of the graphs. A chain becomes a “ring” if
by picking some point in it and going from that point in
one direction along the chain, we come back to the
same original point, If we pass only x points on our
way back, it is called a “simple ring,” if we pass other
points from the same vector before closing the chain we
call it a “spiral ring.” The spiral ring contains # -k
points, where n is greater than one. In the case where
we do not come back to the same point, we call it either
a “long line chain” or a “small line chain,” according
to whether its length is greater than k or not. In both

B 1

i A2 FIG. G7-4. A graph of two
zones.
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FIG. G7-5. Subspacing in PM situation,

cases we call it an open chain. The zones are defined
according to the type of chain they include. It is clear
that if our original V* is not positive definite and there-
fore subspacing had been done, the graph contains at
most one “ring” zone, which is a simple ring of one-
point width,

In Fig. G7-2 there is no subspacing and the spiral
ring zone is wide, while in Fig, G7-3 there is no ring.
In Fig. G7-4 one makes subspacing of the second and
the third vector and there is no ring, but in the case
where “negative singlet” can exist, Fig. G7-4 would
contain three zones, one of them a ring of one-point
width, In order to observe what kind of a ring could
be obtained in a specific graph we should draw only the
last vector in its two places. If these are in the same
direction and begin at the same level, as in Fig, G7-7,
the graph can contain a single simple ring zone, In the
case where their bases are in a different level, as in
Fig, G7-8, one could obtain a few long line zones, In
both cases we shall call the graph a “diagonal graph.”
In the second case the last vector is sketched in an
opposite directions and we call the graph “antidiagonal. ”
Such a graph (Fig. G7-9) can include a spiral ring zone
with a length of 2-x and sometimes a simple ring zone
of one-point (Fig, G7-10) added to it. It is quite easy to
show that in the minimum the two zones’ points obtain
the same value, and hence we treat it as one zone, We
notice that only one ring-zone can appear in each graph.

Before concluding this discussion of the topology of
the graph, we would like to emphasize again that the
global minimum can never stay in a subspace which is
obtained by subspacing only some of the components of
an equivalent set in the PM situation. This also includes
the case where such a situation arises by subspacing on
another border of Ry, After defining the topology of the

FIG. G7-6. Zones in a complicated graph.
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FIG. G7-7. Simple rings.

graph, the procedure becomes much easier. A chain in
the graph corresponds to a chain of interactions in the
great U matrix, e.g., see Fig. G7-11. A zone of width
w, in the graphs means that the chain appearing in it
will perform w, times in U, From this, one learns that
the “doublet condition” should be carried out only for
zones wider than one point, while the “negative singlet”
procedure is relevant for a one-point width zone. Along
the previous steps which treated (k- 1) dimensional
matrices, we treated less than « types of variables and
hence worked only inside the (k Xx) #' matrices or their
equivalent, But in the k step one should take care of the
positivity of the huge (fx#) X (k Xk) matrix U, In the case
where the graph includes short line zones and “simple
ring” zones only, U*! can be made to vanish identical-
ly, and hence all the nonzero elements are concentrated
in the #! matrices and the « step is identical to all other
steps, e.g.,

u'lS.R.Z-: 0° ° o .

o o

In the “spiral ring” zone (8. R. Z,) case, the U contains
combinations of four matrices along its diagonal, e.g.,

. o0 Y
o . .
© o ° 0
° o 1
Tdy 0 . Y
uslir?z, = v R— .
1 .
0 o o o
v 0%

But as we have proved, at the minimum the two equiv-
alent vectors (u,t), (u;,) are equal, hence one can go to
the subspace described by u, =y, and get the same

problem as in the “simple ring” zone (SP. R, Z.) case,
e.g., o

*e e 1
o ° °0 YK
*eTe e 0
1 o o
u”'lz N . .
SP.R, Z. . 000 v
0 el
1 n° o 9
Ye O . e

This means that only where the graph contains long
line zones the problem of the xth step spreads out from
the «’ matrices and becomes complicated. We want to
avoid such a situation, hence we try to bring an effec-

tive “y1” into the #’, and leave U*! equal to zero, ob-

FIG. G7-8. A long line chain.

2¢——~-—-~- -3
3--
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FIG. G7-9, A spiral ring.

taining an effective simple ring zone problem, This is
done only for the purpose of checking the doublet and
singlet conditions in the k step. But before this it should
be noticed that in a “diagonal graph” the width of the
long line zone is just one point and therefore quite sim-
ple to avoid, in the way that the singlet condition was
avoided. In the “antidiagonal” graph one should take, in
the general case, three different effective “y”,

0, - v}, +7.. Only when the doublet condition is satisfied
for all of them will a minimum point exist in R,

VIil. CONCLUSION
A. Possible symmetry breaking

After going over the NM situation and finding spaces
with a minimum point in R,, going over the PM situa-
tion and finding spaces with a relevant minimum point
in Ry, comparing all the results and getting the global
minimum point, one can construct the matrices (A“’),
(A% which were described in Sec. III, As it is con-
venient to work with diagonal matrices (4%, we should
like to know whether we can diagonalize all these
matrices simultaneously, We shall consider for a
moment the case where all Ny are equal to the same
N, which means all (A% are square matrices,

Let us suppose that (4 is antidiagonal (¥} > 0)
and then make a gauge transformation which brings its
first row to the last one, and the second to the last but
one, etc, In such a transformation (A% becomes
diagonal but as an additional result the columns of
(A" are changed correspondingly. If y}*! is greater
than zero, this change is plausible for our aim of
diagonalization because {A"*Y) also becomes diagonal,
But if y}“ is negative we would have to make another
gauge transformation, this time on the (4"Y rows.

In this manner we can diagonalize (x — 1) matrices,
while the xth matrix (A"™!) would possibly present a
problem, where transformation on its rows will change
the columns of (A% and the story begins again, It is
quite easy to prove that such a procedure will diagonal-
ize all the x matrices if

K

I =AM=0, 8.1)
which means that an even number of repulsion interac-
tions in V3 permits the diagonalization of all these
matrices, It can be seen that for a diagonal graph the
set of k matrices is diagonalizable, and vice versa.

There is one exception to this rule and this occurs
when all the nonvanishing components of each matrix

FIG. G7-10. A simple ring in
a spiral zone,
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FIG. G7-11. Chains of interactions.

(A% are equal, which means that the original V* is
positive definite, and all the (X% components are in the
same zone, In this specific case one can always
diagonalize the whole set of matrices by a gauge trans-
formation. In the general case, when not all the
matrices are squares, the same procedure takes place
where the transformed (A~ are diagonalized in the

(n, Xng) square in which they lie, e.g.,

4
(A =f0 0 : 0 .
VD 4t
0 VR,

]

In the undiagonalizable cases we diagonalize the first

{x — 1) matrices and leave {4% in the {A™) form, Now,
when we have the diagonalized properties of the (A%
matrices, it is quite easy to find the residual symmetry.
We treat the case where S is U(¥;), as all other cases
are quite similar.

From the above consideration we know that whenever
the elements of V(X% are equivalent they are equal,
hence one can read explicitly the remaining symmetry
from the graph and from the diagonal matrices.

Let us suppose that the graph contains p zones, we
give each zone an index 2, where 2=1,2,...,p and
denote the width of each zone by w,, The residual
symmetry of G is

GR= [ﬁ@ U*(W,i, ® [fl UG(Ng‘ﬂ .

z=1 =1

(8.2)

The group U*(W,) is Ulw,), except for the case in which
the ? zone is a spiral ring zone. In this case the U*(W,)
group is defined to be the subgroup of U(w,), where its
corresponding unitary w; dimension matrices f satisfy
the equality

[d;‘?]: 6((2 +j)’ (u)I -+ 1))] avifdvr :fo

The matrix d¥? is the w, dimensional antidiagonal
matrix where all the elements of the antidiagonal are
equal to one,

(8.3)

For example
U*@2)=U1)e UQ), U*4)=U@R)e U(Q2).

The second bracket of (8.2) contains all the remaining
parts of the U(N;) groups which leave all (4% invariant,
Denote the actual length of the vectors by nf, the N¥’s
are found to be

N: = {Nﬁ - max(n:d’ ng‘) ‘yg’l <0

Ny — (ng +nfy) 7:’1 >0, 8.4)

(In the case where N} is negative according to the above
equation, one should take it to be zero.) The proof of
(8.2) is based on the structure of the graph, or,

1637 J. Math. Phys,, Vol. 18, No. 8, August 1977

equivalently, on that of the matrices (A%. The group
U(N,) acts from the left on (A") while U(N,4) acts from
the right, so in order to obtain an invariant situation
one should leave in G¥ only those combinations under
which (4%) remains invariant, This combination is a
direct product of groups of the form U(N;)GB U(Nf,‘i)
where N}, N}-!are equal to the number of the com-
ponents of x' which belong to the jth zone, which is w,.
The group U(N*) now acts from the right on (4**?% and is
thereby connected with U(N**!) and along the same
zones, hence goes on to bind together U(Né)eB UNPY

® U(NP*Y), where N!*! is again equal to N}, In this way
one binds together the subgroups of the U(N,)’s in a
chain similar to that of the graph, where each N} is
equal to the width of one zone. Hence by classifying the
zones in the graph one gets the first part of G¥ directly.
In the above procedure there is one critical point which
occurs upon returning to the first group U(N,_l) through
the (A*™1) side. If there is no spiral zone in our graph,
there is no change in the above program. Where there
is such a zone, one is led to the conclusion that the re-
maining symmetry which arises from this zone is
U*(W,) instead of Ulw),).

B. How to find or build a symmetry breaking

To conclude this general consideration we want to
answer two questions: the first is how to find the sym-
metry breaking from a given potential, the second is
how to find a potential which will give specific breaking.

We have difficulties answering both questions because
our analysis is based on getting part of the breaking
{p®} and part of the potential {e,, 12*!} and then finding
the full breaking, This is why our answers to both
problems are not direct. First, given a potential V, all
the {ag, ¥2*!} are known and it is possible to construct
all the allowed breakings by eliminating any NM situa-
tion, Let us denote these breakings by m (m=1,...,M).
The global minimum is either inside these spaces or
in one which is derived from them by PM situation.
Then using the equivalent set method, we find the
minimum of V5 in terms of the {a;, v3*'} parameters
and the unknown { p%). This means finding the minimum
of the M potentials, which are derived by imposing the
plane condition

X3=p°- g X5

(j#2)

on Vg;

V3 =xv,x+a,(p)x+c,(p). (8. 5)
[v,,, is a constant matrix, a(p) is a constant vector
which depends linearly on p, and c is a constant which
depends bilinearly on p, ] From this expression one
finds (x%) and the minimum value V,, in terms of the p,
(V) =pop. (8.6)
This relation should hold in an open region surround-
ing p near the global minimum and thus gives the poten-
tial V; as a function of p only, Hence the whole original
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potential ¥ can be expressed as a function of p only,
Va=up+pVip+pvip, 8.7)

Solving these m minimum problems, one gets {p,> and
the minimum values of the V,; (V,) as a function of the
coupling constants only. Then going back to find the
(x%) in terms of these parameters one selects the
relevant solutions which are inside Ry, By comparing
their corresponding minima (V,), the global minimum,
which is the deeper one, can be selected.

In the case where such relevant solutions are found,
the real minimum is one of them, and not any of the
PM situations, The proof of this is based on the struc-
ture of the potential and by noticing that PM situations
lead to a subspace of the considered spaces. But in the
case where there is no legitimate solution in Ry one
must pursue the PM procedure which means finding
new matrices v} for each legitimate solution and go
over again with them in the same way, until an ex-
tremum is found in Ry.

Going over to the second question of finding the
coupling constants of the whole potential when the sym-
metry breaking is given, one must first construct the
graph of the given (x®), In the case where it is a
legitimate graph one can find from it the proper signs
of the coupling constants and of the corresponding de-
terminants in V*, Then it is easy to find the structure
of the corresponding v} from (8. 5) and, substituting
into (8.7), one finds the following relation:

p==z(Vi+oh)tu. (8.8)
The proper v}, should also satisfy
(® = - zw})1a(p). (8.9)

It is not a hard problem to find V,, i, and v} from
these two equations; on the contrary, they leave much
freedom for choosing the coupling constants. However,
this is not a direct procedure because the potential so
obtained may turn out to have other and deeper minima
with different associated symmetries,

In order to avoid this, one must choose the v} and
Vi elements carefully and consider all the legitimate
graphs which might arise. The correct choice of these
matrices will put the absolute minimum in the proper
point,

The aim of this program is to give an algorithm and
thus should be treated as a guide in handling complicat-
ed symmetry breaking. Nevertheless, many cases
which were most difficult to handle properly can be
treated quite easily according to the above rules. More-
over for any specific problem one can work with the
help of this algorithm to get the exact solutions in a
precise way.

In subsequent articles we are going to give a few
examples both of the mathematical procedure and of
the most attractive physical situation which might arise
in such models, Anyhow, it is possible to conclude
from the above discussion that the hierarchy of sym-
metry breaking arises from the structure of the zones
and the location of the minimum point, which depends on
all the parameters. Thus the strength of the breaking
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(p% is spread on the equivalent sets in different ways.
The usual mechanism to get a hierarchy by broadening
the space of the global minimum, which contains in the
tree approximation several kinds of breaking, is pres-
ent here also. One can multiply each A® by any unitary
matrix constructed from sub-unitary matrices each one
acts on an equivalent set only

1 aj- I

u&,AO___ Ug. ag“I

The potential depends only on A°A® and A%*A®%, there-
fore such a multiplication will leave it invariant, By
gauge transformation one can eliminate all these phases
in any open zone, but in ring zones the phases of one

of the new matrices are left. We conclude from it that
the remaining symmetry G* which is defined in (8, 2) is
the maximal one, and U*(w,) can reduce step by step to
U(l)® Ul)-+-® U(l). The minimum space of the poten-
tial V is degenerate in the following way:

(V(U* (w;)» = (V(U* (n1)® U* (nz) coem U (nz)» ’

‘E ny=w,. (8.10)
For example, a simple ring zone of width 4 predicts a
degenerate minimum space which contains the groups:

U(4), U@B)e U(1), U@2)® UR), Ul)e U)e U(1)® UQ).

The decision as to which one of these groups is the
remaining symmetry, is left to higher order correc-
tions. In this fashion a hierarchy in the symmetry
breaking can be produced in a way that only the photon
emerges without mass, Moreover, it is not hard to see
that by changing the surrounding!?~!* situation, several
kinds of phases can be derived as a consequence of NM
and PM situations. In this way, a massless “gluon”
which likes to emerge from one phase has to acquire
mass in order to be free in another phase,

We hope to consider all these subjects more broadly
in the following articles and to discuss the different
probabilities which can arise in different domains of
interactions and environments.
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In a previous article a general method for finding the symmetry-breaking direction in a theory which is

symmetric under a group U(N) @ QU(N;) @SU(M)® -+ ® - QSU(M,) was presented. In

order to explain and exhibit its utility, we derive in this paper the possible directions of spontaneous
symmetry breaking in a U, (M)® U,(M) QU,(M) theory with *“colored” Higgs particles. As an example
we discuss the symmetry breaking in the Pati-Salam model which is found to be a legitimate one. A
simple explanation of the stability of the quarks inside a “particle-phase” is exhibited.

I. INTRODUCTION

In a unified theory based on a product of simple gauge
groups the Higgs particles can interact with more than
one kind of vector meson. !** For such a theory, we
presented in a previous article® a technique by which
one can find the spontaneous symmetry breaking by
drawing a few graphs and analyzing the positivity of a
simple matrix.

In order to demonstrate the method, we analyze the
possible directions in which the group U(M)® U,(M)
®U;(M) can be broken. This symmetry is an important
one in itself and has been utilized by Pati and Salam!® in
an SU(4); 165t ©SU(4)104t ®SU(4) o10r theory of unified
strong, weak, and electromagnetic interactions.

As we would like this paper to be self-contained, we
shall present our technique in a simple manner, by
giving in Sec. II a brief review without proofs. In Sec.
IIT we analyze one of the four basic modes in which the
symmetry Uy (M)®U,(M)®Us(M) can be broken and dem-
onstrate the graphical method.

In Sec. IV the other three basic modes are analyzed,
and all the possible breakings which can arise within
them are graphically drawn. Section V in dedicated to
an analysis of the symmetry breaking that characterizes
the Pati—Salam model.

1. RELEVANT VARIABLES FOR SEEKING A MINIMUM

The Lagrangian of the theory in which we are inter-
ested is a renormalize one and invariant under the
gauge group: G=U;(M)®U,(M)®U;(M). The theory con-
tains fermions, Higgs—Kibble particles {43,,,A%,} and
gauge fields {W!,} (6=1,2,3) (j,k=1,...,M). The
scalars transform under G according to the
representation

Al~(M,1,M), A*~(M,M,1), A*~(1,M,M). (2.1)

The Lagrangian contains all the renormalizable inter-
actions which are invariant under G and also under three
discrete symmetries which exclude cubic scalar inter-
actions. The invariant potential V of the Higgs fields is

V=ps Tr(A’A%) +a, s Tr(A°A%) Tr(A%4%)
+ aﬁTr(‘AéAﬁ"-AﬁAﬁ*) + zygﬂ TrmGAﬁ+A(5*1)+A6+1)

= p* +p*Cl* + V,, (2.2)
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where
p*® =Tr(A°A%), C},=ass A'=A3

Our purpose is to find the minima of this potential as a
function of the 6M? variables {AS ., A%}, We restrict our
discussion to potentials which are bounded from below
and hence must have global minimum. The general
problem is too difficult, hence we search for the min-
imum in subspaces of the 6M? dimensional one. These
subspaces are defined by fixing some of the variables,
and thereby eliminating them from the main discussion.
This is a basic technique in the whole procedure and
will be called “subspacing. ”

The first subspacing is done by the “plane condition”;
each p*® ig fixed to be equal to Tr{4A%A%*) which is de-
noted by p®°,

{Tr(A%A%))=p°® (plane condition). (2.3)

In the subspace where all p*® are fixed, the first row of
the potential (2.2) is a constant, hence the location of
the global minimum in this subspace is determined by
the second row, V; only. (The value of p® is not yet
known; however, we treat it as a constant.)

Most of the subspacings will be based on the following
technique: find the values of some of the variables at the
global minimum; then fix them to have these values;
next seek out the minimum in this subspace, which
necessarily coincides with the global minimum,

Taking the {(4°4%), (4%*A%)} matrices to be the inde-
pendent variables, V; is a function of them only. It was
shown that one can diagonalize simultaneously all of
these variables in a subspacing procedure. Moreover,
for each & the diagonal elements of (4%*A%) are equal to
those of (A°A%"), except possibly for their order which
is determined by the sign of ¥2_,. Hence one can make a
subspacing, and put all the nondiagonal elements of the
matrices {(A%A%), (A%A°%} equal to zero and the diagonal
elements of (A*A®) equal to a rearrangement of those of
(A®A%"), The subspace R, which we obtain has 3(M - 1)
dimensions {x°};

xs-——diag(ABAm):(x?axgy e axgl), (2-4)
subject to the plane conditions

M

@ x5 =p°. (2.5)

J=

The diagonal components of (A%*A%) are expressed by
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the x° variables in the following way:

x.tfi’ 'yg-l < 0’
x)® =diag (A%A?), = (2.6)

6 6
Xiuaiag)s Vo1~ 0.

The space of 3M free variables {x3} is denoted by Ryx
and contains the R, space.

The potential V3 in Ry, as well as in Ry, can be ex-
pressed in terms of the vectors x5,
16+1

Vy = ax®x® + 2 x%x (2.7

QOur interest is to find the minimum point of V3 as a
function of the x* components. But as all the X°) ele-
ments are positive, the relevant space is R5, a bounded
pyramid in Ry, a bounded pyramid in Ry, defined by

p®=x8>0 (positivity condition). (2.8)

The topology is Ryx DRy DR,

We know that there is a minimum point in R§ denoted
by (x), since it is a bounded pyramid. But if there is no
minimum point in By (nonminimum situation—NM) ¢x}
should be on the borders of the pyramid—Rj5. Hence
some of the (X) components are zero, and another sub-
spacing should be done. If Ry contains a minimum point
but this point is outside of R5, then the minimum value
of V3 in Ry is attained on its boundary. The same con-
clusions as in NM obtain, and we go over the subspacing
procedure as well; we call this phenomenon PM (pseudo-
minimum). In order to obtain a minimum in Ry, the
matrix of the second derivatives of V; denoted by V;
should be positive definite. To obtain V3, one must im-
pose the plane conditions (2. 5) and hence it is most dif-
ficult to verify the positivity of V, In Ryx the matrix of
the second derivatives of V3, deboted by V*, is much
simpler than I_/, since the plan condition is not imposed
here. We therefore prefer to compute the positivity of
V by working through V*, (The Lagrange multiplier
method is not effective in this problem,) This means
that, instead of the plane condition, we present the
“doublet condition” which defines the relation between
the positivity of V and that of V* in the following way.
There are three situations: (a) V* is positive definite
and therefore V is positive definite; (b) V* is not posi-
tive definite and has at least two identical central sub-
matrices with negative determinants, hence also V is
not positive definite; (¢) V* is not positive definite and
contains no more than one copy of a specific negative
determinant. In this case ¥V may or may not be positive
definite, and the “singlet condition” decides this point.

The singlet condition is described in a previous
paper® and will not be dealt with here. In any case one
can do without it and treat the problem in two different
ways, firstly as in case (a), and secondly as in case (b).
By comparing the two values of the predicted minima
one finds which is the right one.

1 2 1

The doublet condition should be handled step by step.
In the jth step one takes into consideration the sub-
matrix of V* which is appropriate to the components of
j vectors {x°1 °o °x"l} and then goes on to (j+1) vectors.
Whenever situation (b) (NM) arises one should subspace
variables, take their border values, (2.8), as zero or
0%, and their interactions disappear from V*, which is
the second derivation according to the true variables.

In this way a new positive definite V is created and one
passes to case (a). Topologically it means that when-
ever there is no minimum in the whole Ry, the minimum
in R5 is on its border, therefore by subspacing one
transfers the problem to those borders which include a
minimum point. In general there are several such
legitimate borders, and one should treat them all on the
same footing, finally choosing the right one as that which
predicts the lowest minimum value,

On each subspace of Ry the location of the minimum
point should be found. If it is inside R the procedure of
subspacing terminates, but if it is outside of B3 (PM)
one must search for the relevant minimum on Ry’s bor-
ders, and the subspacing procedure continues. Anyhow,
only a few special borders must be considered and the
positivity of V* remains unchanged. In general, one
finds that a few graphs which are denoted by g™
(m=1,...,L) can describe the symmetry breaking and
one must choose the right graph according to the value
of p. But at this stage we can write V} for each graph
g™ as a function of p only

Vg =pCmp. (2.9)

Inserting it into (2. 2) we find the value of the potential
V as a function of p in L different subspaces {note that
p is treated as a variable and not as a constant only in
the context of Eq. (2.10)),

Vm=pup™+p™(C° + C™)p™. (2.10)

The L minima values V3, of these functions are ob-
tained at the minimum points pp;, which correspond to
the vectors x2{»’. The lowest V@, for which all the pg,,
and x3{™ components are positive is the minimum value
of the potential (V). Its associated graph describes the

symmetry breaking.

1. THE (—,~,—) MODE

The main purpose of this paper is to find out the pos-
sible symmetry breakings for the group G =U;(M)
@ U,(M)®U4(M) in the framework which was described
above, In order to begin the investigation, the graph of
the problem must be drawn. Each of the x° vectors has
M components and is described by a graphical arrow
which contains M points. A graph of these three vectors
can be described in an M point width domain,

We shall consider at first the (-, -, =) case, where
all the y2*! are negative.

3 2 1 3

FIG. G3-1. The potential for
one, two, and three vectors.

A B
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FIG. G3-2. Single negative a®,

In Fig. G3-1(A) we draw the first vector x!. One
reads it row by row, where, in the tail, sits x} and, in
the head, sits x},,

Vo (x])? + o e+ ag (el + oo+ o (kL) (3.1)

There are only “self-interaction” terms of the single
vector x! present in Fig. G3-1(A). In the second step
[Fig. G3-1(B)] x® is drawn. Its tail is in the same row
as that of x! because y% is negative. The potential is now
read again row by row, from top to bottom. It describes
the self-interacting terms {a;x'« x! + a,x* > x?) and the
x!, x? interactions y¥x!« x’?,

V3 =[ay (i)’ + oy (x})® + 2v8wind) + [ (0))?
+ay(xd)? + 2v3xkxd] + o o 0 + [y (k) + ay (xd)?

+298x i xd]. (3.2)

In the third stage [Fig. G3-1(C)] x° is drawn next to the
vector x2, where their tails are in the same row, as y%
is negative. This vector x° represents the self-interac-
tion “a,x%%” and the interaction with its neighbor x*;
“y3x*x'%”, The vector x°* is the last vector and should be
drawn twice, the second time separated by two lines,
and it represents the interaction with x! only. Again ¥}
is negative and the tail of x° is in the same row as that
of x'. The full potential is now drawn and it can be read
row by row,

V={ay () + o) + o5 0)? + 204l + 2
+ 2]+ oo+ (x)? + ()’
(3.3)

After the graph is drawn, V*, the second derivative
matrix of V, in Ry*, should be written. As we claim,
V* in the graphical basis is quite simple:

V3 = XV*X,

+ay(xd)? + 298xtad + 2v3xad + 2vxdad, ).

1 2 1
x=[0ct, 2l x3), h, x5, 23), .. L, (el 6, 23]

Z(uth)
1

e UL

UM

cee s Uy,

All the matrices U’ which incorporate the interactions
represented by the Ith row are equal to one matrix D,

| l FIG. G3-3. Wrong graph for
2=
ef=(-).
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FIG. G3-4. Right solutions for negative D},

a; ¥ v

Ul'=D = 'y% o, 'yg \ (3.4)

vy 73 oy
There are three basic kinds of submatrices in U. The

first one is a; itself, whose determinant sign is denoted
by €®. The second kind of submatrices is

6+1
Ay Vs

H+1
Db - ygﬂ (5e1 ’
the sign of whose determinants is denoted by €3*!, The
third one is D itself and the sign of its determinant is
denoted by €. Before making any investigation one
should observe that in the {~,—,—) mode all the vectors
x° are topologically equivalent, Each one has two neigh-
bors, x*! and x*~!, which point in its direction, so all
three vectors can be treated on the same footing.

Suppose now that e! is minus, hence there are M nega-~
tive central determinants in V*, all equal to @;. One
should subspace and go to the border xl, =0. This is the
relevant border, since at the global minimum point the
components of x! are ordered; hence the last compo-
nents should be the smallest. This is a general rule;
subspacing should always be done at the head of the ar-
row. In this way one finds that the single border allowed
by the doublet condition is

pl
0, j:2)'°-:My

(3.5)

where at this border the x} should fulfill the plane con-
dition alone.

X

il

x}
1
i

All the x! components are no longer variables and the
graph becomes as in Fig. G3-2. The resulting V* ma-
trix is

L, 00 0
Li: 00!2‘)/§
0&%&3

(3.6)

. b
Ly

There are no more NM situations which are caused by
1
€.

In another case, where € is minus, one should elimi-
nate from V* all the D} matrices which represent the
terms ¥¥X;X,. The only way to do this is by putting x)

FIG. G3-5. Singlet positive a5,
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4

«Or»

FIG. G3-6. Two nonconnected negative determinants.

=0 or x% =0 and then xb 4 =0 or x%_; =0, etc. One can
assume that in this way some of the components of x!
and some of the components of x° are made to vanish
and the graph takes the form of Fig. G3-3. However,
this is not the case, and the only relevant subspacing is
accomplished by fixing either all the components of x!,
or all those of X°, since subspacing is done at the head
of the arrows only, as in Fig. G3-4. In any specific
problem one should consider both possibilities and then
compare the value of V3 at the extremum points which
result. Since for our purpose these vectors are equiva-
lent, we consider only one of these possibilities. The
third situation which forces a subspacing is that in which
€ is minus. In this case, fixing of any one of the x° vec-
tors will do, and one gets the same final graph as in the
first two cases (Fig. G3-4).

6 3
€

In a situation in which two different are negative,
one might be forced to make a second subspacing; for
example, in the case where ¢! =(-), €*=(-), the graph
takes the form of Fig. G3-5. For el =(=), ¢ =(-) the
graph is represented by Fig. G3-6, For €l =(-), €
== (-) the graph is represented by Fig. G3-7. As we
descend from the spaces to their subspaces by the sub-
spacing procedure, any subspacing which is not forced
by the doublet condition is not relevant. We can define
this principle by two working rules. The first sates that
subspacing should be done first according to ¢, then ac-
cording to ef*! and finally according to e. In this way one
does the minimal amount of subspacing. The second
“working rule” states that whenever a set of vectors
point in the same direction and they have to be sub-
spaced, only the components of one of them are fixed to
be constant, e.g., x3=5,,1p%. In this way one can con-
clude that the final graph which describes the symmetry

UM)ii2+3

Uu(M-1) ® U (1)

1+2+3 uM-—1)

14243 2+3®U(M—1)1®U(1)

Zones are indicated by closed rectangles

FIG. G3-8, Minimal symmetry breaking in the (-, —, —) case.
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1+2+3

®

FIG. G3-7. Two connected negative determinants.

breaking in the (-, -, ~) case must be one of the kinds
shown in Fig. G3-8 (the maximal remaining symmetry
is written on the left). The residual symmetry is found
from the graphs in the following way. We define three
equivalence relations: “chain”, “equivalent set” and
“zone”. A “chain” is the collection of all points which
are connected to one another by the “interaction link”
Y ix5x%* | e.g., see Fig. G3-9. In graph G3-9(A) there
are two different kinds of chain (open chains and simple
ring), whereas graph G3-9(B) represents a third kind
(spiral rings). A “zone” is the collection of all the
chains of the same kind in one graph. (Two chains are
from the same kind if they contain the same number of
components of each vector.) In G3-9(a) there are two
zones, in G3-9(B) there is one (see Fig. G3-8). An
“equivalent set” is the collection of all points which
belong to the same vector X° and to the same zone. We
shall give more examples in the following.

The length of a zone z is the length of its chains [,,
and the width of a zone z is the width of its equivalent
sets w,. For example in Fig. G3-8(1) there is one zone
with 7,=3, w,=M; in Fig. G3-8(2) there are two zones,
l{=3, wy=1and l,=2, w,=M~1; in Fig. G3-8(3) there
are two zones: [y =3, wy=1and =1, wy=M—-1; in
Fig. G3-8(4) there is one zone: [ =3, w=1.

At the minimum point {x), all the w, components of
%) which belong to the same zone z are equal. Hence in
any “diagonalized mode” where the arrow, x°, vector
points in the same direction on both sides of the two
separating lines, the maximal residual symmetry G¥ is

G® :[ﬁ x U(w,)] ®[?1 Ui(M{)] (3.7)
z=1 i=1

(p is the number of zones in the graph).

L ] N\M
n —-'1'19 E v
y

U(M—1)1® U (M—1)2® U (M—1)3® U(1)1+2+3
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B A

FIG. G3-9. Examples of chains.

The group Uy(M¥) is the subgroup of Uy(M), which leaves
the graph invariant

M ~ max(mg, mey) ¥ <0
My =

M ~ (mg+mg,q) 72*1>0

(mg is the actual length of (%% in the graph).

Referring back to Fig, G3-8(1) we find: p=1, w =M,
M§=0(6=1,2,3), and obtain Gf =U(M),,,,.. In Fig.
G3-8(2) p:Z, 1,{)2:1, M)t:M— 1, Mg*:O (5:1,2, 3) and
obtain GE = UM — 1)1,5,3® U(1)1,5,3. In Fig. G3-8(3) p
=2, w2:1: w‘:(M—l), ME":O (6=2)3)7 MT:W"l)
and obtain G® = UM = 1),,3@UM - 1);®U(1)1,5,5. In Fig.
G3-8(4)p=1, wy =1, M¥=M-1) (5=1,2,3) and obtain
GE=UM - 1){®UM ~ 1), UM - 1);®U(1),343.

IV. THE (+,+,—), (+,—,-), {+,+,+) MODES

The second mode which is considered is the (+, +, =)

case; ¥ >0, ¥3>0, ¥3>0. The basic graph is shown in
Fig. G4-1, It is a diagonal mode, as are all modes
which contain an even number of positive ¥*! terms.
The vectors x!, x® are equivalent in the sense that both
of them have one neighboring vector pointing in its di-
rection, and one pointing in opposite direction. From
that point of view there are two kinds of NM situations.
The first kind is a consequence of negative €® or eé,
which means subspacing of parallel vectors as in the
(=, =, =) situation; the second kind can arise from neg-
ative €2 which means subspacing of opposite vectors.
These subspacings caused by negative D} are of two
types and are represented in Fig., G4-2.
In Fig. G4-2(A) the singlet condition does not permit a
negative singlet €} to be present in V*, whereas in Fig.
G4-2(B)such a singlet is allowed. The structure of V*
after subspacing in the two cases is [D is given by

(3.4)]:

Ly o 0 Ly o 0
- L, L
VA.B_ 0 L2 ’ 0 D 5
L,
'L, L
)
00 @0 v
Li=loa, o}, L,=0 o0 |. (4.1)
0 o a, T

In Fig. G4-1(A) there are two zones of width: w, =1, w,
=M -1, and in Fig., G4-1(B) there are three zones of
width: w, =1, wy=1, wy=M—-1~-1(1<[<M-2). One
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FIG. G4-1. Basic graph for
the +,+, ~) mode.

must consider all the relevant borders on the same
footing, which means it is necessary to consider each
value of [ for which the w’s are nonnegative., An NM
situation which arises because of negative ¢ has the sub-
spacing characterized by Figs. G3-2 and G4-2 as its
solution.

In the following scheme (Fig. G4-3) we present all the
possible graphs which can arise as solutions to NM and
PM situations in the (+, +,~) mode. The parameter !
can assume any value between zero to (M ~ 1), which
makes sense,

The correspondence residual symmetry breakings
are

I. UM)y,2,.3 (this is the maximal one)

IL UD142439UM = 1= 1) 155,58 U(L) 14245

M. U(1,2,3®UM = Disasg

IV, U(1),:@U)3®UM =1 = 1)1,2,38U(1) 14043

V. U()1,,®U);@UM =1 =1)1,3,58U(1) 1,043

VI. U(1)1,,8U(1);®UM = 1)y,2,3

VI U@)1,,®@U{1);@UM =1=2);,;0UM -1~2),

QU1 14243@ U )4343
VIIL U();,,8U(0),@UM =1 =1),,,@ UM 1 - 1),
®U(1)142+3

IX. UM =210 UM = 2),0 UM - 2);@U(1)1,2,3®U(1),2

Now we shall consider the (-, -, +) mode, taking ¥},
73 negative and 'y§ positive. The basic graph is Fig.
G4-4. It shows that this is an antidiagonal case, since
the two vectors representing x° are in opposite direc-
tions. This is due to the single positive yé, where in gen-
eral, for an odd number of positive y parameters the
graph is nondiagonal. As a consequence, the maximal
remaining symmetry does not satisfy Eq. (3.7) as it
stands, and we have instead:

GR :Lﬁ @U*(w,)] ®[1§1 ®U5(Mﬁ*)] . (4.2)
§=1

=1
The group U*(w,) is equal to U(w,) if the chains which
are included in the z zone are open chains. But if they
are closed spiral chains, U*(w,) is Uw,/2)®U(w,/2)

¥ ﬂl

B A

FIG. G4-2. Subspacing of negative Di.
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FIG. G4-3. Symmetry breaking in the (+,+, -) case.

when w, is even, and U[(w,-1)/2]@U[(w,-1)/2]®U(1)
for odd w,. The only two cases in the U, (M)2U,(M)

® Us(M) problem where such a situation arises in a
nontrivial way (w,#1), are those in which all the signs
of {D%,D},D,} (6=1,2,3) are positive and the signs of
the ¥8*! are either (-, =, +) or (+, +,+). Hence a mini-
mum point is found to be in Ry and the entire graph is
a single zone. Therefore all the points of each vector
are in one equivalent set and take the same value

x3=pt/M, (4.3)

This point is in R5, and therefore it is the global mini-
mum. A point in the A® space which realizes that mini-
mum is presented in {4.4) (¢ =1,2) a®=Vp¥/M,

a
a

A= L) @e= . :
a, *

a3 (4.4)

In this degenerate case we can make another gauge
transformation and bring (4,) to 4%), if M is even, and
to (A, if M is odd,

(AB) = . (4.5)

—a3 .

The residual symmetry in the even case is G® =U(M/2)
®U(M/2) and in the odd case it is GF=U[(M -1)/2]

The possible directions of symmetry breaking in the

{=,-, +) mode are shown in Fig. G4-5.

The corresponding residual symmetries are: (M*

equal to M/2 for even M, and to [(M - 1)/2] for odd M)

L UM*)@UM*)QUM - 2M*),

I. UQ)eU)®U(M ~ 21~ 2)U(1),

II*, {for odd M) UM*)QU(M*)SU(M*),

oI, U)eu()eUu{l)® UM - 21 -2)®U(1),

IV. U+ 1)@UN)eU)o UM - 21 - 2)QU(1),

V. U)oU) UM -1~ 1) UM - 21 - 2)3U(1),
V*. {for odd M) UM*)QU(M*)QU(M*)®U(1),
VI U()2U()®UM ~-1-1)8U(M - 2 -~ 1}®U(1),
VI*. (for odd M) UM*)QU(M*)@UM*)®U(1),
VI U)2U1)UM - 21),

VIL. U)@U)QU{)® UM - 21),

. UM-1)UWM -1)QUM -21)U)aU(l),

X. UM =2)2U(1),

X1 UM - 2)QU(1)®U(1),

XO. UM -2)9U(1)eu1)u(l),

XIOI. UM -1-2)@UM -1~-2)U(1)2U()®U(1)®U(1),
XIV. UM =-1-1)UM-1-1)2U)U1)U(1),
XV, UM -1)9UM - 2)U(1),

XVI. UM -1)0UWM -1)UM - 2)®U(1).

®U[(M ~1)/2]®U(1). (In the first two modes which are
diagonalized, all three matrices (4% result from multi-
plication of the identity matrix by a scalar vp®/M, if
V* is originally positive definite.)

FIG. G4-4. Basic graph of the
(-, —, +) mode.
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FIG. G4-5. Minimal symmetry breaking in the (-, —,+) mode.

The fourth mode is the (+, +, +) case in which all the
¥8*! coupling constants are positive, the basic graph is
described by Fig. G4-6. All three vectors are topo-
logically equivalent and the graph is antidiagonal. When
all the “¢” are positive and no subspacing is needed, the
maximal remaining symmetry is the same as in the
(-, -, +) mode.

We give below the graphs of the breakings which
arise in this mode, and the corresponding residual
symmetries (Fig. G4-17):

L UM*)QUM*)@UM - 2M*),

O. UM - 21 - 2)@U{)U()®U(1),

*. (for odd M) UM*)@UM*)®U(1),

OI. UM ~21-2)2U{)eU)eU()eu(1),

IV. UM =~21-2)U0)2U(¢)eUI +1)2Ud),
V. IM~1-1)9UM = 2] -2)9U()eU({)eU(1),
V*,. (for odd M) UM*)UM*)UM*)®U(1),
VI. UM ~1-1)8UM =21 -1)U{)oU{)’U(1),
VI, UM -1)UWM - 21)®U{)U({1),

VI UM =-20)UQ)eUul(l),

IX. UM =-2D)2U0)2U0)eUQ),

X, UM -2)8UM - 2)9UM - 2),

In the above investigation it was emphasized that the
residual symmetry (which we write in correspondence

1646 J. Math. Phys., Vol. 18, No. 8, August 1977

with a specific graph) is the maximal one. This break~
ing is the only one which is described by the graph, ex-
cept in the four situations where V* is originally positive
definite. In these four situations (Figs. G3-8-I,

G4-3-1, G4-5-1, G4-7-I) any component V{xj) (V(x8) ap-
pears in {A%)) can acquire a different phase, hence the

M point-width zone in the graph can split into any com-
bination, without changing the value of the potential at
the minimum, The minimum is degenerate,

V(U (M) = V(U (M) @U*(M,)®+ »+ U*(M,,)))
(EM‘ :1\4)
i
The decision as to which of these groups the symmetry

G will be reduced is left to higher order (quantum)
contributions,

V. THE PATI-SALAM MODEL

As an example of this procedure of analyzing a sym-
metry breakdown we treat the Pati-~Salam model.!
From our point of view the problem is the following: in
a gauge theory with U;(4)®U,(4)®Uy(4) [U4), 1ent®

FIG. G4-6. Basic graph of the
(+,+,+) mode.
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FIG. G4-7. Minimal symmetry breaking in the (+,+, +) mode.

U(4)010r®U(4)104¢) as the underlying symmetry, is the
symmetry breaking described by (5.1) allowed ? If it is
a legitimate solution, what should be the character of
the coupling constants?

ay 0 00 0 ,

| & ’ -
A= 0 Hg, Ay) = 0o %p

c
1 Cl 0
=1, 7c,
Cy
At first sight, the (A®) matrices show that the breaking
is of the diagonal type, hence it belongs either to the
first mode (-, -, -) or the second one (-, +,+), We con-
sider first the (-, —,—) case in which the ¥§*! are all
negative. The basic diagram {Fig. G5-1) should trans-
form to Fig. G5-2. A set of coupling constants which

predicts such a gituation is

(5.1}

Y981<0, ap,a;>0, @,<0, (5.2)

a3 7’:13
sign{detD}) =¢} = (+), D}= (5.3)
7; a4
Instead of the a, <0 condition, a negative determinant
of D} or D3 or D could also predict this NM subspacing.
However, we shall consider as an example only condi-
tion (5.2). The conditions (5.2) and (5. 3) are sufficient
to guarantee that the extremum point of Ry is a mini-
mum. The requirements that this minimum point is in-
side Ry, and hence that no PM situation should arise,
must be found.

For this purpose we write the potential Vj in terms
of the coupling constants, the magnitudes p® and the four
variables in Ry«, as they appear in Fig. G5-3,

—_—

9

FIG. G5-1. G5-2. NM situation of the (—, —, =) type for the
Pati—Salam model,
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Vy=ay(x} +3x3) + ay(z} +323) + 294 (x12, + 3xy2,)

+29pyxy +2%324 p, + @2p3. (5.4)

The potential in terms of the Ry variable should be
written, which means expressing x;, 2z, as a function of
x1,2¢. We find it profitable to express all four variables
in terms of two “normalized” ones, ¢, v, and “normal-
ized” coupling constants;

x=pi{i - 30), z;=ps(i - 3v),

xy=p(3 +0), zy=pylk +V), (5.5)

Eﬁ':pgaﬁ’ _‘)_’g*l =Ps pﬁéi'yg'l'
In terms of these variables the potential V; in R is

V =12a,0% + 12a,% + 24yiov - 6700

67y +5(a,/2+T,/2+ 20, + R+ + 7] (5.6)
and the minimum point is found to be
) =3@} + [ 7)) (detDh)™,
W =3@m+ [73|7}) (detD)'. (5.7)

The requirement that no PM situation exists and that the
minimum point is inside the ‘pyramid” Ry is

-1 <, W) <L (5.8)

We already know that {x;) is greater than (x,), so {o),
(v) should be negative, that is guaranteed in Eq. (5. 7)
by the inequality (5.2). The left-hand sides of the in-
equalities (5. 8), bound the solutions of (5.7) by

p1/20:> (3] | +vird)(detD) !,

py/2py > (a4 IYgl +v5¥i)(detDs) ™, (5.9)

—
521 @ X4 Z
z, X z,
z, X2 Z,
Iz x2 2
——t S

FIG, G5-3. Equivalent-sets variables,
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I —— LS — =D
FIG, G5-4. PM situation of
the (~,—,-) type.
LJ -
(C) (B) (A)
To summarize: in the (-, —,-) mode, it is seen that V has a minimum point %, in the region (0 <n <4), this

the signs of all six coupling constants are fixed by (5. 2),
where their order of magnitude is partially fixed by the
inequalitites (5.3) and (5.9). This means that o, and two
of the other five can be fixed within broad limits, while
the other three are constrained by upper (or lower)
bounds (5.9). It seems that with the actual values! of

p® the 7% and 'y% should be much smaller than all the
other coupling constants in the theory. In the case where
the inequalities {5.9) are not satisfied, the minimum
point in Ry is outside of R5 and one of the following sym-
metry breakings, as a solution to the PM situation, is
predicted in Fig. G5-4. In order to avoid PM solutions
we must be careful when fixing the other eight coupling
constants of the whole potential (2.2), so that one gets
the proper magnitudes p® of the breakings (5.1).

It is seen that much freedom remains in any step and
each coupling constant is free to be changed in some
domain without spoiling the structure of the symmetry
breaking. The correct way of fixing these coupling con-
stants is to try to verify that this domain is compatible
with the corrections due to higher order contributions.

We go over now to the second diagonalized mode
(-, +, +) which also leads to the (5.1) breaking. The
basic graph is shown in Fig, G5-5(A) and it should
transform to Fig. G5-5(B). The (+,-,+), (+,+,-)
modes are not considered here.) Such a transition can
take place in a few basic ways. The first one occurs
when «, is negative, the other happens when some of the
matrices D}, D}, D has negative determinants. The
treatment of the first situation is equivalent to that of
the (-, —,-) mode. Therefore we concentrate here on
another situation described by (5.10) and (5.11)

73,72>0, ¥ <0,
(5.10)
(5.11)

Oy, ay, (13> 0,
g=(+), g=d=(-).

The situation in which singlet negative determinants
are permitted is carried out in the same way as that in
which such determinants are excluded; hence we choose
to treat the second case, which is simpler. Restriction
(5.11) should be changed to a stronger one, (5.12), ac-
cording to the discussion in Ref. 3, in order to prohibit
these singlets

e =(+), det(D}) < -2a4a,, det(D})<-2a,a;. (5.12)

The structure of the breaking with the above condition
is one of those shown in Fig. G5-6. The potential V in
the Fig. G5-6(B) case is a function of » [the length
(01, ps) On the X!, X® vectors taken to be constant]

= a o 2y} a
7200 =St ot + S ok + Tk pypy + 775 o
d d
:—’i-+4—_zﬁ, dl:d2>0' (5.13)
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point should be fixed to be in the region (3 <% <4}, in
order to get the desired breaking. It is found from
(5.13) to be

1-Va d
n0:4<1_3), a:a-ll<1. (5.14)
Hence the ratio of d, to d; is bounded by
0<a<y. (5.15)

With these conditions the symmetry breaking should
occur either in the form G5-6(A) or in the form G5-6(B)
with #;=3. In order to exclude the second possibility,
we shall calculate the minimum values of the potential
in both cases and compare them. The G5-6(B) minimum
is

a a 294
Vain =201 + =2 p§ + =22 pypy + ayp}.

min — 3 3 q (5.16)

The minimum point of V4 is found in the same way as
that of the potential of (5.4) and it is given by (5. 7). In
the present mode one gets positive (o) and (v} and the
upper bound should be imposed

pi/6py > (g} + ¥4 | v3) (detD)) !,

py/602 > (173 + 4| ¥D)(detD}) . (5.17)

A straightforward calculation shows that in this situa-
tion V4, is lower than V2, | hence conditions (5.10),
(5.12), (5.15), (5.17) predict the desired breaking.
Similar conclusions to those in the previous examples
are obtained where the main actual difficulty should
arise from the low bounds (p;/12p,) and (p,/12p,),
where py,>>py, py > p3. The main physical consequence
of the violation of( 5.17), which predicts {(x)=(z;)=0
[Fig. G5-6(B)] is the conservation of baryon and lepton
numbers separately.! Hence the proton can become
stable as a consequence of the pseudominimum situa-
tion.

To conclude we should like to know what could be the
consequences of higher order calculations, on the one
hand, and changing of the environments, on the other,
e.g., external fields,* high tempera.ture,5 or density.®
In the present model the “restoration” phenomena can
arise as a consequence of imposing NM or PM situa-
tions (related phenomena are described by Weinberg®).

| —
e
(A) (8)

FIG. G5-5. NM situation of the (-, +,+) type in the Pati~Salam
model.
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FIG. G5~-6 Possible NM situ-
ation imposed by (5.12).

N

This can occur in different ways and predicts transitions
between different breakings through first-or second-
order phase transitions.® In order to illustrate it, we

go back to the Pati—Salam breaking in the (-, —, =)
mode. Considering the lowest values of {p,/p, and {p,/
p,) it seems reasonable to assume that (o) and (v) are
in the neighborhood of the point {¢) =(v)=-%. As a con-
sequence it might follow that different “environments”
will predict different hierarchies in the breaking, or
second-order phase transition by passing to other do-
mains in the o, , v, plane. These transitions are
presented in Fig. G5-7. The domains in the graph

G5-T represent the following residual symmetries:

L UB)rsz.c®UM)r.zics

O. UB)1.c®UB)r®U()rsLscs

. U(3)c®U(3)r,z®Ul)gyLecs

IV. U(3)®U3)r®@U(3).®Ul)c,14x-

1
VY. . + =
min
™ 4 I
02
| 3
AS
\\
X4<— .1\\ 3
I »0
-} 1
pA'A X x5 r 1}min’;

> change of PHASE

),change of HIRARCHY

- — -

FIG. G5-7. 0py, and vy, in Rys SpPace,
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The point (1) in the graph represents the actual Pati-
Salam breaking, where the arrows to (2) and (3) rep-
resent transitions to other hierarchies of symmetry
breaking according to

(2) UB)r ® U(3)L®U(3)c®U(1)R¢L4C_’U(3)c+L
Iv-11-1

®U(3)R® U(l )R«rLoC - U(3)R+L¢C® U(I)ROCOL’

(3) URB)e © UB)®UB)z@U()corery ~ UB)c
V=111~ 1

®UB)rs®UM)gszec™ UB)resrec
®U(1)R4L¢C'

The arrows from (1) to (4), (5), (6) represent possible
phase transition to I, II, IV, respectively.

We hope to investigate the dynamics of these phenom-
ena in detail in a future article and to learn if and how
they occur.
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A transformation is obtained relating spherical and mean and spherical averages. The kernel of the

transformation is the probability density of N ~'Z¥

" 1x;% in the mean spherical model. The transformation

is inverted to obtain a simple method for computing spherical averages from mean spherical averages.
Averages in the two ensembles are identical except in zero field below the critical temperature.

1. INTRODUCTION

Since its inception in 1952* the spherical model has
enjoyed considerable popularity® as an exactly soluble
model displaying critical phenomena.

The model consists of a set of N “sping” -« <x; <=,
i=1,2,..., N located on the vertices of a lattice with
“Hamiltonian”

Ho==pyxix; —HY x; (1.1
i< i
and the spins subject to the spherical constraint
N
lIxlI? =25 x5 =N. (1.2)
id

The canonical partition function for the model is given
by
Qs(N, B, H) = f exp (aﬁ 24 PyXiX; +BHZ, x)do ,
i<

(1.3)

where the integral is taken over the surface of the N-
dimensional sphere {1.2) and for simplicity we have
assumed that p;; =p;; and set p;; =0.

2. REVIEW OF SOME OLD RESULTS
The partition function (1. 3) is usually evaluated by
writing

QN B, HY= [7-.- [ Z6(lxll-N'/?)

N N
><exp<z[3 27 Py XX ; +BHY), xi) dxy - - -dxy
i,i=1 i=1

N
- 5[Z‘,x%_N]

xexp( B E PiXy x,+BHZ)x )dx1 cdxy

i,j=l

:le/sz

(2.1)

and using the integral representation
o(x) = (1/2m) [ 17 exp(- sx)ds (2.2)

to obtain
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Qu(N, B, H) = (2N*/2/2mi) [ " exp(N$)Q,.(N, B, H, 5) ds,
Spei o

(2.3)
where
Qms(Ns B,H, S)
=fo 2 eXp( SZ)x +3B L PN,
. i
+PHZ, ”> dxy - -y, (2.4)
i=1

The Gaussian integrals in (2.4) are readily performed,
and finally the integral in (2. 3) is evaluated by the meth-
od of steepest descents.!

For the sake of definiteness we will assume that p;;
depends only on r; - r;, where r; and r; are the position
vectors of lattice points 7 and j on a regular hyper-
cubical lattice. In this case the quadratic form in the
exponent of (2.4) is easily diagonalized, and one obtains

Qms(N, B, H, s) = (21/8)" /211 [z - Mq) ] /2
q
X exp{ (NBHZ/2)[2 - M(0) ]}, (2.5)
where
zZ = ZS/B, (2 . 6)

AMq) are the eigenvalues of the matrix p, i.e., the
Fourier coefficients of p(r), and the product over q is
taken over allowed wave vectors in the first Brillouin
zone of the reciprocal lattice.?

In the thermodynamic limit one then obtains for the
canonical free energy'?

- B;b:llmN'l 10ng(N’ B’ H)
N =

=3 1log(21/8) + 2Bz~ NO) I +3lBzs - (2], (2.7
where, in d dimensions,
Az)=@m¢ [T [T 10glz - N(O)]ab, - - - db,. (2.8)
The saddle point z; is determined from
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B =BHz, - NO)I* +(2m< [T ...

x [T[zg= MO)]" a6, - - - d6,, (2.9)

and, in order for the above steps to be valid, one needs

z > M0) = max Mg). (2.10)

3. THE MEAN SPHERICAL MODEL

Shortly after the original paper1 appeared, it was
pointed out by Lewis and Wannier® that the steepest
descent method could be avoided by considering a grand
canonical rather than canonical ensemble in which the
variable s in (2.4) is now conjugate to %22, That is, the
grand canonical partition function is given by (2. 4) with
s, or equivalently z defined by (2.6), fixed by the
condition

N
LN 0
<>_/X%>:—5;10ngs(N,B,H, S):N (3.1)

i=1
so that the spherical constraint (1.2) is satisfied now in
the mean; hence the term mean spherical model. In
reality, of course, there is only one model. The terms
spherical and mean spherical refer to the two ensembles,
canonical and grand canonical, respectively. We will,
however, adopt the common practice of referring to two
models.

In the thermodynamic limit the condition (3.1) reduces
to (2.9), and hence the spherical and mean spherical
models are thermodynamically equivalent. It was quick-
ly realized, * however, that thermodynamic averages,
such as {x}) are different in the two ensembles, and a
little later a more serious discrepancy, involving the
zero field probability distribution for a single spin, was
noted.® More recently it was shown® that consistent re-
sults for the two ensembles are obtained in nonzero
field and even in zero field provided one takes the limit
H -0 after the thermodynamic limit. Qur aim here is
to further investigate the relationship between the two
models in zero field. In the following sections we obtain
an expression for the probability distribution of
Nt3¥, 4% in the mean spherical model {which, not sur-
prisingly, is not simply a delta function) and a trans-
formation relating spherical and mean spherical aver-
ages. In nonzero field and in zero field above the criti-
cal temperature the averages are identical, so that the
transformation is only nontrivial in zero field below the
critical temperature.

4. THE DISTRIBUTION OF N ! 2ﬁ1xl.2IN THE
MEAN-SPHERICAL MODEL
In zero field the saddle point condition (2.4) becomes
B=(2m f o I P V() ) e T

-as,. (4.1)

When [cf. (2.10)]
Bo=(@m? [ [T A0 - MO ab, - -db; <, (4.2)

the expression (2. 7) for the free energy and the condi-
tion (4.1) only holds for 8 <8, (i.e., high temperatures).
When B >8,, the saddle point “sticks” at z,=2(0). A
similar situation occurs for the mean spherical model,
but now some care needs to be exercised in proceeding
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to the thermodynamic limit. For finite N the mean sphe-
rical constraint (3.1) in zero field becomes, from
(2.5),
B=N17(z - M) (4.3)
q
and as long as B<B,, (4.3) becomes (4.1) in the limit

N—~, When B8 >8,, one must separate off the q=10
term in (4. 3) and set

z=x0) +[N(@B-B8)T. (4.9

Then in the thermodynamic limit z sticks once more at
2(0) and identical thermodynamic properties for the two
models are obtained. The distribution of spins, how-
ever, is not at all well behaved in zero field.

In order to investigate the zero field probability
distribution for N'lZfﬂxlf we consider the mean spheri-
cal average characteristic function {exp(i EN-'31.1%%)) .
From (2.4) and (2. 6) we readily obtain

<exp(i£N-1 f/ x2)> :Qms(N, z - 20 E(BN)Y)

Z oel, ) (4.5)

where
Qms(N, Z) = f_:' . f_: exp (_ %B

)(dxl <o dxy.

N
.Z\I (26“ - p{j)xixj\)
i,4=1

D

(4.6)

Using (2.5), it is easily verified that for B <8, and
Now

N
<exp<i Nt Z{ x?» ~exp (z\‘é(BI\I)'1 2z - h(q)]‘)
=exp(if) (B<B,),

where use has been made of (4.3). When 8 > 8, the
q =0 terms must be separated off. Then on substituting
(4. 4) one obtains

) X . Be\ 172
-1 2 ~11- _PC
<exp (zEN {Z:lx,) >ms [l 2i & < 5 )]

4.7

X exp (i £(BN) L;{) (X0) - Mg J*
.1/2
~[1 ~2it (1 - %) ] expl(i £B,/B),

(4.8)

where use has been made of (4, 2). The above results
may be summarized by writing

tim (exp (i z A) =) explitnK( Har 4.9
where for B <8,

K(x,B)=6(x - 1) (4.10)
and for B >,
K(x, B)

_([27(Bx - BYB - B /%8 expl- (Bx - B,)/2(8 - B,)],

x> B,/B,
0, x<B./B. (4.11)

The probabilistic interpretation of the kernel K is clear:
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N

K(x, B) dx =lim Prob {x <Ny x¥<y +dx}. (4.12)
Naw i<

As expected, the distribution is concentrated at the

spherical value for B <B,. This is no longer the case,

however, below the critical temperature B >8,.

Before deriving a transformation relating averages
between the two models it is perhaps worth noting at
this point that a similar situation to the above holds for
the ideal Bose gas when one compares the canonical
and grand canonical descriptions.”*® Thus in the grand
canonical ensemble the probability distribution for the
density N/V

o(x)dx = lim Prob{x<p<x+dx} (4.13)
N V-
N /Y
is given for B <B, by
o{x) = b(x - p) (4.14)
and for B > B, by
_ (p-p)expl- (x-p)/(0-0)], x>p,
olx) = (4.15)
0, x<p,.

The similarity of the ideal Bose gas and the spherical
model has of course been known® for some time.

5. RELATION BETWEEN AVERAGES

For a function f(xy, . .., Xy) we define the zero field
mean spherical average by

fufs —[Qms(N Z) f f f(xl, P 4 xy)

N
Xexp (—%B Z/ (2651 (5.1)

- Pu”‘t"!} dxy - - - dxy
1,74

with z determined from (4. 3), and the spherical aver-
age by
W= [Q,WN, B [ flxy, ..

.y Xy)

¥
X exp (— 3B Elpuxix/) dorg

(5.2)

Beginning with (5. 1), we write

ff(xn N L

-
f(N ) ZZI -
2=0 ° rarchel /ncmenrar

N
X exp (— %B 4)_—,\/1(26” -— p”)xi xj)
-dxy [QnsN, 2)]™.

Multiplying and dividing the summand in (5. 3) by
f exp (’ B 2

-dxy (5.4)
and taking the limit A£— 0 then yields

X dxy - - (5.3)

) (284~ Pu)xij)

rAL OV [N (R 41)A2 i, 1-1

Xdxy - -

SR = [T dry(®), (5.5)

where
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Ty (£) =[@,.5(N, 2)]7

X - -
fu,,.z/quexP( 3B L/ (2611 p,,)x,x,)
del"'de (5~6)
and f¥(£) is the spherical average of f(x, - - - xy) taken
over the sphere IixI?=N§, i.e.,
£ =W, £, 8T [y, ..., xy)
N
X exp (%B 27 p“xlx,) do (6.7
i,d= vNE
with
N N
Qs(N, g, B):fexP(EB Z pijxi )do',/-i (58)
Finally, taking the limit N~ assuming that
ms=}vimfﬁ§’ and (&) =1lim £{ (%) (5.9)
-0 N =

exist and that limits can be interchanged, we obtain,
from (5.5) and (5. 6),

frms= J, FAOK(E, B dE, (5.10)
where we have used that fact that with z determined
from (4. 3)

lim 7y (§) = (5.11)

N-w»

JF K, B an,

where K(7, B} is the distribution function defined by
(4.12) and given by (4.10) and (4.11).

The transformation (5.10) is exactly what one might
have expected. In particular, it is to be noted that above
the critical point B <8,, K(£,B)=58(£-1) and hence from
(5.7) and (5.2)

fms:fs (B<ﬁc)

Below the critical point (8 > 8,) the transformation (5. 10)
is, of course, nontrivial.

(5.12)

6. AN APPLICATION

Since it is always easier to calculate mean spherical
rather than spherical averages, the transformation
(5.10) should be inverted as a practical means of evalu-
ating spherical averages. We will consider a particular
class of functions here which covers most cases of in-
terest, namely f a homogeneous function of some fixed
degree, 2p, say, so that

FOy, Mg, oL, M) = 0P F (g, X, L, Xy) (6.1)
for all A\, As an example, 2p-spin averages satisfy
(6.1).

In order to highlight the temperature dependence, we
write

O =fE, 1), T=8./8

for spherical averages defined by (5.7). The ordinary
spherical average defined by (5. 2) is obtained by setting

(6.2)
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£=11in (6.2), and by changing variables x;~ £ /% in
(5.7) it readily follows from (6.1) that

f(B)= %701, 7/8). (6.3)
From (4. 10) it follows immediately that
Fs(1, ) =fns(T) when 7>1 (6.4)

so that, above the critical temperature, averages are
identical for the two models. When 7<1, however,
(4.11) and (5. 10) give

Fums(D = [ €571, 7/8) expl- (£~ 7)/2(1-7)]

x[2n(E- 7)1 -] 24k, (6.5)
To invert (6.5), we make the change of variables
E=T(x+1) (6.6)
to obtain
FuolS) =[28/(1+25) P(s/m* /2
% fowfs(l' (1+2071) 2 2(1 + x) exp(- sx) dx,
(6.7)
where
s=T7/2(1-7) (6.8)
and
Fons(8) =Fms(28/(1 +25)). (6.9)

Inverting the Laplace transform (6.7) then gives, on
replacing (1 +x)™ by 7,

f(1, Ty =7(1 /7 = )3 (2m)t

X [T (1+1/260(n/9) 2 F () expls(1/7 - 1)]ds.
(6.10)
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As an example consider the case
1 X
- 4
y xN) =N _>_/ X3
i=1

FAC T (6.11)

on a three-dimensional lattice with nearest neighbour
interactions only. It is known* that

Fms(T) =3 forall 7, (6.12)
whereas for the spherical model
3, T>1,

fs(l,T): 3_2(1_7)2’ T<1. (6.13)

Equation (6. 13) follows immediately from (6. 10) by
noting that p =2 in this case, and

(2m)? f::i: (1+1/29)%(n/s) /2 3 exp(sx) ds

=x12(3 + 6x +47), (6.14)

thus closing the cycle back to the original “discrepancy”
between the two models, noted by Lewis and Wannier.*
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Solitons on moving space curves?®
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It is shown that the motion of certain types of helical space curves may be related to the sine~Gordon
equation and to the Hirota equation (and consequently to the nonlinear Schrodinger equation and to the
modified Korteweg-de Vries equation). The intrinsic equations that govern the motion of space curves are
shown to provide the various linear equations that have been introduced to solve these evolution equations

by inverse scattering methods.

1. INTRODUCTION

Although the partial differential equations that exhibit
soliton behavior have been solved in a variety of ways
during the past decade, -1 the underlying reasons why
the known soliton equations should be the elite equations
that are endowed with such remarkable properties have
remained unclear. Some success in this matter has re-
cently been achieved by utilizing the relativistic invari-
ance of the sine--Gordon equation15 as well as concepts
taken from group theory16 and modern differential geom-
etry.!”'® The purpose of this paper is to offer a some-
what more elementary geometric approach by showing
that certain of the more common nonlinear evolution
equations are precisely the ones that arise in a consi-
deration of the motion of certain types of helical space
curves. When the evolution equations are viewed in this
context, the linear equations that have previously been
associated with them in an ad hoc manner for solution
by inverse scattering methods are found to arise in a
natural way from the standard intrinsic equations that
govern the motion of twisted space curves.

The development presented here is a natural exten-
sion of a result obtained by Hasimoto, ® who showed
that the intrinsic equations governing the curvature
and torsion of an isolated thin vortex filament moving
without stretching in an incompressible inviscid fluid
can be reduced to a nonlinear Schrddinger equation.
The many similarities in the properties of the various
soliton equations immediately tempt one to conjecture
that other equations exhibiting soliton behavior may also
be related to helical space curves. In the present paper
this is shown to be the case. The sine—Gordon equation
is shown to be related to curves of either constant cur-
vature or constant torsion with the curvature (or tor-
sion) playing the role of eigenvalue parameter in the in-
verse scattering formulism. A certain class of curves
in which both curvature and torsion may vary are found
to be related to a soliton equation that was first ob-
tained by Hirota.?’ The nonlinear Schrédinger equation
and the modified Korteweg—de Vries equation are spe-
cial cases of this equation. The modified Korteweg—
de Vries equation is obtained for the case in which the
torsion is required to have a constant value which then
plays the role of the eigenvalue parameter in the inverse
scattering formulism. For the Hirota equation and for

AThis work was partly sponsored by the National Science
Foundation under Contract No, GP43070 with the University
of Arizona.
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the nonlinear Schrddinger equation, it is the asymptotic
value assumed by the torsion at large distances from
the disturbance that is the eigenvalue parameter.

The present paper provides an approach to these evo-
lution equations that, in some respects, is similar to
one used previously for treating soliton behavior in co-
herent optical pulse propagation. % In that context the
Bloch equations, which have the form of a single com-
ponent of the vector Serret—Frenet equations, 2z pro-
vide a natural motivation for the introduction of linear
equations to which inverse scattering techniques may
then be applied. In addition, the physical process of
population inversion of the two-level atoms and subse-
quent return of this inverted population to the ground
state provides a natural motivation for associating the
notion of vanishing reflection coefficient with lossless
(soliton) propagation when applying inverse scattering
methods. In the present instance, the orientation of the
trihedral of tangent, normal, and binormal vectors
must return to its original orientation after passage of
the loop of helical motion along the space curve. This
may be used to motivate the association of vanishing
reflection coefficient with soliton propagation for the
equations under consideration here.

In Sec. I the fundamental equations governing the
motion of twisted space curves are introduced and then
combined to yield the general relations that are ulti-
mately specialized to yield the various evolution equa-
tions. In Sec. III, specializations are carried out for
the sine—Gordon equation and for the Hirota equation.
In the course of effecting these specializations, certain
auxiliary functions are also obtained. In Sec. IV, the
intrinsic equations governing the motion of twisted
curves, which are linear vector equations, are used to
obtain various sets of linear scalar equations. These
equations are precisely the equations that have previ-
ously been associated with the evolution equations for
solution by inverse scattering methods. The coefficients
in these equations are the auxiliary functions referred
to above. Hence the specialization procedure used to
obtain the evolution equations also immediately yields
the linear equations. In Sec. V, various linear equations
associated with the equations obtained in Sec. IIl are
listed. As is to be expected, contact with the Korteweg—
de Vries equation may be obtained through the Miura
transformation.?® Finally, the velocity with which the
curves move is considered in Sec. VL
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1. INTRINSIC EQUATIONS FOR MOVING SPACE
CURVES

The motion of a twisted curve may be described by
specifying the curvature and torsion of each point on
the curve as a function of time. At each instant the spa-
tial variations of the unit tangent, normal, and binormal
vectors t,n, and b, respectively, are given by the
Serret—Frenet equations®

t,=Kn, (2.12)
bs:-.Tn, (2.1b)
ns=Th — xt. (2.1¢)

The subscript denotes partial differentiation with re-
spect to the arc length parameter s. The curvature «
and torsion 7 are now functions of time as well as s.

The latter two of Eqs. (2.1) are conveniently com-
bined into the complex form

(n+ib),+iT(n+7b) = - t. (2.2)

If the torsion approaches a constant value 7; in regions
of the curve that are remote from the disturbances of
interest, then Eq. (2. 2) may be rewritten

N, +i7N =~ it, (2.3)
where

N=(n+ib)expli [Lds'(T-T7)] (2.4)
and

y=rexpli [ ds'(7- 7). (2.5)

Since the complex quantity ¥(s, f) contains both curva-
ture and torsion, it provides a complete description of
the twisted curve. It is for this quantity, or functions
closely related to it, that various evolution equations
will be obtained. Extraction of the term 7, is convenient
at a later stage in the analysis when the linear equa-
tions associated with inverse scattering methods are
considered. If one’s primary concern, however, is with
the geometric configuration of the curves themselves,
then the definition of ¥(s, /) used by Hasimoto'® may be
preferable.

In terms of N and ¢, the first of the Serret—Frenet
equations takes the form

ts=3(P*N + YN*), (2.8)

where the asterisk indicates complex conjugate. In
place of the customary vectors n,b, and t, it will be
found convenient to describe the curve in terms of the
three linearly independent vectors N, N*, and t. They
are readily shown to satisfy the relations

N.N*=2, N.t=N*.t=N-N=0. (2.7

Following the procedure employed by Hasimoto, the
temporal variation of N, N*, and t may also be ex-
pressed as linear combinations of these vectors, i.e.,

N; = aN + BN* + 1t, (2.8a)
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t, = AN + UN* + vt, (2. 8b)

Restrictions on the coefficients in these equations are
readily obtained. Multiplication of Eqs. (2.8) by N and
t and use of Egs. (2.7) yields o+ a*=0, 8=v=0, and
Y=-2u. Hence

N, = iRN + 1,
t, = — 2(Y*N + yYN*),

(2.9a)
(2. 9p)

where R(s, t) is real. Equating N, and N, as obtained
from Egs. (2.3) and (2.9a) as well as ty and t,; from
Egs. (2.6) and (2.9b), one finds

P +vs+i(Tey - RY) =0,
Ry = 3i(yy* - v*0).

(2.10a)
(2.10b)

Equations (2.10) provide three equations for the five
functions included in R, ¥, and ¥. (The identifications
$=2q, Y==2B, R=-2{A, v*=2C, and 7,=2{ yield
the equations employed in Ref. 7.) This indeterminacy
may be used to specialize the functions so as to yield
various types of space curves.? In particular, if the
auxiliary functions R and ¥ can be expressed in terms
of ¥ and its spatial derivatives, then Eq. (2.10a) will
provide an evolution equation for the spatial and tem-
poral variation of the curvature and torsion of the curve
as expressed through 3. Also, as shown below in Sec.
IV, Egs. (2.9) and the Serret—Frenet equations are
easily related to the linear equations that have been
associated with these evolution equations for solution
by inverse scattering methods.

1. CONNECTION WITH CERTAIN STANDARD
EVOLUTION EQUATIONS

A. The sine-Gordon equation

It will now be shown that the sine—Gordon equation
may be associated with certain curves of either con-
stant curvature or constant torsion. If the curvature is
a specified time independent function of the arc length
parameter, then

(3.1)

where x(s) is assumed known. In addition, if T, is cho-
sen to be zero, then

P =«(s) exp(io),

o(s, t) = f_ids'T(s', ?). (3.2)

Also, if ¥ is allowed to be an arbitrary real function of
time, then Eq. (2.10a) yields

R = Ut (3 . 3)
while Eq. (2.10b) becomes
R, =7(t)k(s) sino. (3.4)

Introducing the new independent variables ds’ = k(s) ds
and dt’ = ¥(f) dt, one sees that o satisfies the sine—
Gordon equation in the form

Ogepr =sino. (3.5)

More simply, one may merely set k=« a constant,
and Y= l/Ko.

G.L. Lamb, Jr. 1655



F4

FIG. 1. Example of single soliton curve of constant curvature
k=1, 7=2sechs.

As an example of the type of space curves that may
be associated with the sine—Gordon equation, consider
the solution of Eq. (3.5) that yields the single soliton
solution, namely

o=4tan™ explas + t/a), (3.6)
where a is an arbitrary constant. According to Eq.
(3.2), the corresponding torsion is

T=2asech(as +1t/a). (3.7

The simplest space curve will be the one associated
with a constant value of x. Both curvature and torsion
are thus specified. Determination of a coordinate rep-
resentation for a curve having specified torsion and cur-
vature is a standard problem in elementary differential
geometry.® A calculation for the single soliton curves
considered here is given in Appendix A. The result for
kKo=1and a=1 is shown in Fig. 1.

A curve of constant torsion may also be associated
with the sine—Gordon equation. Setting 7=7T;, one sees
from Eq. (2.5) that ¥ is real and equal to the curvature.
If one sets k=0, and chooses ¥ ={i/7;) sino, the expres-
sion for R, is integrable and Eq. (2.10a) again yields
the sine—~Gordon equation. A coordinate representation
for a curve with constant torsion and with curvature
K(s, #) = 2asech(as +{/a) is also derived in Appendix A.
The result for 7y=1 and a=1 is shown in Fig. 2. Fig-
ures of this type for various values of a are given by
Hasimoto in his consideration'® of helical curves as-
sociated with the single soliton solution of the nonlinear
Schrodinger equation.

B. The Hirota equation

Certain other well-known evolution equations are ob-
tainable by specifying 7 in such a way that the expres-
sion for R, given in Eq. (2.10b) is a perfect derivative.
An obvious choice of some generality is

ysz +ikps+ awsm

where f is a real function that will be determined sub-
sequently while 2 and a are real constants. Then,

R=-3k| |2 +3ia(*bs— p¥) + (1), (3.9

where ['(¢) arises upon integration of Eq. (2. 10b) with
respect to s. Substitution of Eqs. (3.8) and (3. 9) into

(3.8)
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Eq. (2.10a) shows that the associated evolution equation
must be of the form

d)t + (flp)s"‘i(TOf—F)lb'*'i(k + Toa)d)ss +awsss‘ Tl)kd)s
+3ik | 9] % + 5] 9] 2% - 29PY% =0.

To obtain an equation involving only ¢ or | ¢! and deri-
vatives of ¥, the term y?¢* in this equation must be
eliminated. This is readily accomplished by setting
F=£(, ¥*) and requiring

of

(3.10)

Then, since f is real
f=3%aly|?+c, (3.12)

where c¢ is a real constant. The equation for ¥ now
becomes

Pe +3al 020+ pYs+iq| 9|2+ ird + 2iqiss + asss =0,
(3.13)
where

p=c-Tek, g=3(k+T4a), r=c7y-T. (3.14)

The constants p and » may be set equal to zero with-
out loss of generality since terms involving only ¥ or
¥s are readily removed from Eq. (3.13) by simple
changes of the dependent and independent variables.
(Such transformations are, of course, of prime con-
cern in determining the geometric significance of the
dependent variable §.) Solving for ¢, %k, and I’ in terms
of ¢ and a, one finds c=2T,g-T3a, k=2g—-Tya, T
=2729 - 73a. The final form of the evolution equation is
then

O + 3al 9|20, +ig| 9|29+ 2iqies + alees =0 (3.15)
with
R=—(g-37@) | 0|2 +3ia(y* ¥, - p9) + T5(2q - Toa)
(3.16)

d 0.5
/ (c)
f + + i— 2
=
-0.5 + (b)

-2
/7 «
—= ! ' —— 2
-2 2
Yy

FIG. 2 (a) Example of single soliton curve of constant torsion,
T=1, k=2 sechs; (b) projection of curve on xy plane; (c) pro-
jection of curve on xz plane.
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and

y=fb+i(2q - To@) s+ alss, (3.17)
in which
f=3aly|?+ 729 -Ta). (3.18)

Equation (3.15) may be put into the three-parameter
form given by Hirota?’ by rescaling the arc length vari-
able. Setting s =Ax, one obtains

Y, +3A| |2y, +iB| 9|2 +iCy,, + Dy, =0 (3.19)

where A=c/2), B=q, C=2¢/*, D=a/X’. The elimi-
nation of A between these four coefficients yields the
restriction AC=BD,

As is well known®?’ Egs. (3.15) or (3.19) contain
both the nonlinear Schrédinger equation and the modi-
fied Korteweg—de Vries equation. The results for these
specializations are summarized below.

(1) Nonlinear Schrbdinger equation: Setting a=0 and
g=-1in Eq. (3.15)—(3.17), one obtains

i+ | 9|20+ 204 =0 (3. 20)
and

R=|[y[2 27, (3.21a)

Y==2Tg - 2iys. (3.21b)

As noted above, the helical curves corresponding to the
single soliton solution of the nonlinear Schrédinger
equation has been described by Hasimoto. '®

(2) Modified Korteweg—de Vrvies equation: Setting ¢
=0 and a=1, one obtains

Do+ 31 9[205 + dyss =0 (8.22)
and

R=37g| 3% - 75 + 50y - 9ub), (3.232)

Y= 0|2 = T8 = T+ Uis. (3.23p)

If ¥ is assumed to be real, which according to the defi-
nition of ¥ given in Eq. (2.5), corresponds to a curve
having a constant torsion equal to 7y, one obtains re-
sults which pertain to the modified Korteweg—de Vries
equation.

Finally, in addition to the differential equations that
follow from the integrable form of R that results from
Eq. (3.8), certain integral equations associated with
nonintegrable R have also been considered. 8,14 A gim-
ple example is obtained here with the choice ¥=1% and
T,=0. Then Eq. (2.10a) becomes

Y i+ [ ds'|p]|2=0. (3.24)
The soliton nature of such integral equations has been
noted previously. ®**

IV. CONNECTION WITH LINEAR EQUATIONS OF
INVERSE SCATTERING

Since the Serret—Frenet equations, as well as Eqgs.
(2.9) that express the time dependence of N and t, are
sets of linear equations, it is natural to inquire as to
the manner in which they may be related to the systems
of linear equations that have previously been identified
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with the soliton equations. A correspondence between
these linear equations is readily established. One may
begin by noting that any of the three scalar components
of Eqs. (2.3) and (2.6) as well as Eqs. (2. 9) possess
the first integral IN12+ £ =1, where N is now some one
of the three components of N and similarly for ¢. Setting
N =u+iv and following a standard procedure used in
curve theory, ? one may factor this first integral and
write

utit _1+v_ (4.1a)
l1-v u-it
(u=-it)/(1-vY=(1+0v)/(u+i) =—1/x=0*. (4.1p)

Solving for u,v, and ¢ in terms of ¢ and X, one finds

u=(1-9x)/(¢-X), (4. 2a)
v=(p+x)/(9-x), (4. 2p)
t=i(1+@x)/ (¢ - X). (4. 2¢)

These expressions are now introduced into the scalar
equations for #, v, and ¢ that are obtainable from Egs.
(2.9), and from Egs. (2.3) and (2.6). Writing ¥=7,
+1y; and $=1¥, +7y;, one obtains

u=-Ru+ Yl (4. 3a)

v=Ru+ 7, (4.3v)

== (v,u+vp) (4.3c)
and

us=Tow — B, (4.4a)

Ve==Tott = Ut, (4. 4b)

to=bu + Y. (4. 4c)

(The dot indicates differentiation with respect to time.)
From Eq. (4.3) one finds that ¥ satisfies the Riccati
equation

@ +iv,o+3(Gy, - RY9* = 3(iv; + R) =0. (4.5)

The function X is found to satisfy the same equation.
Similarly, substitution into Eqs. (4.4) leads to the
Riccati equation

@s= i@ +5(Tg— i) %+ 3(i9, + 7)) =0. (4.8)

Each of these Riccati equations may be replaced by
a pair of linear first-order equations by setting ¢ =v,/
v1. One finds

Vs = 31%, 0 +5(iY; ~ Rv,, (4.7a)

Vo = 5(i7; + R)vy - $i%,0, (4. o)
and

U1e == 28,0y + 2(= i, + T)vy, (4.82)

vge == 5%y + To)vy + 2ithv,. (4. 8b)

Besides the function ¥, the coefficients in these lin-
ear equations are the auxiliary functions R and ¥ that
have already been obtained in the previous specializa-
tions to obtain the various evolution equations. Hence,
once R and ¥ have been determined, the linear equa-
tions that are customarily associated with these evolu-
tion equations are immediately available. Not all of the
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familiar forms for these linear equations follow merely
from Eqs. (4.7) and (4.8), however, since additional
linear equations are also obtainable if one replaces Eq.
{4.1) by alternative factorizations and repeats the cal-
culation outlined above. In particular, the choice

(w+i)/(1-0=1+8/(w=-iv) =9, (4.92)

(w—-1i)/(1-t)=(1+8/(w+iv)==1/x=p* (4.9b)
leads to the Riccati equations

©; ~iR@ +37* 2 + 3y =0, (4.10a)

Qs +iT @ = 3P*@? = 5P=0 (4.10b)

and the associated linear equations

vy =— 2Ry + 370y, (4.11a)

Vg == 270 T5iRv, (4.11p)
and

vys— Ty = = 5% vy, (4.12a)

Vas + 2TV =50y (4.12b)

where again ¢ =v,/v;.
Finally a third factorization
w+i)/Q-w)=1+w)/(v-i=g, (4.13a)
(w-it)/ Q=) =1 +u)/(0+i) == 1/x=¢* (4.13b)

leads to the Riccati equations

@0 +iv;0 +3(R+iv,) 9% +5(R - iv,) =0 (4. 142)
and

@ =0 = 3(Ty+ i) " — 5(Tg - i9,) =0 (4.14p)
with associated linear equations

vy =301 + 5(6, + R)ug, (4.15a)

var =35(E¥, — R)vy = 307,05 (4.15b)
and

v1s == zib01 — 2(To + 19, )0, (4.16a)

Vas =3(Tg = 18, vy + 32505, (4.16b)

Comparison with Eqs. (4.7) and (4. 8) shows that they
merely serve to interchange the roles of the real and
imaginary parts of ¢ and 7.

Use of the first two of these sets of equations to re-
cover the standard linear equations associated with the
evolution equations is outlined in the next section.

V. SUMMARY OF RESULTS FOR VARIOUS
EVOLUTION EQUATIONS

Results obtained in the previous sections may be used
in various ways to associate linear equations with the
nonlinear evolution equations under consideration here.

A. The sine-Gordon equation

As noted in Sec. III, the sine-—Gordon equation may
be associated with curves of constant curvature (= ).
If one also sets 7,=0 and ¥=1/x; in Eq. (3.4) then,
since now R=0;, Eq. {3.4) becomes the sine—Gordon
equation. The linear equations of the first factoriza-
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tion, namely Egs. (4.7) and (4.8), yield

vy — (/2K)v; = = 30,05, (5.1a)

Vg + 1/ 2605 = 30,04 (5. 1b)
along with

s = — TiKyUy COSO — 2Ky, SiNG, (5. 2a)

Vs == 3Ky SINC + 31 K40g COSO. (5. 2b)

Equations of this same form but with the role of spa-
tial and temporal derivatives interchanged may be ob-
tained by considering a curve of constant torsion 7. As
noted in Sec. IIA, the quantity ¥ is then real. With ¢
equal to o as before and also with ¥=(:/7,) sing, R
=(1/7y) coso the linear equations corresponding to the
second factorization, i.e., Eqs. (4.11) and (4.12), take
the form

15— 2T g0y = = 30503, (5.3a)

Vgs + 20T g0y =205 (5. 3b)
and

vy =~ (£/27 vy coso = (i/2T v, sing, (5.4a)

vy = — (/2T y)vy sino + (i /27 ), coso. (5. 4b)

These same choices for ¥ and R also yield linear
equations for the one-component inverse method. Use
of the first factorization, i.e., Eqgs. (4.8a), (4.8b),
yields

Vys == 3E00y + 3Ty, (5.5a)

Vas=— 5Tqly + 210505, (5.5b)
The second-order equation obtained for v, is

Vyss +1 (T + E 4 2i0,)v, =0, (5.86)

to which the customary inverse methods for the
Schrddinger equa.tionz'z1 may be applied.

B. The Hirota equation and specializations thereof

Here the most convenient choice for linear equations
appears to be Eqs. (4.11) and (4. 12) with R and ¥ given
by Eqs. (3.16)—(3.18). As noted in Sec. III, the spe-
cialization @ =0 in the Hirota equation leads to a non-
linear Schrdédinger equation. The most convenient lin-
ear equations are again Eqs. (4.11) and (4.12) and the
standard results® are obtained,

On setting ¢ =0 and requiring ¥ to be real, i.e., by
setting 7=T,, the results for the Hirota equation re-
duce to those for the modified Korteweg—de Vries
equation. Here the choice of Egs. (4.11) and (4.12) for
the linear equations leads to the customary first-order
linear equation.” On the other hand, if Eqs. (4.7) and
(4. 8) are employed then Egs. (4.8) may be combined
to yield

vyss + (§T5+2)0, =0, (5.7a)
Vpss + (%T% + Z*}Ua =0, (5 7b)

where
z =3(¢% + 209y, (5.8)
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This, of course, is the Miura transformation, ?® and one
can readily show that z satisfies the Korteweg—de Vries
equation in the form 2z, + 6224+ 24,,=0 if § satisfies the
modified Korteweg—de Vries equation as given in Eq.
(3.22). When 7, R, and ¢ are expressed in terms of z,
one finds that Eq. (4.7a) yields

N PPy A ]
il TS AR P P P J e
i.e., the expected result® for the time dependence of the

eigenfunctions associated with the Korteweg—de Vries
equation.

(5.9

VI. KINEMATICS OF THE CURVES

In the hydrodynamic problem considered by Hasimoto,
the motion of each point of the vortex filament was known
to be parallel to the binormal to the curve at that point.
The magnitude of the filament velocity, in appropriate
units, was equal to the curvature of the filament at each
point. If X(s, f) represents a position vector to the fila-
ment, then

X, (s, ) =«(s, Db. (6.1)

This provided the starting point for the physical con-
siderations which ultimately led to the nonlinear
Schrédinger equation.

In the present analysis, on the other hand, analytical
specializations have been introduced to yield the stan-
dard evolution equations. Consideration of these results
would not be complete without some indication of how
the velocity of the curve may be obtained.

Writing the velocity vector in the general linear form
X, =h*N +hN* + gt (6.2)

and noting that X, =t, one finds that the equality of
mixed second derivatives of X imposes the relations

ho+iToh +30g =~ 37, (6.3a)
RE —iTh* + 50 g=— 3V, (6. 3p)
gs— P*h— Ph* =0, {6.3¢)

The solution of this system of differential equations is
conveniently expressed in terms of the functions v; and
vy introduced with the second factorization in Sec. IV.

The calculation is summarized in Appendix B.

For the nonlinear Schrddinger equation in the form
employed here, i.e., Eq. (3.20), one obtains

X, =2kb +47t. (6.4)

The constant 7; is seen to introduce a “slippage” along
the curve.

For the modified Korteweg—de Vries equation the
result is

X, == Kkn+ 2Tokb + (373 — 31 A)t. (6.5)

The results for the sine~—Gordon equation cannot be
expressed in such a transparent form since the inte-
grals involved are not amenable to evaluation in any
direct way. Specific results for the steady state solu-
tion obtained by setting o(s, ) =c(as +¢/a) are obtainable
as indicated in Appendix B. For the curve of constant
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torsion one finds

X, =~ a?[(x/T)b + t]. (6.8)
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APPENDIX A

If the curvature « and torsion 7 of a twisted curve
are given as functions of arc length s along the curve,
then the curve may be referred to a rectangular co-
ordinate system through relations of the form

x=[*Uds’, y=[*Vas', z=[°Was’, (A1)
where the integrands are related to « and 7 through four
intermediate functions. These latter four functions com-
prise the general solution of the Riccati equation

fo+ikf—3iTf2+2iT=0 (A2)

i.e.,
Ff=(cP+@)/(cR+S), (A3)

where ¢ is an arbitrary constant. The expressions for
U, V, and W are®

U=[P?_R? - (@*-8)]/2T, (Ada)

V=i[P? - R?+ (@ - §9)]/2T, (A4b)

W=(RS-PQ)/T, (Ade)
in which

T=PS- QR, (A5)

The single soliton curves considered in Sec. IIla may
be obtained by solving Eq. (A2) for k=K, and T=2a
X sech(as + bf) and for k=2asech(as +b?) and T=T,. The
general solutions of the two associated Riccati equa-
tions are closely related since a function g related to
fin Eq. (A2) by the transformation

g=(f+1/(f-1

satisfies a Riccati equation with « and 7 interchanged,
i.e.,

(A6)

(A7)

A particular solution of Eq. (A2) with k=2asech(as
+ 1) and 7T =T, has been given previously for a problem
in coherent optical pulse propagation.?® In the notation
being employed here, that particular solution is

G +iTg = 51K + 3k =0,

f=-l[a~-iexp(=io/2)])/[a-iexp(ic/2)]

where c:4tan'1[exp(as +b#)]. One may readily show
that if ; is a particular solution of Eq. (A2), then an-
other particular solution is f, = - 1/f§. With two par-
ticular solutions known, the general solution is then
given by a single quadrature.? The solution is of the
form of Eq, (A3) with

(A8)

P =exp(-iv[v +i exp(- ia/2)] (A9a)
Q=v—iexp(-ia/2) (A9b)
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R =exp(-iv&)[v +iexpio/2)]
S=-[v-iexp(io/2)]

(A9¢)
(A9d)

where £=as +b¢ and ¥ =T,/a. When the expressions for
U, Vand W are formed from these results, one finds
that the integrals in Eqs. (A1) may be expressed in
terms of elementary functions. The results, which have
been discussed in some detail by Hasimoto, '® are

x=— 2asechésinvé, (A10a)
y=2asechfcosvi, (A10b)
z=8§—2atanhf, (A10c)

where a=2/[a(x? +1)].

An example of the type of helical curve described by
this result is shown in Fig. 2. For additional figures,
the paper by Hasimoto may be consulted. Equations
(A10) may also be found in a paper by Hoppe. 2

For K=k, and T=2asech(as +t/a), the transforma-
tion given in Eq. (A8) leads to a solution of Eq. (A3) in
the form

F=(cP +@Q)/(cR+Y) (A11)
where

P2 exp(-ivE)[v +icos(a/2)], (A12a)

@ =- 2sin(0/2), (A12b)

R =2 exp(~ivE) sin(0/2), (A12c)

S=2[v-icos(a/2)]. (A12d)
Equations {(A4) now yield

U=[(?=1) cosvi +2cos(o/2) sinvE]/(¥2 +1), (A13a)

V=[(v?- 1) sinvt -2 cos(0/2) cosvil/(¥2+1), (A13b)

W =2v sin(c/2) /(% + 1). (A13¢)

Figure 1 is typical of the results that may be obtained
in this case. Integrations for x and y were performed
numerically.

APPENDIX B
Equation (6. 3) may be written in the vector form
Vi+AV=F (B1)

where V=_(k, #*, )T and F=-3(7, v*, 0)7, in which T
represents the transpose operation and

i, 0 3y
A=y 0 -iT, 3*}. (B2)
=% 0

The solution of Eq. (B1) is conveniently expressed in
terms of a fundamental matrix?’ that is composed of

three column vectors which satisfy the homogeneous

counterpart of Eq. (B1). The solution of Eq. (B1) is

then

v=2a[C+ [Lds' aU(s") F(sN), (B3)

where ® is the fundamental matrix satisfying &,+ A
=0 and C is a constant vector. The solution vectors re-
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quired for ® are readily constructed from Eqs. (4.12)
since these equations may be combined in three differ-
ent ways to yield equations of the form

Grts +iTobn +2V0p3 =0, (B4a)

Onzs — LT oPpz + FU Dn3 =0, (B4b)

Brgs — P*Om1 — PPn2=0, (B4c)
where n=1, 2, 3. Three choices are

(P11, P12, P1a) = (01*%, = v*2, 20 %0, *) (B5a)

4 (D21, Dz2r D) = (= 1%, v1%, 20405) (B5b)

(D31, Pszs Pag) = (= v1*vy, — v105%, [0y |2 - lv,13).  (B5e)

Choosing the normalizations of v; and v, such that
lv312+ 10,12 =1, one readily finds that detl¢,,| =1 and
that the inverse of @ is

v,® — v,? V40,

v *op* . (B6)
12

1| - va*z vy *®
= 20 v,* = 2v1%v, g l%=lu,
The vector V is then given by Eq. (B3) with
y0,% = v¥u,?
Jods'® F=—3 flds’l Yo ¥ - y0* (87
~ 2v0v* — 2V %0,

A similar solution to equations of the form of Eq. (B1)
was employed in Ref. 8.

The integrals in Eq. (B6) are readily evaluated when
¥ is introduced in the form given in Eq. (3.8). The in-
tegrals in Eqs. (B6) are then readily carried out with
the help of Eqs. (4.12).

For the nonlinear Schrodinger equation 7 is given by
Eq. (3.21b) and one finds

i) - 3Gv v,
f_ids'@“F: — 1% = 3G v,* , (B8)
474~ 3G(| 0|2 = |04 |?)

where

G:8TO(|UZ‘2—|1)1|2)|3=_.°. (Bg)

If one now chooses ¢; =C,=0 and c; =3G, then h=1iy
and g=47;. Equation (6. 2) reduces to Eq. (6.4).

For the modified Korteweg—de Vries equation, ¥ is
given by Eq. (3.23b), and one finds

. 1 1
iTo) =28 = 2Gv *0y

[2ds’@ F =\ —iT* - 3y¥ - 3Gy, (B10)
— 31912+ 372 - 3G(|vg|2 = |01]?)
where
G=6T3(|vs]% = [01]%) ] oo (B11)

If one chooses ¢; =C, =0 and ¢3 =3G, then h=iTy ) —3¥,
and g=-3|9|%+372. Equation (6.2) reduces to Eq.
(8.5).
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It does not appear that the corresponding analysis can
be carried out for the sine—Gordon equation. However,
for steady state motion of a curve of constant torsion,
the calculation is feasible. Writing the steady state so-
lution in the form o(as +#/a), one notes that ¥ = ({/7,)

X sino =i/(74@®)0s. Then with the help of Eqs. (5.3},
one obtains

~ 05+ 2iTGog*u,

S .
'/-:o ds,q)-lF:ZT—anz o+ ZZ'TOGU,_UZ* (B12)
20Ty + 217G (| vy |2 = |v, |
where
G=(lv1[*~ [05]3)] s-e. (B13)

If one now chooses ¢y =¢,=0 and ¢; =—- G/a?, then h
=-10,/2T)2% and g=— 1/c%. Noting that k=0,, one finds
that Eq. (6.2) reduces to Eq. {6.86).
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Following the results of Garcia, Plebanski, and Robinson, and the spinorial technique of Finley and
Plebanski, complex space-times with a null string (therefore, one-sidedly degenerate) are investigated in
the presence of the cosmological constant and the electromagnetic field. The structure derived by Garcia,
Plebafiski, and Robinson thus acquires a more lucid and concise presentation. The computational
procedure is improved considerably, permitting the inclusion of an explicit outline of all calculations

involved.

1. INTRODUCTION

This article is a further step in the series initiated by
Plebafiski and Robinson,! where it was established that,
in a complex space—time, the algebraic degeneration
from (at least) one side of the conformal curvature—
that is, e.g., the self-dual part of the conformal curva-
ture tensor has a multiple Penrose’s spinor—implies
that the solutions to Einstein’s equations in vacuum
are described in terms of one function which must ful-
fill an equation of the second order and second degree
(the hyperheavenly equation). Those authors also out-
lined the basic idea of a generalization to the presence
of a (complex) electromagnetic field in the space. The
results of Ref. 1 were reformulated by the present
authors (without the electromagnetic field, but with an
allowed cosmological constant) by using spinorial tech-
niques.? (Hereafter we refer to this paper as I). Be-
cause of the intrinsic alignment of the spinorial param-
etrization with the very nature of the geometry under
consideration, and its compactness, some rather non-
trivial computations have been presented in detail.

Recently, Garcia, Plebafiski, and Robinson® have
given a complete description of the structure of a com-
plex one-sidedly degenerate electrovac space—time with
cosmological constant (where the electromagnetic field
is required to be correlated with the null, totally geo-
desic 2-surfaces which are characteristic of complex
minimally degenerate space—times*), reducing all the
Einstein—Maxwell equations to two differential condi-
tions on two arbitrary functions. (This structure is
therefore considerably more involved than the case of
pure vacuum. ) The objective of this present study is to
give a spinorial derivation of the structure in this situa-
tion, and to give a complete calculation of the results,
following the notation and techniques of I.

In Sec. 2 we list the assumptions, summarize the
notation, and then describe the results by giving the
representation of the (complex) electromagnetic and
gravitational fields through their respective {scalar)
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potentials and the residual equations which they must
satisfy. In Sec. 3 we outline the explicit derivation of
these results, which were made possible because of
the automatic convenient, sequential grouping of the
equations according to their helicity {(made possible by
the choice of tetrad and the spinorial notation) into
trivially integrable triplets or singlets.

2. ASSUMPTIONS AND THE RESULTS
We study the combined Einstein—Maxwell equations
with cosmological constant, A, analytically continued
to complex space—time. The 2-form F =3F,,dx" Adx”
which describes the electromagnetic field may be writ-
ten in terms of its spinor components®:
w=(F,, +*F,, ) dx"* Adx=2f 5 545,
the self-dual part,
G=H(F,, - *F,,) de* Ndx*=2f; 5542,
the anti-self-dual part.
(2.1)

The Einstein—Maxwell equations are then written as the

set
(2.2a)

(2. 2b)

dw=0=dw,

Capep=—8fanfis, R=-141,

where the second line is just the usual Einstein equa-
tions with electromagnetic source, written in their
equivalent spinor form.®

In order to solve these equations we require, as in
the vacuum case, that the space—time admit a con-
gruence of null strings, i.e., null surfaces described
by the 2-form

S=dundv, (2.3)

with # and v independent variables constant on each
surface. Moreover, in addition we assume that the
electromagnetic field is aligned so that

FIZ=*Fnr*Z)=0. (2.4)

It turns out that, in a complex space—time, these as-
sumptions are sufficient to allow us to completely
characterize all solutions of our set of 18 coupled par-
tial differential equations in terms of fwo key functions,
which are subject to a pair of residual constraint equa-
tions. We will now state how the gravitational and elec~
tromagnetic structures may be described in terms of
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these key functions and some parameters (constant on
each null surface in our congruence) which can be in-
terpreted as “constants of integration.”

Capitalizing on the existence of our congruence we use
especially adapted coordinates and tetrads: In addition
to # and v as coordinates, we choose a pair, x and y,
of longitudinal variables which vary along the surfaces.
Following I {(which see for more motivation) we interpret
our coordinates as a pair of spinors

_fu a_f[~y
qA_(U)’ p _<_x>:

and choose a {complex, null) tetrad and the dual basis
for the tangent space as

(2.5)

- Y pio_ g0k e!
ei=¢7tdgi=\ 1), E*=-dp® +Q*dqp=| .}, (2.6)

I TN 2 (2
g ‘¢(aq;+Q aB)‘(a)’ 'a"“‘apf“(a:)’
2.7

where the metric is to be taken as’

g=20'9 ¢% + 26%9 ot =2¢"X~ dg, 2 dpA + QB dq;;® dg;),
(2.8)

while ¢ and @4 are sufficiently smooth functions of all
the coordinates. When ¢ is linear in p#, as will be_,
shown, it and the symmetric second rank spinor Q4%
determine the character of the metric as a double Kerr—
Schild metric.® Note that, unless stated to the contrary,
all our spinorial objects (connections, electromagnetic
field, Riemann tensor, etc.) transform in the usual way
under the tetradial gauge group, according to the type

of their indices.?

The Einstein—Maxwell equations and Eq. (2.4) then
require that ¢ =J 3 p” + k, where J3 and k may be chosen
to be constant. ! There are then two distinct cases: If
J3=0, we call this case I, and renormalize « to 1;
otherwise we call the solution case II.!! In Sec. 3 we
will discuss the limiting process between these two
cases, but here we give explicit formulas for both cases.
We then, further, find that the electromagnetic fields
must have the form

w=d{ep* +v") dqi}, ©=+d{(3;H)dg"}, (2.92)
with the requirement that
#10%H =0, 2.90)

while the structural functions for the metric are just
given by

I: d):JAp;l +k, Q/‘if‘? _ ¢38(A¢-Zaé)w

+ 53 +2/6KAK® - 2% A6, (2.10)
I ¢=1, @A —_ 0%2P o+ 2(FY4 + bp'4)p® _ geadgh)

where €, p, y4, F# are functions of g3 only, and, in
case I, K* is orthogonal to J3,

85 ==(K T3 - JK3), T=K*J;,

B

(2.11)

while W or O (in the two cases) and H are key functions
subject to the pair of residual dynamic equations, where
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it was necessary, to describe the gravitational struc-
ture, to write the equations in terms of G4, afirst inte-
gral of H such that
dH =23 ,0°G*. (2.12a)
We want to emphasize, however, that writing # in
terms of the two components of G* is just a matter of
convenience, rather than an increase in the number of
key functions, since any Ve satisfying Eqs. (2.9)—(2.13)

will do. In particular, if we define C and D by
J43;D= ¢pH=K*3;C, (2.12b)

then either of the choices G* = ¢ ’K*C, or G* = ¢2J*D
is an acceptable choice of G, demonstrating that there
is only one degree of freedom in G*, corresponding to,
say, C, with the other component being just a gauge
freedom. Since both of these choices can be useful in
particular cases, we will continue using G* in the rest
of the formulas.

We must now give the pair of equations to which the
Einstein—Maxwell equations have been reduced. They
are most simply expressed in terms of two auxiliary
quantities, which are simply abbreviations for combina-
tions of W and G ;:

II. BA= ¢p~%0*W +2¢G4,
ex =670 Be+10(2°B)3 2Bj,
+(¢BB3Y +(no® -2 /3)K 1B
Ape s . . .
o BA B 50° - (0 + 0K, 6= 3 (bR s+ o
- Nip*, (2.13a)
I: BA =240 + 2G4,
ex =B +1(34B%)0 ;B;,
= (FA+2p*)B; =20 + (F*p)*/18 - (FA%p;p3)/6
~3(pPe, 2+ 0H - Ny ph, (2.13b)
The residual dynamical equations then take the form:

I: 3;x = ¢ 0 :H - 2HJ®3 1¢* B3, + 3 ¢* (HK 3/ T~ B;/e),

(2.14a)
I: dix=83H+\pi+F3)H~2\Gy, (2.14b)
where we have introduced the notations
e,,;E;—eX and 65)/‘;.,‘;, (2.15)
q

and Nj is another arbitrary function of g3 only. It is of
importance to point out that our pair of dynamical equa-
tions just forms one spinor-valued equation, which links
the gravitational and electromagnetic key functions.

It may appear that either set of the above equations
is rather complicated. However, it is to be remembered
that they are the distillation of some 18 coupled Ein-
stein—Maxwell equations. Under only the assumptions
that our complex space—time admit a congruence of
null strings, and the constraint FI¥ =0, the entire set
of dynamical equations has been integrated to only this
rather plausible pair of residual dynamical equations.
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The result which we have here is also very general in
that all the results of the real-valued Einstein—Maxwell
theory of degenerate solutions are contained in real
slices of this result.!! We also note that if the right
electromagnetic field (anti-self-dual part only) vanishes,
then H, and G, vanish, Eqs. (2.14a) require that ey
=&+3uW, £ an arbitrary function of g3 only, and Eqgs.
(2.13) reduce to the hyperheavenly equation in vacuum,
[See I, Eqs. (3.14)—(3.15).]

We may also list here the components of the conformal
tensor, in terms of the key functions:

I: CA555=¢38<A8§65¢2{35) - 32K Képk}, (2.16)
I Cisip=- 24852885,
II. c(5):0:C(4)
C® =- 2% -eJ5H),
C® 23 INad4 - (pA + kKA 27,
+29593(pC%, & + 6)H + 3¢, 30°H +e J°H ¢},

2.17)

X E\z;+2i7p;KR“,g +§ua;,H-§He,;;J

+Jé[NAp" +ex +3vH] &+ 8T i[2N 3 + He 3 - v0 3H]
XJABE + 5pva H A
Tor

v I u, ep- ¢ [2}’><BJR)BB +TT.'JRKBBB

€ . pme an N
+5p 0T 50 1H—erR] po®

- 0WAEH[2N ; - 3He ; +3v3;H] + ¢3JABj, 1050 %H

where VE[)ée,é+6, (2.18)

1. C(S) :0:__0(4),
C¥® — - 23/3,
cw :—F&,é+e,§8§H,
c [P apB - (aBH) - 851 {an 3+ FC py+vasH

_Hg’é}. (2.19)

The entire structure of the solution given above is
covariant under the group of transformatigns which re-
labels the surfaces in the congruence—q’R =q’é(q“’)—and
simultaneously maintains the form of the tetrad (see I).
Using it one may always, for example, choose u to be
constant, 12 choose N3K4 =0, etc. In particular y, when
it is gauged to be constant, may be seen to have the in-
terpretation of left mass, m +in where n is the NUT
parameter, by virtue of its role in determining the left
invariant of the conformal curvature. The electromag-
netic parameter € also must have the role of left charge,
e +ig with ¢ and g being the electric and magnetic
changes respectively, by virtue of its role in the leff in-
variant of the electromagnetic field tensor. !?

We will also point out briefly that one may have all
degenerate Petrov types of space—times in both cases,
although if A=0 in case I, we are left only with types
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[1]®{Anything] and [N]®[Anything]. Also of course both
cases reduce to the situation [ — ]®[Anything], which are
called heavens, !* which motivates the name hyperheavens
for the present family of spaces. With respect to the
electromagnetic field present, we can have an algebrai-
cally general situation. Or, when € =0 (which simplifies
the structural equations enormously) the left field {self-
dual part) is algebraically null since

F=8fanfiP==€¢t, (2.20)
while if
F=8fiafAP=4¢*(3%0°H) 3 ;03H, (2.21)

were to vanish, then the right field is algebraically
null,

3. PROOF OF RESULTS

We want to give here a fairly complete outline of the
method used to reduce the full set of 18 Einstein—Max-
well equations to the one spinor-valued equation given
in Sec. 2. We will utilize the same spinor technology as
in I, which should be seen for complete details of
formalism. However, for the convenience of the reader
we summarize some of it here,

In particular, we utilize the spinor-valued coordinates
and tetrad described in Egs. (2.5)—(2.8). We may then
proceed to determine the form of the solutions to Max-
well’s equations without sources, Eqgs. (2.2a). The
alignment constraint which we force on the heavenly
part of the electromagnetic field—Eq. (2. 4)—when re-
expressed in spinor language {see Egs. (2.1} just be-
comes fi; =0. This is easily seen by looking at the form
of the bases for 2-forms in these coordinates:

SU—EANE;, S2—c;nEA,

S _gAne; =2¢7T, SAE_204nED), (3.1)
The equations dw =0 then become

24012 =0, 3i¢™n+(¢07n),s=0, (3.2)
which have the immediate solutions

€= 40y, 40"y =pe, ;+0, (3.3)

with € and 6 functions of g4 only, and the factors of 4
have been chosen for later convenience.

Now the equations d® =0 may be written in our spin-
orial form as

(03¢ A%)dqz A E5NE®

+ (@07 30 - 672160%Q4C) dgP Adg AEF=0.  (3.4)
The two sets in the parentheses must of course vanish
separately; the first—23¢ % 4 = 0—implies, since f%
is symmetric (see Appendix of I), the existence of a
scalar function H such that

FAC oy ieradalh, (3.52)
When this is inserted into the second pair they just im-
ply the restriction on H that aﬁaéaéﬂ=o. This implies
the existence of @ =a(g4) only, such that aaaéH=a.

However, if we let H—H +pL”", with a =LA,A, then we
find that H may always be gauged so that the restriction
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is just!4

3;04H =0. (3. 5b)

Now, we proceed to Einstein’s equations with this
electromagnetic field as source. We utilize the general
form of the Ricci tensor components in these coordi-
nates and this tetrad, given in I, inserting these into
Eqs. (2.2b) to obtain

Cuiis=- 97123256 =0, R=-26%0;0347 Q4% =— ax,
Cuis=-$6%9562003Q5,6=— he¢*0:03H,
Cogis =~ ¢%3( ¢‘43€Qa)c ¢3JéQié,é

= $¢8(phe, ; +8)0503H.

The first set just has the solution already indicated in
Sec. 2,

¢=J;p‘;+x,

where we may choose J; and k to be constant. !’ The
equation for the Ricci scalar is of course the same as

in I, since there is no contribution from the electromag-
netic field. In Appendix B of I it is shown that the
simplest gauge for the solution of this (singlet) equation
implies the existence of a spinor A® such that

(3.6)

(3.7

Q4B — ¢33t4n B +iT,K3KB. (3.8)
Inserting this form of Q“‘ into the second triple of Eqgs.
(3.6), we obtain (by exactly the same procedure as in
Appendix A of I) the simple equations

34310 5(Ag +2eH) =0, Ay=¢950%AC. (3.9)
(]

The solution is seen to be
Ay +2eH =2H 3 p* + 2,

where H; and £ are functions of g3 only. But, as in Eq.
(3.9) of I, for simplicity and without any loss of gen-
erality, we regauge A4 so as to have the form

¢6710:0%AC +2eH = A, +2eH=25 y= 2740 /7, (3.10)
where p is a function of g3 only, and
d)EK’; As (3.11)

is the “complementary” linear combination of the p‘a’s
to ¢. Inserting H in the form defined by Eq. (2.12a),
this equation is easily integrated, as in I, to give
A% = ¢ 2aAw +§ VKA - 2¢G4A, (3.12)
where W is an arbitrary function of all coordinate vari-
ables. We also note again that there is only one rele-
vant degree of freedom in GA, as pointed out in the dis-

cussion following Eq. (2.12a). Inserting this in Eq.
(3. 8) gives us our form for the spinor

Q‘Xéz— ¢33(A¢-2a§)w_ 2E¢38(AG5) (u¢3 )KAKB
(3.13)
which is to be inserted into the last triple of Einstein
equations in Eq. (8.6). One quickly obtains those equa-
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tions in the form
- ¢“8<AX5> =0, o
=¢7Q%P2;Q55 - $03 (345, C - JOA ¢
~3(p%, ¢ +0)94H +3He 5+ aps,

where the arbitrary o will be determined conveniently
later. By explicit calculation one sees that

(3.14)

Q%5050 = 038 - Q33036°Q%%,
a=307Q%5Qz;,
while
GO AY = dA b= $3ALC+ GO AL
~ I8¢
=- a;,¢A;;'5+J5A"’v5
+1035A% 5,
:-aB¢A°'C+(“"’ eb’) .

B

where Eq. (3.10) has been used to obtain the last
equality. By choosing a =— (K* 3)/27, we can write
most of the terms in X3 as gradients:

Kip, cp P

XB_.-YB+8B(A ¢A"° 52

_L(pC. ¢ +6)H), (3.15)
with
Y5=Q300:67Q% +eH, 5.
From Eq. (3.13), one finds that
2367Q%% =278 505W — 26 ;094G
+(n-2¢3/3)KS /7,
We also see that
20303460 = 3662364 + %004 + 2050460
=3 +J%;64 + 2750146
—a%H +2%3;G4,
from which we obtain
¥ =26"0Q350U305W + (1 - A9™/3)Q55KC/7
+ ¢ B3H — 2™€Q 35 JE(H - J5G4), (3.16)

It is now time to utilize the constraint which H must
satisfy: the wavelike equation specified by Eq. (2.9b).
Commuting 33 and 8* give us

0=05[¢"28;H +H%Q ;2] - HAPaCQz:.

Utilizing Eq. (3.13) reduces this to

0=08(¢ 283 H + HIOQ 0 + 3¢eH N 5 — 61 0G5,
which implies that there is a scalar x satisfying

¢ H + HIQp¢ + 3¢peH? 5~ 61 ¢°G 5 + 050 = D 3,
where 0 is just an explicit indication of the fact that x is
arbitrary to within some choice of 6. We intend to
choose ¢ in such a way that the nonlinear terms in the

final equations are simplified: In particular, we here
choose 0 =— 3e¢*H? + 3(u/e)W, which gives Eqgs. (2.14a)
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as the determining equations for x. However, we may
now use this equation to eliminate the q>'2ea 3H term in
Eq. (3.16) for Y3 in favor of 33x. Also we notice that
the first two terms in our equation for Y3 can be
written:

2¢73Q3ed T30 W + [ - (0/3)92]Q 50K /T
=-233 [(¢"Jéa W) +§ (u ¢*a50™" - éwzaa)KéW]
+4e(,36 &) T 325w+ (,; ¢3—%)Kéa(§cf;). (3.17)

Inserting this result into Eq. (3.16), also, we can col-
lect terms and find that

Y5=-05(¢p~'J 2B +2§ (;1¢3—§-)K5GC— €x
Hoapla. sy A g6,
+= o K a0 W ‘3T¢ K Ca W
+ €gtH(eH - 2/ B°),

This result, inserted into Eq. (3.15), tells us that X3
is a gradient! That is, utilizing Eq. (3.14), this last
triple is also reduced to

040pA_=0,
A=a+ (67BN - gad ;oL gpip?
o (u - %)K;G‘; +L 91K Cos ¢row - ex
- 317 S KOG W e ¢PH (eH — 2T 5BS) - 2(pCe, &+ O)H.
(3.18)
Now, however, we re-express A:

8=3670"¢;;

.. x s e
== 200 AP)0 A5~ oK K 045

. . N .
=- 30} (3*AB)3 ;A5 - o014 ) - ¢6—TEKA8,§KBA,;.

At this point we insert Eqs. (3.12) and (2. 12a), collect
terms, and obtain

A+ (pJ; B =- $¢*(34B%)3;B;
+L KA1 K B 5~ c¢*H(eH - 27 :BO),

which, inserted into Eq. (3.18), gives the final form for
A.. However, Eq. (3.18) tells us of the existence of N}
and &, functions of ¢3 only, such that

A =N;ip*+E. (3.19)
But, since x is only defined modulo a function indepen-
dent of p*, we absorb £ into x and use Eq. (3.19) as a
definition of ex, which is just Eq. (2.13a), if one re-
places ¢B# 4 with its equivalent ¢'8;BA + Q50884
[from Eq. (2.7)], to be inserted into Egs. (2.14a), .
which are then the final dynamical equations left: Every
solution, for W and H, of Eqs. (2.14a) determines a
solution of type II of the complete set of Einstein—Max-
well equations.
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To calculate the values which the conformal tensor
components take when these constraints are taken into
account, we just insert the expressions for @42 into the
general expressions given in I. However, to facilitate
the computation for C** and C’ we note that the expres-
sion for X3 can be solved for #°Q;¢,

¢ 8Qpe =Ny +JC%Ap ¢ +5(pCes+5)a,H
+K®u aps/27—3He 3. (3.20)

The expressions for Cjzé5, C*®, and C® are then ob-

tained in a quite straightforward way. However, the

expression for C'*) requires the insertion of Eq. (2.14a)
two different times to simplify the expression.

Lastly, we want to point out how to determine the
analogous equations for type I spaces. These are ob-
tained by a limiting process in which J,—~0, k— 1. (In
this process, of course, Kj,u and ¥ also vanish.) In
order to insure that all important equations have a
(finite) limit, we must insist that W diverges but that!®

O=W - ug?d(p +2k)/672, (3.21)
is finite in this limit. ' (We could, of course, have used
this © as a key function, instead of W, originally, but
our choice of W gives the simplest form to @48 and y in
type II.) If we now give names, as before, to certain
limits,

FA= 1im pKA /T, (3.22)
Jé-O
we obtain the limit
AP —_ 3P0 + 2pBp RS9GB, (3.23)

Then, by repeating the process described in Appendix
B of I for adding X to a type I solution, we obtain the
expression given in Eq. (2.10) for type I. Similarly one
finds the expressions in Egs. (2. 13b} and (2. 14b) for x
and the hyperheavenly equation for type I, through this
limiting process, taking H (and GA) as having finite
limits.

4. CONCLUSIONS

We consider this paper as a further technical step
toward better understanding of the analytic structure of
the complex Einstein equations. We believe that the
problem of the integration of these equations (which is
surely much more straightforward on a complex mani-
fold) and the problem of determining all real slices are
of a very different nature. Therefore, we have decom-
posed the entire, rather complicated problem into these
two separate parts. For progress on the question of
finding real slices of complex solutions see Refs. 11
and 17. As a preliminary step toward a fuller under-
standing of the physical meaning of the techniques in-
volved in our work on integrating the complete equa-
tions, the seven-parametric real solution of the Ein-
stein—Maxwell equations of Plebafski and Demiafiski is
put into the formalism of case II hyperheavens, 12 expli-
citly giving all key functions of this space—time in
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terms of physical constants and real coordinates with
well established physical interpretation. '

Thus, although the results of the present paper are,
at the moment, technical ones, we consider them as
some steps toward the genuine goal, which is fuller
mastery of the physically interesting integral manifolds
of the Einstein—Maxwell equations. !* We believe that
these spinorial structures will certainly play an impor-
tant role in the (accumulating) progress in this field.
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tetrad formalism and real spinor applications to general rela-
tivity may be easily reviewed in G, C. Debney, R.P. Kerr,
and A, Schild, J, Math. Phys. 10, 1842 (1969) or J. F,
Plebafiski, “Spinors, Tetrads and Forms,” unpublished
monograph from Centro de Invest, y Estd. Avanz, del I, P, N,
Apdo. Postal 14-740, Mexico 14, D, F. See also Ref, 9,

"We use ®s for the symmetrized tensor product: AR, B
=3[A®B+B®Al
8J.F. Plebanski and A. Schild, “Complex Relativity and
Double KS Metrics,” Nuovo Cimento B 35, 35 (L976).
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%A concise summary of the spinorial form of Riemannian
structures is given in this format in J. F. Plebafiski, J.
Math. Phys, 16, 2396 (1975), See also I. We also note, as in
I, that the spinor indices are to be manipulated with a skew
spinor, such as the customary €%®, However, we note that
the usual chain rules for the calculus require that these rules
be diffeyent in the tangent and cotangent {gpinor) spaceg:

pi =eBApg, pheecBhp, hut o/op;= oh=eiBog, op=e 508,

%n Refs. 1 and 2 a q; dependent group of transformations
which leave the form of the metric invariant is discussed and
the transformation properties, under the group, of all perti~
nent quantities is discussed, These transformations amount
to a relabeling scheme for the various null strings. It is
shown there that one may always make a choice of coordi~
nates g; so that J; and k are constant. Because of the ubig-
uitous nature of J3, this choice is extremely useful; there-
fore, we adopt it here.

g, Rézga, thesis, Institute of Theoretical Physics, Univer-
sity of Warsaw, Warsaw, Poland, March, 1976, to be pub-
lished in Rep. Math. Phys.

125¢e the paper by A. Garcia and J, F. Plebanski, “Seven
Parametric Type D Solution of Einstein—Maxwell Equations
in the basic Left-Degenerate Representation,” to be pub-
lished in Gen. Rel, Grav., in which the (real) seven-paramet-
ric solution of the Einstein—Maxwell equations, of type D,
of J. F. Plebafiski and M. Demiafski, Ann, Phys. (N.Y.)

98, 98 (1976) is recast into the structure of a case Il elec-
tromagnetic hyperheaven,

3, T, Newman, GR7 Conference, Tel Aviv, 1974,

4 is somehow reminiscent of the Hertz—Debye potentials.
The general massless (irreducible) spinor field equations
have solutions of much the same nature. See J,D. Finley,

II and J.F. Plebafski, J, Math, Phys. 17, 585 (1976) for
the special case of pure heaven,

15This © differs from the © defined in Eq. (4.2) of I by an addi-
tive factor which is finite in the limit in question. This differ-
ent choice has been made so as to effect the “natural spinorial
gauge” for © for type I, referred to at the end of Appendix B
of I,

16This is the relation between © and W for zero value of A, We
have used the procedure of setting A =0 in the type II equa~
tions, taking the limit to type I, and then adding back the
appropriate A terms because this is considerably simpler than
actually regauging (see Appendix B of I) so as to keep finite
all X terms in the limit J;—0,

1"E, Flaherty, Hermitian and Kahlevian Geometry in Relativ~
ity (Springer, Berlin, 1976),

18por example, one might see R.H. Boyer and R, W. Lindquist,
J. Math, Phys, 8, 265 (1967) or W. Kinnersley and M.
Walker, Phys, Rev, D 2, 1359 (1970). A very complete
account is given in J, F, Plebafiski and M. Demiafiski, Ann.
Phys. (N.Y.) 98, 98 (1976).

1%See also a recent preprint by E. Flaherty on “Einstein—Max-
well Pseudo-Kdhlerian Spacetimes,” which form a large
class of weak heavens (in our terminology), and are therefore
strongly related to this current investigation.
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We present a new class of inhomogeneous and anisotropic cosmologies with perfect fluid matter content.
The subclass of solutions with vanishing pressure are members of the class of inhomogeneous pressurefree
cosmologies recently found by Szekeres. In addition, the Robertson-Walker solution with flat space
sections and equation of state p = (y—1)p, is contained as a special case. The relation between our
solutions and this Robertson-Walker solution in the limit of large cosmological time is studied in detail.

1. INTRODUCTION

This paper presents a new class of exact solutions of
the Einstein field equations with a perfect fluid source.
The fluid has zero acceleration and vorticity but non-
zero shear and expansion.! In addition, the spacelike
hypersurfaces orthogonal to the fluid flow are in general
not the orbits of a group of isometries. The solutions
thus have relevance as inkomogeneous and anisotropic
cosmological models. We discuss this interpretation
and in particular consider their relationship to the
Robertson—-Walker models in the limit of large cosmo-~
logical time,

The following known solutions are included in the gen-
eral class:

(1) the general Robertson-Walker (henceforth abbre-
viated to R=W) solution with flat space sections and
equation of state of the form p=( = 1), 1<y <2,

(2) an inhomogeneous and anisotropic solution found
by Stephani?

(3) a subclass of the inhomogeneous and anisotropic
dust solutions found by Szekeres.?

In Sec. 2, we present the solutions and describe their
relationship to the Stephani and Szekeres solutions. The
kinematics of the fluid, the properties of the Weyl ten-
sor, and the existence of groups of isometries are dis-
cussed in Sec. 3. In the final section we study the as-
ymptotic behavior of the solutions as the cosmological
time tends to infinity. Many of the calculations in the
paper were performed using the Newman-Penrose*
formalism. Most of the paper can, however, be read
without a knowledge of this formalism.

2. THE SOLUTIONS

The line element is given by
ds?=dt? - Q(t)V3(dx? +dy?) - Q(t)~2/*H%dz?, 2.1)
where
Q1) =C, 1" +C,t°,
H=(X+C F)}" +(V +C,F)¥°,

and ¢,C,,C, are ¢onstants. The functions F, X, and ¥
are defined by®

F=a(2)x+b(2)y +3(1 = 2q)C(z)(x? +3%),
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X=B(z)+C(2) [ Q@) "V3tvat,
Y=A(2)-C(2) [ Q@) V3t1™vay,

The metric thus depends on five arbitrary functions of
z, namely A(z), B(z),C(z), a(z), b(z) and on three pa-
rameters, ¢q,C,,C,. At least one of the arbitrary func-
tions must not vanish identically, and at least one of C,
and C, must be nonzero. Not all of these functions and
parameters are essential. Any one of the arbitrary
functions which is not identically zero may be set to be
a constant by redefining the z coordinate. In addition,
either C, or C,, if positive, may be set equal to 1 by
changing the scale of the x and y coordinates.

This line element satisfies the Einstein field equations
GU=‘87’[(U~ +P)u(u;—17gu], (2.2)

with the fluid velocity », density p, and pressure p
given by

a3
u—a—t" s (2.3)

87 = %H"Q(t)“[Q'(t)%’ +3(2g - 1)C(2)QMY 3} :

(2.4)

8mp=%q(l-g)t™. (2.5)

Until restrictions are imposed on the density and
pressure, the parameter ¢ can assume all real values.
However the solutions with ¢ <3 are equivalent to the
solutions with g =31, since the equations which define the
solution are invariant under the substitutions g —1-g,
C,—C,, A{z) —B(2), and C{z) — —C{(2). We will hence-
forth, without loss of generality, restrict g to the range

qz3.

The general dust solution in the above class is given
by g=1, If C,#0, we can use the coordinate freedom to
set C,=1, C,=0, B(z)=¢, where ¢ =0 or 1, and if C,
=0, we can set C,=1, A(z)=¢, where ¢=0 or 1. The
resulting solutions are the solutions of Szekeres, men-

tioned in the Introduction. The Stephani solution refer-
red to earlier, is obtained when ¢=%, C,=0, and C, =1.

3. PROPERTIES OF THE SOLUTIONS
The solutions of Sec. 2 can be conveniently studied

using the Newman-Penrose®* formalism. A suitable null
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tetrad for the line element (2.1) is defined by the follow-
ing equations:

k,dx®=2-Y?[dt - Q(t)-Y3 Hdz],
ndx®=2"Y2{dt +Q(¢)"V3Hdz],
mudxa :2-1/2 Q(t)z/s(dx +ld)1) .

With this choice of null tetrad the fluid velocity vector
(2) is given by

u® =2'1/2(k“+n“).

(3.1

3.2)
The field equations (2.2) then assume the form

P01 = Do = 912 =0,

Poo =2y, = bap =2m(0 +P) ,

(¢, =3A)=4mp

[see Wainwright®]. Using this form of the field equations
and the general formulas given in the Appendix, it is
straightforward to verify that the metric (2.1) satisfies
the field equations (2.2), with u and p given by (2.4) and
(2.5).

As regards the kinematic quantities?® of the fluid, it is
an immediate consequence of (2.1) and (2.3) that the ac-
celeration # and the vorticity vector w are zero. The
rate of shear tensor and the expansion scalar can be
calculated using the formulas given by Wainwright? [see
Appendix 1] and the expressions for the spin coefficients
of the null tetrad (3.1} given in the Appendix. One finds
that the rate of shear is

Oap =X[Ua Uy _m(ay—nb)]’ Yy = Z-I/Z(ka" na) ’

where

x==31-29H'Q(1)"(C,X~ C,Y), (3.3)
and that the expansion is

0=2¢ (1)/Q(t) - 3x/2. (3.4)

It thus follows that the fluid has nonzero shear provided
that C;X - C,Y#0 and g+#3. It can further be shown that
the expansion never vanishes identically.

The tetrad components of the Weyl tensor can be cal-
culated using the formulas in the Appendix, One finds
that

l,bo=¢1=0, I3 =, =0,
¥ =2(1=29HT'Q) @ (N(C, X~ C,Y)
- 3CR)e)¥?].

This implies that the spacetimes are of Petrov type D
or are conformally flat, and that in the type D space-
times the null tetrad vectors . and » define the repeated
principal null directions of the Weyl tensor. Unlike the
case of type D vacuum spacetimes, the repeated princi-
pal null divections® are in general not tangent to null
geodesics. The subclass in which these directions are
tangent to null geodesics (i.e., the spin coefficients «, v
are zero) is defined by a(z) =b(2) =C(z) =0, as follows
from the formulas in the Appendix,

(3.5)

The expressions (3.5) enable one to calculate the sca-
lar polynomial curvature invariants of the Weyl tensor,
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It can be shown using the formula for the Weyl tensor in
terms of the null tetrad vectors (see for example, Trim
and Wainwright,® p. 545) that

Capea C® =4848, Cppq*C™'=0,
Cabcd C"drs C"%% =96 (pg, Cabcd *Cc‘irs Cr=0 .

Hence the behavior of these invariants can be studied
using the expression for i,.

It follows from (3.5) that the solutions are conformally
flat if and only if

g=% or C,B(z) -CA(2)=0=C(2).

Since the fluid acceleration and vorticity are zero {and
the shear is necessarily zero, see (3.3)] it follows (see,
for example, Ref. 1, p. 135) that the solutions in this
case belong to the R-W class of solutions. The spatial
coordinates are however nonstandard ones since the
metric has the form

ds?=dt? - Q(1)V3{dx? +dy® +[ f(2) +a(2)x +b(2)y)?dz %},
(3.6)

where f(z) is related to A(z), B(z), C,, and C,. As
pointed out by Bonnor and Tomimura,* the space sec-
tions f =const for a metric of this form are flat. The
expressions (2.4) and (2.5) for the pressure and density
reduce to

8ru=4(Q (1)/Q(D]?, 8mp=4q(l- ).

In the special case C, =0, it follows that p=(g™'~1)p.
Hence the solution of Sec. 2 contains the R-W solution
with flat space sections and equation of state of the form
p=(y =1)g. The requirement 1 <y <2 restricts ¢ ac-
cording to 3<qg<1.

It can be shown that the general solution of Sec. 2
admits no Killing vector fields. There are however a
variety of special cases which admit nontrivial local iso-
metry groups. We list some of the possibilities in Ta-
ble I, with C(z)=0 and B(z)> 0 for simplicity. We
choose the z coordinate so that B(z) =1, and require
A(2) # 0 so that the solutions are not conformally flat,

Remarks: 1. The solutions of class 5 are examples of
spatially homogeneous cosmologies of Bianchi type 1,1

TABLE I. Killing vector fields admitted by metrics with C(z)
=0, B(z)=1. The dimension of the isometry group and its iso-
tropy subgroup are » and s, respectively.

Restrictions on A,a,b r s KVF’s
1 None 0 0 —
2 a,b nonzero constants 1 0 E_ﬂ
ox 3y
3 A,a,b nonzero constants 2 0 2—8——@ , s
dx Oy’ oz
9 3 y0 x93
=b=0 = Z X2 _X
4 a=b 8 1 3x’ 9y’ 3x 9y
5 a=b=0, A=const=0 4 1 As in 4, plus-gg
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which are also locally rotationally symmetric. These
solutions with p#0 do not appear to have been given pre-
viously,

2. The solutions of class 4 are the simplest models
which are not spatially homogeneous. They are general-~
izations of one of the dust solutions given by Ellis,??
and appear to be new. They occur in class II of the
classification scheme of locally rotationally symmetric
perfect fluid solutions of Stewart and Ellis.

4. ASYMPTOTIC BEHAVIOR

We are interested in those solutions of Sec. 2 which
are not R-W solutions (i.e., ¢, #0) but which in some
sense approach a R—W solution as the cosmological time
t tends to infinity. We also demand that p >0, p#0. It
follows from (2.5} and (3.5) thai g must be restricted ac-
cording to

3<g<1. (4.1)

We permit the coordinates to assume the values

to< 1<

’

-0 X, Y,2< >,

and consider two types’® of limits as {— =, defined as
follows:

Definition 1: A function F(x,v,z,t) is said to have a
pointwise limit L as t—- « along the fluid flow lines if for
each fixed x, v, z,

lim F=1,
t — oo

Definition 2: A function F(x,y,z,t) is said to have a
uniform limit L as t— o along the fluid flow lines if
iim ( lub

t oo

‘F{x,y,z,i)—L1>:0.

t = const
In both cases L is a constant.

For example, the function F =1+ (ax +by +cz)/t, with
a,b,c constant, has L =1 as a pointwise limit, but not as
a uniform limit, as /- =,

We first consider the asymptotic behavior of u and p.
If C(z)#0, it follows from (2.4) that

3(g-D(g+3)U=2, i C,#0,
B1=) s (-2, if C,=0,

as t-. This implies that <0 for ¢t sufficiently large.
We thus restrict our considerations in the remainder of
this section to solutions with

C(2)=0.
When (4.2) holds, it follows from (2.4) that

(4.2)

LA, i C, 40,
Bry ~
™A 91— 172, if ¢, =0,

as t—~ =, for fixed x,y,z. Thus

it C,#0,

lim (p/ ) = (4.3)

t > oo

y=1, y=1/g,
1, if C,=0,
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in the pointwise sense. As regards the expansion and
rate of shear of the fluid, one finds, using {3.3) and
(3.4), that

2qt7Y, if C,#0,
9:{1“, it C,=0,
and
2(1 = 2¢g)(C.A = C,B)t™2¢/|3C,(A +C, F)}, if C,#0,
X:{%(I—Zq)t'l, if ¢,=0,

where y* =20,,0°/3. It thus follows that

lim 87/ 6%) = (4.4)

t o0

{%, if C,#0,

41q(1-¢q), if C,=0,
in the pointwise sense. We note that this dimensionless
ratio'® equals  for all ¢ in the expanding R-W solutions"
with £ =0. Secondly we can conclude that

lim (0,,0%%/6%) =

t oo

0, if C,#0,
{ (4.5)

2(1-2¢2/3, if C,=0,
in the pointwise sense. This suggests'® that when C, #0,
the model approaches isotropy along each fluid world-
line as {~. This is borne out by the behavior of the
line element (2.1) subject to (4.2). One finds that as /

- o this line element approaches a R—-W form similar
to (3.8) if C, #0, while if C, =0, it approaches the non-
isotropic form

ds? =dt? — (1079 /3(qx? 1 dy?) ~ 120N 52

provided we use the coordinate freedom to set C, =1,
Alz)=1.

As regards the Weyl tensor, itfollowsfrom (3.3)~(3.5)
and (4.2) that

¥, = =3 xQ (1)/Q).

Thus lim, . _ ¥, =0, in the pointwise sense, independent-
ly of whether C, is zero. In order to distinguish the
cases C,#0, C, =0 as regards the rate at which ¢, -0,
we consider the dimensionless ratio ¢§,/6% It follows
from (3.4), (4.5), and (4.6) that*®

(4.8)

lim (4,/6%) = D

t—>ow

0, if C,#0,
2(1-g)N2¢g-1)/3, if C,=0.

The limits (4.5) and (4.7) relate tothe possible isofropy
of the solution as f~=. To obtain invariant information
concerning the possible komogeneity of the solution as
t-, we consider the spatial derivatives of the density.
We need not consider the pressure since it is homogene-
ous for all t. A plausible necessary condition for asym-
ptotic spatial homogeneity is that the spatial gradient of
the density | approaches zevo faster than its lime deviv-
ative, as t- «, i.e., that

lim (=g 4 g h™)V2/ =0, (4.8)

j ]
at least in the pointwise sense, Here h™ =g —u®u’ de-
notes the projection tensor into the 3-spaces orthogonal
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to u®. The time derivative i can be eliminated, since
one of the contracted Bianchi identities reads p=-(u
+p)6 in the case of a perfect fluid [see, for example,
Ref. 1, p. 117). Thus, in a spacetime in which the limit
(4.4) is nonzero, condition (4.8) is equivalent to

Hm (—p , u ,h™)Y2/6°=0. (4.9)
t—*w
For the present class of solutions with C,#0, it is
straightforward to verify that
0, if $<g<1,
lm (=, ,k)Y2/6 =S f(x,y,2) if q=3, (4.10)

t >
xeo, if 3<g<i,

where f(x,v,z) is determined by A(z), B(z), F, C,, and

C,. This implies in conjunction with (4.3) that the nec-

essary condition for asymptotic homogeneity (4.9) is ful-

filled if and only if the limiting equalion of state

p =l =1)u satisfies 1<y<$,

The limits (4.3), (4.4), (4.5), (4.7), and (4.10) are
pointwise, i.e., they describe the behavior along a sin-
gle fluid worldline. It is easily verified that if the func-
tions a(z) and b(z) do not both vanish identically, then
these limits are not uniform, no matter how the func-
tions A(z), B(z), and the constants ¢,C,, C, are chosen.
The reason for this is that when a{z) and b(z) are not
identically zero, the function F, whose domain is R;,
assumes all real values, This implies that H and aH /a¢
have zeros on each sSpatial section { =const and hence
that the scalars x|, |6l, |¢,], and |y , p ,2%| are un-
bounded on each spatial section. In addition the density
u assumes all real values®® on the spatial sections ¢
=const no matter how large ! is.

Thus, although the solutions with C(z) =0, C, #0 ap-
proach a Friedman solution pointwise (i.e., locally) as
t—- =, these solutions do not approach arbitrarily closely
to a Friedman solution in the large, as { -, if a(z2)
and b(z) are not both identically zero,

In order to exhibit a class of inhomogeneous, aniso-
tropic models which approach a Friedman model uni-
formly as t- =, we consider the solutions subject to

(4.2) and
alz)=0, b(z)=0, C,=0,

For the sake of clarity, we write out the metric and the
various scalars in this special case. After using the co-
ordinate freedom to set C,=+1, we obtain

ds?=di? - t%/3dx? +dy?) ~ "2/  H 24z % | 4.11)
with

H =Bz +A(2)1°,

8ru=4q 13 B(z)(1 =)' +A(2)qt*]/H ,

8np=%q(1- g™,

x==3(1~2¢¢™*Bl2)/H,

8=2q1""-3%/2,

Yo ==qt™%/3.

The coordinate ranges are {>0, —o<x,y, 2<%, We
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choose A(z) and B{z) to be nonnegative bounded functions
of class C*®, with bounded derivatives onR, and with
B(z)#0 and

A@Z) = k>0,

for some constant & and all real z. The metric is then
analytic, and the pressure and density satisfy O0<p<p
over the whole coordinate range. In addition the density
is bounded for ¢ 2¢,>0. The following limits hold uni-
formly as - =:

p/u-y-1, withy=1/q,
8ru/¢ -3,

0,0 /6%-0,

$,/6%~0,

for all ¢ subject to 3<g<1, as can be verified using the
definition, If in addition 3< g< 1, the homogeneity condi-
tion

(=i a1 ph®)¥2/6% =0
holds uniformly as f-, Finally, since we demand that
A(z) be bounded below away from zero, we can redefine

the z coordinate so that A(z) =1. Then the limiting form
of the metric as {—= is

ds?=dt? - 1%/3(dx? +dy? +dz?).

(4.12)

On account of the above properties, we fentatively re-
gard the solution defined by (4.11), with q subject to $<q
<1, as representing a class of inhomogeneous and aniso-
tropic cosmologies which at lavge time approximate avbi-
trarily closely the R—W solutions with flat space sections
and equation of statep={(y - 1), 1<y<4, wherey=1/q.

The value of g also affects the nature of the singularity
at t =0, The limiting form of the metric at t=0 is

ds?=di? = téq/S(de +dy?) ~ 12=de/3 B(z)%dz 2.

Thus the spacetime is highly anisotropic as £-0", and
for $< g< 1, the singularity is of the cigar type.?!

It can also be shown that the homogeneity condition
(4.12) holds uniformly as ¢~ 0%, for all q subject to i< gq
< 1. Thus the solutions defined by (4.11) emerge from
an anisotropic but homogeneous state at t =0, pass thvough
an inhomogeneous eva, and finally, if5<q<1, approxi-
mate an R—-W solution. The nature of the inhomogenei-
ties is determined by the choice of the arbitrary func-
tion B(z). Since the only freedom is a function of the
single variable z, the inhomogeneities are necessarily
layered in sheets in any spatial section { =const.
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APPENDIX

We list the Newman-Penrose spin coefficients and
components of the Weyl and Ricei tensors relative to the
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null tetrad (3.1). The calculation was performed using
a computer program written in the symbolic manipula-
tion language CAMAL (see Campbell and Wainwright?2),
For convenience we introduce complex coordinates ¢, ¢
defined by ¢=x+iy, £=x—iy, so that mdx®=2""/2Q%/ *qg,
mfdx® =27 2Q* ¢,
Spin coefficients:
K= —Z-I/ZHEH_IQ-Z/ 3
p= _21/ 2Q1Q-1/3
€=p/4+2"¥2H,/H
T=—-k, T=k, V==K, H==p, Y=-€,
o =[3 =0=x=0
Weyl tensor components:
Vo= -HyH Q™ ?
$,=2Hy/Q)H'QY®
Vo=~ S HY3H,, —4H,Q'/Q + 6H 3Q™/?]
+513Q"/Q - 4(Q"/QF]
by= a)—x RS Eo
Ricci tensor components:
A=%H"Y3H, +2H,Q'/Q - 12HzQ""°] + £ Q"/Q),
boo=THH,Q'/Q - 3HzQ™*] -5Q"/Q),
¢y =EH[-3H,, +2H,Q'/Ql+£Q"/Q),

D10=03, DP20=Vas P12=¥1, P22=¢g-

lFor this terminology, see for example, G. F. R. Ellis, in
General Relativity and Cosmology, Proceedings of the Inter-
national School of Physics Enrico Fermi, edited by R. K.
Sachs {Academic, New York, 1971), pp. 109-14,

24 Stephani, Commun. Math. Phys. 8, 53 (1968).

3p. Szekeres, Commun. Math. Phys. 41, 55 (1975).

‘E. T. Newman and R. Penrose, J. Math. Phys. 3, 566 (1962).
%The integrals appearing in these formulas may be expressed
in terms of Gauss hypergeometric functions., We thank Dr.

M. L. Glasser for this information.
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6. Wainwright, Commun. Math. Phys. 17, 42 (1970).
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8For this and related terminology we refer the reader to
F. A, E. Pirani, in Lectures on Geneval Relativity, Brandeis
Summer Institute in Theoretical Physics (Prentice Hall,
Englewood Cliffs, New Jersey, 1964), Vol. 1. See Chapters
3 and 4.

°D. W. Trim and J. Wainwright, J. Math. Phys. 15, 535 (1974).

0w, B. Bonnor and N. Tomimura, Mon. Not. R. Astron. Soc.
176, 85 (1976).

UFor this terminology see G. F. R, Ellis and M. A. H. MacCal-
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An algorithm is presented for determining all solutions of the Einstein field equations representing a

perfect fluid with metric of the form ds?=dt?—e *°dz?

—e®(dx*+dy? and fluid flow vector u=3/at.

The entire class of solutions is then invariantly characterized. These new solutions generalize Szekeres’
inhomogeneous cosmological models containing dust. A subclass of these solutions is studied in detail and
it is interesting that some of these models approach isotropy but not homogeneity for large cosmological

times.

1. INTRODUCTION

This paper investigates all solutions to the Einstein
field equations for a perfect fluid

Gab=KTab=K[(p‘+p)uaub_pgab] (11)

for which the metric tensor can be written in the form

ds®=di® — e?*dz® - e®(dx? + dy?),
1.2
a=a(t,x9y)z)! B=B(t7x’y92)r ( )
and for which the fluid flow vector is u=8/8t. The quan-
quantity ¢ represents the total (relativistic) energy den-
sity measured by an observer moving with the fluid and
p is the isotropic pressure. The present work general-
izes that of Szekeres! who recently found all solutions of
this type for the special case of dust (p=0).

In Sec. 2 the solutions are divided into two classes la-
beled I and II. The field equations in class I are re-
duced to one second order linear ordinary differential
equation. The field equations in class II are reduced to
two decoupled second order linear ordinary differential
equations. In each class, the spacelike hypersurfaces
orthogonal to the fluid flow are in general not the or-
bits of a local group of isometries (i.e., these models
are inhomogeneous). Some class II solutions have re-
cently been obtained explicitly and studied by Szafron
and Wainwright.? Finally, an invariant characteriza-
tion of both classes is presented generalizing that of
Wainwright® who has considered the dust ( p=0) case.

In Sec. 3 some class I solutions are exhibited expli-
citly and studied in detail. The possible Killing vector
fields are listed, the kinematical quantities of the fluid
are calculated and the behavior of the solutions is in-
vestigated at large cosmological times. Although these
solutions are both anisotropic and inhomogeneous, they
all approach isotropy for large {; some however, do
not approach homogeneity in a certain well-defined
sense,

2. DERIVATION OF THE SOLUTIONS

Introduce a pair of complex variables £ and E, de-
fined by

E=x+iy, E=x-iy.
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The field equations then reduce to:

GS—2G} - Gl= -28+2B+ 0%+ 28)=k(pn+3p),  (2.1)
169= -+ B -p)=0, (2.2)
G'= ~4e™B ;- e"2°B" + 2B + 34%= —kp, (2.3)

Gg= e-2a( _Bn+ a’f! - p’ 2) -2e'23(0ta+ "‘eo‘?) + &+§’

+&2+ﬁ2+ &é:-xp, (2.4)
GO= ~&, - B, + 2B - &) =0, (2.5)
e**Gl=p] —p'a,=0, (2.6)
3e%G= a,+(a,)? -28,a,=0, (2.7

where *=8/8z,+=8/8t, and a,=080/0t=3(da/0x —i8a/
9y), a;=9a/9E=3(8a/dx+i0a/9y). Notice that Egs.
(2.5), (2.6), and (2.7) are complex, so there are in fact
ten real field equations. Since u=3/8¢, the flow lines
are geodesics and the contracted Bianchi identities im-
ply that the pressure is a function of ¢ only: p=p(1).
However the energy density is in general a function of
all four variables: u=p(t,2,§,£), i.e., no equation of
state of the form p=p(u) is imposed.

Lemma: The field equations (2.1)—(2.7) imply that
B,=0. (2.8)
Proof: See Appendix A.

Note that Szekeres' states this lemma for dust ( p=0),
without giving the details of the proof. The function 8 is
real so that ée= 0 if and only if f;=0. Further integra-
tion of the field equations depends on whether or not
B8'=0.

A.Class |, 3'#0

Equation (2.8) implies that 8 may be written in the
form

B=logp(t,z) + Wz, &, E). (2.9)

Since 8’#0, Eq. (2.2) can now be integrated to obtain

a=loglh(z, £, E)g’ + h(z, EE)p ). (2.10)
Equation (2.6) requires that
h=h(z). (2.11)

Thus ¢ can be redefined as ¢k and v as v-logk so that
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B remains unchanged and

a=log(¢’+pv’). (2.12)

Equation (2.5) is now identically satisfied. Equation
(2.3) implies that

4"y 3+ 1= 2b¢ + 2+ kpp?= —k(z2), (2.13)

for some arbitrary real function 2(z). Szekeres' ob-
tained this equation, using the variable ¥ =1log¢, for the
particular case p=0; notice that his subsequent choice
of coordinates £ and £ is also valid in the present con-

text® so that
eV=A(2)EE+ B(2)E+B(2)E + C(2), (2.14)

where A(z) and C(z) are real functions, and B(z) is
complex, with

AC ~BB=;(1+k(2)). (2.15)
The remaining part of Eq. (2.13) can be rewritten
“
2 ¢ Kz) _ o (2.16)

b E T

For each fixed value of z, this is just the propagation
equation for the length scale in the Robertson—Walker
(henceforth abbreviated R-W) solution. Equation (2.7)
is now identically satisfied. After a lengthy but
straightforward calculation, Eq. (2.4) can also be re-
duced to an identity. The equations which remain to be
solved are Eqs. (2.16) and (2.1), for the unknowns y, p,
and ¢. This system is indeterminate. An algorithm
for generating particular exact solutions is as follows.
Specify explicitly p=p(t) and solve Eq. (2.16) for ¢(t, z).
The metric is now determined since @ and 8 may be ob-
tained directly from Eqs. (2.9), (2.12), and (2.14). Fi-
nally, use Eq. (2.1} as the definition of p. Naturally,
this procedure does not necessarily generate a physi-
cally reasonable fluid, satisfying fundamental energy
conditions. In Sec. 3 a subclass of physically reason-
able solutions is investigated.

B.Class I1,3'=0
Equation (2.8) allows 8 to be written

B=logep(t) + v(&,g).

Equations (2.2) and (2.6) are now identically satisfied
and Eq. {2.5) can be integrated to obtain

o= ].Og[)\(t, Z) + ¢(l)U(Z, ‘E,E) ]1

where X and o are arbitrary. Equation (2,3) then be-
comes

(2.17)

(2.18)

4e"®v3=2¢ ¢+ ¢*+Kpp>= —k, k constant. (2.19)

The functions ¢ and v may be redefined to make k=0,
1. Equation (2.19) generalizes to the case p#0, a re-
lationship obtained by Szekeres! for dust. His subse-
quent choice of coordinates is £ and £ so that

e”=5(1+kED)

is also valid here. Then Eq. (2.19) assumes the form

(2.20)

=0. (2.21)
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From Eq. (2.7) it follows that

(e™0)yy=(e™0)33=0. (2.22)
These can be integrated to obtain
o= [U(2)£E+ V(2)E + V(2)E + W(2)]e”, (2.23)

where U(z) and W(z) are real functions and V(z) is com-
plex. A long but straightforward calculation, using Eqgs.
(2.20) and (2.23) reduces Eq. (2.4) to

Xg+ A + A+ App = U(2) + kW(2), (2.24)

The equations which remain to be solved are Egs. (2.24),
(2.21), and (2.1) for the unknowns p, K, ¢, and A, This
system is again indeterminate (as in class I). An algor-
ithm for generating exact solutions in class II is as fol-
lows. Specify explicitly p=p(f) and solve Eq. (2.21) for
¢(t,z). Then substitute p(#) and ¢(¢, z) into Eq. (2.24)
and solve for A{¢,z). Calculate a and B from Eqs. (2.17)
and (2.18). Finally calculate p from Eq. (2.1). Again
the solutions generated do not necessarily represent a
physically reasonable fluid. The solutions in this class
with p=bt"2, 0<b<3, and k=0 have been studied by
Szafron and Wainwright.?

A form of Eq. (2.16) or (2.21) which is useful for gen-

erating exact solutions is obtained by the substitution

¢ =G?*. Then the equation becomes
G+ }Kkp —R)G=0. (2.25)

For example, in the case k=0, if kp=+% ¢, » #2, the
real and imaginary parts of the function ¢ given below,
are solutions® of this DE,

{ 1=2/(2n+1) n+l
QE{ 163 DY, for n=0, (2.26)

(/g for <,
with

_ 4n
T2+l

4
dar’

7

D

H=gcos[(2n+ 1)gt?"*1"]

+ i sin[(2n + Vgt~ #n+1),

In this solution g, % are constants when Eq. (2.25) is re-
garded as Eq. (2.21) and g,k are arbitrary functions of
z when Eq. (2.25) is regarded as Eq. (2.16), Further
solutions to Eq. (2.25) may be found in Kamke’ for var-
ious forms of the function p=p(¢) and values of 2, but
these solutions usually involve functions (such as ortho-
gonal polynomials) more complicated than those of Eqg.
(2.26).

In concluding this section, it should be noted that the
characterization of the Szekeres dust solutions given by
Wainwright® can be extended to the present classes of
solutions. The characterization depends on the Weyl
tensor of the spacetime and the rate of shear tensor of
the fluid.

Theorem: The solutions in classes I and II with non-
zero Weyl tensor comprise all solutions of the Einstein
field equations (1.1) with the flow vector u geodesic and
hypersurface orthogonal (irrotational), which satisfy the
following properties:
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(1) The Weyl tensor is algebraically special of type
{22}, i.e. type D, and the fluid velocity lies in the 2-
space spanned by the repeated principal nuli directions.

(2) Any vector which is orthogonal to both of the re-
peated principal null directions is an eigenvector of the
shear tensor o,,.

(3) The 2-spaces generated by the repeated principal
null directions admit orthogonal 2-surfaces.

Proof: The proof is identical to that of Wainwright,®
since the only use made of the condition p=0 in his
proof is to guarantee that the flow is geodisic.

It is of interest to note that the repeated principal null
directions are in general not tangent to geodesics, un-
like the case of vacuum solutions of type {22}.

3. SOME SOLUTIONS FROM CLASS |
Let k(2)=0 and define p explicitly by
kp=2q(1-q)t2, (3.1)

Equation (2.16) can now be integrated to yield ¢(¢, 2).
Then Egs. (2.9), (2.12), and (2.14) give @ and B sothat
the line element can be written

ds®=dt® ~ D¥(dx* + dy*) — F*D%dz*,

where g=const.

where
D(t,x,v,2)=G*(t,z)/F(x,v,2),
G(t,z)=g(2)*™+ h(2)t?, (3.2)
Flx,y,2)= a(z)(x2+y2) +b(2)x +d(z) y + c(2),

with a(z), b(z), c(z), d(z), g(z),
functions of z subject to

and k(z) are arbitrary

ac -b*—d*=1.
Equation (2.1) implies that
_4G,(2G,,F -3G,F) . _8G _9G
~T3G(2G,F -3GF,)’ Gz Otz (3.3)

The parameter g can assume all real values; however
the solutions with ¢ <3 are equivalent to the solutions
with ¢ > z, since the equations which define solution
(3.2) are invariant under the substitutions g —1 - ¢,
glz) —~h(z). Henceforth, without loss of generality, ¢ is
restricted to the range ¢ = 3. In addition, the require-
ment g <1 is imposed, to ensure that the pressure is
nonnegative. The general dust solution is given by g=1
and is contained in Szekeres,!

The properties of this solution can be conveniently
studied using the Newman-Penrose® formalism. Intro-
duce a null tetrad for the line element (3.2) defined by

k=2"/%(dt - FD dz),

n=2"*dt+ FDdz), (3.4)
= ~2"'2DgE,
Notice that the fluid velocity vector can be written
ut= 27 (R0 +no), (3.5)

Consider first the kinematic quantities of the fluid. It
is clear that both the acceleration 4 and the vorticity
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vector w are zero. The rate of shear scalar ¢ and the
volume expansion scalar 8, can be calculated using the
formulas given by Wainwright® and the expressions for
the spin coefficients of the null tetrad (3.4) given in Ap-
pendix B of the present paper. One finds that

_2F(1 - 29)(gh, - hg,)

V3 G(2G,F -3GF,) (3.6)
and
2G 3o
=—tf i
6="% o (3.7)

It thus follows that the fluid has nonzero shear if gh,
-gh#0and g#z :.

The geometry of the solutions is considered next. It
can be shown that the Riemann tensor of each {¢= const}
hypersurface is identically zero. The behavior of the
Weyl tensor can be studied by calculating its tetrad
components® ¥, ¥;, ¥, ¥, and ,. One finds that

Po=¥,=0, ¥;=¢,=0,
and

9= 21 =20)FC (hg, —gh,)
2=~ 9G2G,F - 2GF,)

(3.8)

Thus all the solutions are type {22}. They are conform-
ally flat if and only if

—gh,=0. (3.9)

In the conformally flat case the fluid acceleration and
vorticity are zero [and the shear is necessarily zero by
(3.6)]and since the spatial sections {t= const} are flat it
follows that these solutions belong to the k=0, R-W
class of solutions.'® The spatial coordinates are however,
not the standard ones. The expressions for the pressure
(3.1) and the density (3.3) reduce to

g=z or hg,

4G? 4g(1 —g)t2
Ku=§6§- and Kp:—‘i(—3m—.

(3.10)
In the special case g=0, it follows that p=(g™" = 1)1 so
this solution contains the (k=0) R-W solutions with
barotropic equation of state p=(y - 1)i.. The restriction
2 S g <1 restricts v to satisfy the inequalities 1 sy <2,

If Eq. (3.9) does not hold, the solutions are not con-
formally flat and they are spatially inhomogeneous.
Then all Killing vector fields may be written in the form
X(8/8x) —~¥(8/8y) where X and Y are given by Table L

Remarks: The three Killing vector fields in the first
case are those of spherical symmetry in a nonstandard
coordinate system. The case x=€=0 and 6#0 is not
listed in the table since the substitution x ~—7y, b~ d
makes it identical to the second case A=06=0 and €+0.

Solutions are sought which are not R-W (i.e., #,%0)
but which approach a R-W solution for large cosmologi-
cal time {. Since the behavior of the dust solutions
(g=1) has already been studied by Bonnor and Tomin-
ura,'! g is henceforth restricted by the inequality

1<g<1, (3.11)

The coordinates are permitted to assume values
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TABLE 1. Killing vector fields admitted by the metric (3.2) when it is not conformally flat. Define 6=b,a—ab, € =ad—dua, and

A=ac,—a,c. Let r denote the dimension of the isometry group.

Case ¥ X Y
b=€=A=0 y+ (d/2a) x+ (b/2a)
a,b,c,d constants 3 32—+ — (b/@)x—(c/a) 2xy + (b/a)y
2y + (d/a)x % -yt = (d/a)y - (c/a)
A=6=0, €20 1 Y- —(b/a)x—(c/a) 2xy + (b/a)y
A=0, 8¢ =0 1 32— 2+ ((bd, - db,)/B)x (@ /BY(y? — 2%+ [(b,d — bd,)/Bly
~2(@/B)xy - (c/a) +2xy+ (ca/aB)
A% 0 1 E]'X{(yz—xz)ﬁ+27\y+ (db, — bd,) % {2 — D)o + 2% — (db, — bd,) — 2B
+20xy+ (dc, — cd,)} +(be,—b,e)}
Bo<t<®o, —wly g oz <o, (3.12)  Flx,y,z). Thus solutions with §<¢<1 approach isotropy

Two types of limits are considered,'? pointwise limits
L, where lim, , .F=L and uniform limits where
lim, , w{lubt =const lF(x; v,2,8) -L |}= 0.

First consider pointwise limits. It follows from Eq.
(3.3) that

K1 =4gf2/ (3.13)
as t—-, for fixed x,y,z. Thus in the pointwise sense

tlirri(plu)z)'—l, y=q. (3.14)
It follows from Eqgs. (83.6) and (3.7) that

6= 2qt™ (3.15)
and

e (519

Equations (3.6) and (3.8) imply that

b,= -2v3 ¢G,/G. (3.17)

Now the following three limits may be calculated using
Egs. (3.13), (3.16), (3.17), and (3.15):

1 R AT A
3 Mmge/ime=t

These limits suggest that the models approach isotropy
along each fluid line as #~<. The metric itself ap-
proaches the isotropic form

ds?=df - t4c/3h4/3};-2[dx2 * dyz
+3{2Fn, - 3nF n2dz?),

Lim 2 (3.18)

(3.19)

Although these limits relate to the isotropy of the solu-
tions, the homogeneity can be studied'® py calculating
lim, _, .(-K%, i, ,h®)!/2/6°, In fact the calculation
yields

0, if $<g<i,
tlin}o(_Kzurau:bhab)llz/G:;: Ax,y,2) if q=%, (3.20)
o if 3<g<3,

where f(x, y,2) is determined by g(z), h(z), and
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and homogeneity in a pointwise fashion. It is interest-
ing to observe that solutions with %<q <3 approach iso-
tropy but not homogeneity.

The limits calculated so far have been pointwise,
These limits are not uniform however, since [4,|, |8],
|o|, and | 1| are unbounded on each spatial section.

There are models however in which these limits are
uniform. One such model is given by F,=0and F,G,G,
are bounded functions of class C! with

Flx,y)2 k>0, g(z)=21>0, and g(2)2m>0 (3.21)

for some constants k, I, and m, for all x, y, z. Notice
that such a & can be found. Equation (3.2) implies that

F(x,y)=a[(x+b/2a)? + ( y+d/2a)?]+ 3c/4 +1/16a, (3.22)

s0 let a,¢> 0. Then all the previous pointwise limits
(3.18) and (3.20) hold uniformly. Local equations of
state of the form €= €(p, p) exist for this special case,
where the specific energy density € is defined by p=p(1
+€) and p is the particle rest mass density. This is
true since p can be determined from**

5+pf=0, (3.23)

But 6=6(t,2) implies p can be chosen as p=p(t, z2),
which since p,# 0 can be solved for z to yield z=2z(p, f).
Also p=p(#) can be inverted since p is not constant.
Thus &, which is a function of ¢ and z, can be expressed
in terms of p and p. Finally €, which is a function of
p and p, can be expressed as €=€(p,p).

The behavior of the general solutions (3,2) can also be
studied at £—0; in fact
- lim %=-0, 1im%% -
t-0 0 t—o0 0

8
| =

li
t— ’

<

3
a Fle <ola

li
t

-

=7—17 7=1/(1_q)7

<

£2 _tq(x-a)/sg:;/a Fz[dx2+ dyz
+4{2Fg, - 3¢F Jgd2),

_x2 adby1/2
(=k*u ,: P

ds?=

lim
t—+0
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Thus near the singularity the solutions are isotropic and
homogeneous but with an unphysical equation of state,
since z<¢<1 implies 2<y<w, Again for wniform limits
it is sufficient to demand (3.22).
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APPENDIX A
Lemma: The field equations (2.1)—(2.7) imply that éq
=0,

Proof: Assume that 8,#0. Equations (2.2), (2.5)-(2.7)
have zeros on the right-hand side so they are identical
to the dust (p=0) case. In fact Szekeres'® has shown
that these equations, together with the assumption A :
#0, imply that coordinates ¢,x,y, 2 exist with

a=alt,x), B=Bltx). (A1)

Equation (2.7) now becomes

a, +a-B.a =0, (A2)
which can be integrated to give

B=3[a+In(Ka,)], K=K(), K#0. (A3)
Define a new variable €(¢, x) by

a=1n(Ke), (A4)
Substitution of (A4) into (A3) yields

B=z[ln(K€) + In(€"Ke,) ]. (A5)
Subsitution of (A4) and (A5) into Eq. (2.5) results in

[efin(e,)} ],=0 (A6)
which can be integrated to read

€=Lin(Me), L=L{(¢), M=M(), M#O. (AT)

Notice that é,# 0 implies G,# 0, and consequently
L#0, (A8)

Equation (2.4) can be used with the aid of Egs. (A4),
(A5), and (AT), to calculate €,. In fact Eq. (2.4) be-

comes
€,,= € {terms involving €, K, L, M, K, L, M). (A9)

Perform a coordinate transformation x'=x"(x, 1), #'=
={'(x, ) defined by

x'=€(x,1), =t (A10)
The chain rule then yields

LU (A11)

€m= de %7

so (A9) becomes
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9% _{terms involving <,K,L, M, K, L M), (A12)

de
This can be integrated to yield €,. The resulting ex-
pression for €, can now be differentiated with respect to
¢t and set equal to the x derivative of € obtained from
(A7). The resulting integrability condition gives L=0
which violates Eq. (A8). Thus the assumption 8,+0
leads to a contradiction. It therefore follows that

8,=0. (A13)

APPENDIX B

The Newman-Penrose spincoefficients relative to the
null tetrad (3.4) in the &, £ coordinates are

K=T=—v=_T=2"R[FF'D"+ D; DD},
= —€=-27/2p D™,

B=-a=2712D; D2,

p=-2"2[D, D"+ F'D™],

w=22[D, D" - F*D™),

o=x=0,

These expressions were obtained using a Camal com-
puter program (see Campbell and Wainwright!¢).
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The decomposition of the tensor product of two irreducible representations of the symmetric group is
studied, providing a foundation for the calculation of the Clebsch—Gordon coefficients. Realizations on
spaces of polynomials are emphasized. This leads to tensor coupling coefficients. An iterative formula for
the calculation of the tensor coupling coefficients is derived, and symmetry constructions are discussed and
shown to lead to a reduction in the calculation needed. A well-defined procedure for the construction of
the Clebsch—~Gordan coefficients from the tensor coupling coefficients, which works for any muitiplicity, is

obtained. It may be used for any finite group and, with some modifications, for any compact group.

I. INTRODUCTION

One of the major topics in the theory of representa-
tions of a group is the reduction into a direct sum of the
tensor product of irreducible representations. Impor-
tant in itself, it is fundamental in physical and mathe-
matical applications. It involves, basically, the deter-
mination of two classes of numbers, The first is the
number of times each irreducible representation ap-
pears as a summand in the direct sum (the multiplici-
ties). The second is the coefficient of each basis vector
in the direct sum (the Clebsch—Gordan coefficients),

Here we consider these latter numbers and related
coefficients for the symmetric group, S,. The signifi-
cance of this group and its Clebsch—Gordan decompo-
sition and coefficients, in the quantum mechanical
theory of systems of several particles, with their in-
trinsic symmetry, is well known. In addition, much of
the theory of representations of Lie groups is built on
that of the symmetric groups. In particular, the decom-
position of the tensor product of representations of S,
appears to be closely related to the problem of deter-
mining noncanonical decompositions of representations
of the unitary groups. These groups, of course, have
physical significance and they are also important in the
theory of special functions,

It is also likely that the procedure used in decom-
posing the symmetric group can be useful in finding
the Clebsch— Gordan decompositions of other groups.

This work has three aspects: a review, derivations,
and tables. The tables will be given in a later paper,*

For easier accessibility, and to establish notation,
we present a review of the symmetric group and its
representations, Thus, we cover, for the most part in
summary form, material discussed in more depth else-
where. We try to provide references which are well
enough defined so the interested reader can easily find
more detailed treatments, The most important of these
are in Rutherford,? Boerner,® and Hamermesh,  The
last is the only other discussion of which we know on
the subject of this paper. A large part of this paper is
an expansion of the material found there,
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Other important references on the symmetric group
are Weyl, % Robinson, ? and Littlewood,

There are cases where we rederive well known re-
sults because it is useful to show how they are found in
our notation. Where the discussion is self-contained,
standard, and easily found, we do not feel it is neces-
sary to give a specific reference.

The computations are based on an iterative formula
which we will derive. It is this which makes the cal-
culations feasible.

We also discuss the meaning of the Clebsch—Gordan
decomposition for tensors and introduce the concept of
tensor coupling coefficients, whose relationship to the
Clebsch—Gordan coefficients we study. We expect that
the values of the tensor coupling coefficients, which can
be obtained from our formulas and tables, will be
needed in some of the applications of this work suggest-
ed above,

The tensor coupling coefficients appear in the reduc-
tion, into an appropriate direct sum, of the tensor
product, with itself, of the left regular representation
of S,. The Clebsch—Gordan coefficients give a reduc-
tion, into a direct sum, of the tensor product of irre-
ducible components of this representation.

The tensor coupling coefficients arise from our ex-
plicit use of polynomial spaces as carrier spaces of
representations,

The question of multiplicity adds a major complica-
tion to the determination of the Clebsch—Gordan coeffi-
cients, Methods for computing the coefficients in some
cases with multiplicity greater than one have been dis-
cussed elsewhere. However, these are heuristic in
nature and there is no guarantee they will always work.
We will describe, systematically and rigorously, a
detailed procedure for finding the coefficients in gen-
eral; it will work for any finite group. We expect that,
with certain modifications, the procedure works for
any compact group as well,

There have recently been several papers discussing
the Clebsch—Gordan decompositions of various finite
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groups. ? The approaches used in these, however, are
different from ours. We have tried to keep this paper
self- contained.

In the next section, we review the symmetric group
and its group ring, which is used to give the represen-
tations, The following section discusses two classes of
representations, the seminormal and orthogonal rep-
resentations, stating explicitly the rules giving their
matrix elements, Then we discuss the decomposition of
the tensor product of vectors and the corresponding ten-
sor coupling coefficients. Section V consists of the
definition of the Clebsch—Gordan coefficients, and Sec.
VI is concerned with the relations between these two
sets of coefficients. The tensor coupling coefficients
are calculated by means of an iterative formula which
is presented and derived in Sec, VII, Symmetries for
the two sets of coefficients are investigated in Sec, VIII,
The coefficients also obey certain other relations, given
in Sec. IX. To illustrate our methods and results, we
present several examples in Sec, X, Finally, Sec. XI
contains some concluding remarks,

1l. THE SYMMETRIC GROUP AND ITS GROUP RING

The symmetric group on n objects, S,, is the set of
all permutations of {1,2,..., n}. We define the product
of two such permutations ¢ and 7 as

@7 () =0(7), j=1,2,...,n, (IL 1)

that is we first apply 7 and to the result we apply o,
The order of S, is n!

A transposition is a permutation which interchanges
two numbers and leaves the others fixed, Every trans-
position is its own inverse. A neighboring transposi-
tion, 7;, is one interchanging j—-1 andj (j=2,...,n).
Any permutation can be written as a product of trans-
positions (and, in fact, of neighboring transpositions).
The sign of a permutation is +1 if it is the product of
an even number of transpositions, - 1 otherwise. (The
sign is well defined, even though the transpositions
occurring in the product and the number of such trans-
positions are not unique. )

To find the irreducible representations of S,, we will
use its group ring, O,. It consists of all linear com-
binations of permutations which we take as acting on

products of noncommuting variables x,,x5,...,x, That
is, he O, if

h= 2 k(N (IL2)
&S,

where the £(7)’s are scalars and T(x,xy+ %)

=X,y 5@) * * X5 (We use lower case italic letters for
elements of O,, Greek for those of S,.) Note that S, can
be considered as a subset of O,, O, is a vector space
and the elements of S, form a basis for it, O, is the
smallest algebra which contains S,

We note that 0 S,, k€ O, imply ok O,, i.e,, O, is
closed under left multiplication by elements of S,. Thus
0, is the space of a representation of S,, given by left
multiplication, It is the left regular representation of
S,. The irreducible components of this representation
can be used to decompose any finite dimensional rep-
resentation of S,: Any finite dimensional representation

’
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of S, is equivalent to a direct sum of irreducible com-
ponents of the left regular representation, *

The remarks of the last paragraph are true for the
group ring of any finite group.

We must now determine the irreducible components
of the left regular representation of S,; again, the meth-
od applies to any finite group. We will outline the con-
struction; the details and proofs can be found in
Boerner. !

We first construct the minimal ideals of O,. A sub-
set, J, of O, is a left (right) ideal if it is a ring and
We0,, hed imply h'hedJ (hh' €J), We note that ideals
of O, are also algebras because O, contains scalars
since it contains the identity permutation. A two-sided
ideal is a subring which is simultaneously a left and
right ideal, A minimal left (right) ideal is a left (right)
ideal which properly contains no left (right) ideal.
Clearly, a subspace of O, is an invariant subspace of
the left regular representation if and only if it is a
minimal left ideal,

Each minimal left ideal J of O, is of the form

J={ke: hc 0,}=0p¢,

where e € O, is an idempotent, i.e., e*=e, and is

primitive in the sense that no equation e=e’+¢e"” (for
e’, e” nonzero idempotents) holds.

The set of minimal left ideals can be partitioned into
classes, such that the members of each fixed class
yield equivalent representations. The number of
distinct ideals in an equivalence class equals the
dimension of any of them. The direct sum of all the
members of a particular equivalence class is a two-
sided ideal which is simple, in the sense that it proper-
ly contains no nontrivial two-sided ideal. We let o
denote a particular equivalence class and J* the result-
ing two-sided ideal and we write

J*=0,ef®0,.e5®.--DO0,e, (IL. 3)

where each 0,¢5 is in the equivalence class a, and
O,e} is generated by the primitive idempotent e},

The group ring is the direct sum, over all equivalence
classes, of such two-sided ideals, That is,

0,=J1@J2@...aJ%, (I 4)

where oy, o3,..., @; are the equivalence classes.

We note that the equivalence classes ay, Go,...,
are unique but that the primitive idempotents e are
not. They depend on the choice of decomposition (II, 3).
(However, for the seminormal and the orthogonal rep-
resentations, we do get the same primitive
idempotents. )

We next consider the basis vectors. These are three
index objects, one giving the equivalence class, one the
representation, and one the vector. One basis vector
for the representation O g is the primitive idempotent
eZ. To construct the other basis vectors we start with
the following facts: Any equivalence mapping between
two minimal left ideals is given by right multiplication
of the elements of one of them by some eh’e’#0, where
e and e’ are the primitive idempotents generating, re-
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spectively, the former ideal and its image. (We use
ehe’, rather than ke’, which gives the same mapping;
this choice facilitates subsequent arguments, ) Also,
any ehe, e a primitive idempotent, is a scalar multiple
of e,

We consider the minimal left ideals O,ef and O,e? in
the class . Since they give equivalent representations,
there is an element ef =efhlel+#0. That is, right mul-
tiplication of O,e{ by e, gives an equivalence mapping
onto O,e;. The inverse mapping is also given by right
multiplication, by another element el =elhlef #0. Thus,
er = ef'efseq. However, we also have efed
=ef(hieleln)ef =nef, since we have an expression of
the form ehe, We obtain ef =efefed =ne, and so n=1
and efieg =ef. Moreover, ejefl,=el ef =(efhl)el
€0,e¢, and ejj € O,ef. Let ely=efiel € 0,22 Note that
e:s = e:-

To show that, for fixed a and s, the vectors ¢, are
independent, we use the identity!!

egeg=Opey. (IL 5)
Then if 3, n()es=0, it follows that

O=ef T nlrles
r

= E n (7")6:‘02:16?5
r

=2Lin0)elehefes,
r

= U(Vo)h;'efefs,
and so nry) =0 for each 7,. Thus {e2} is linearly in-
dependent. Since'’ the set {e%} spans 02, {es}isa
basis for O,eg.

We record the following properties:

es=eg, (IL. 6)
e,?,e,?";rz 6‘1‘!'5.@?‘ egs’ ’ (I, 7)
0,=71 BO0.ef, (1L 8)
Qy S
e= 2 eg, (II. 9)
Q, s

where ¢ is the identity element of S,. That the product
on the left-hand side of (II,7) is zero when a #a’,
follows from the fact that J* and J* are simple two-
sided ideals,

Since we have a basis for each summand in (IL 8), the
set of ¢ for all &, 7, and s, forms a basis of O,. The
basis vectors ef;, including the primitive idempotents
eg=e¢l, are not unique. However, the sum

Viel=¢"
S

is unique, and
(I 10)

for each a, 7, and s. (The latter equalities simply
state that ¢* is the identity element of the subring J°,)

@ o_ a0 _ o
Cpf TE €3 =Epg,

Since the set of all e, forms a basis for O,, we can
write

o= 2 ullo)el
a,”, s

(I, 11)
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for any 0 S,. By (IL7),

ot = T uioetess = T uipo)esy (15 12)
r

s rsy
so the #’s are the matrices for the left regular rep-
resentation. The index s; does not occur as a label for
any entry of the matrix for ¢; the matrices for minimal
left ideals corresponding to the same class a are not
only equivalent, they are equal.

Let us summarize the construction. To determine a
representation we need objects on which the action of
the group is known. The group elements acting on these
objects give linear combinations of them, in which the
numerical coefficients are the matrix elements, The
group, of course, acts on itself by multiplication, How-
ever, the group is not a vector space, thus, it cannot
be the carrier space of a representation, To construct
the necessary vector space we introduce the operations
of addition and scalar multiplication on the group ele-
ments, and obtain the group ring. This space is the
carrier space of the left regular representation,

The irreducible components of this representation
are given by the minimal left ideals of the group ring;
each of these is generated by a primitive idempotent.
The product of primitive idempotents giving different
minimal left ideals is zero. Each such ring element
gives one basis element of the corresponding minimal
left ideal.

The totality of basis elements corresponding to all the
minimal left ideals of the group ring is a basis of the
group ring. Each group element can be expanded,
uniquely, in terms of the basis, and the entries of its
representation matrices are given by coefficients in the
expansion,

The actual construction of the basis is the content of
the next section.

{1l. REPRESENTATIONS OF S,

The basis vectors e,, are labeled by the equivalence
class «, the particular representation, s, and the
basis vector, ¥, The standard notation we use specifies
the equivalence class by a frame, and the representa-
tion and the basis vectors by standard tableaux.

By a frame we mean n boxes, arranged in rows of
nonincreasing lengths, We label a frame, «, by the
sequence of its row lengths, m,,

Q= (1, Mg, ..., i), (111, 1)

where

b m;=n. (111, 2)

i

Mz Mz ez m,2 0,

If each of the numbers 1,2,...,# is inserted in a
different box of the frame, so that the numbers in each
row and in each column form an increasing sequence,
the result is called a standard tableau, We label a stan-
dard tableau, v, by

T:(jiyj%---’jn); (HI.3)

where j, is that row of the tableau v containing the
number &, Let f¢ be the number of standard tableaux
corresponding to the frame o, Later we will see that
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f© is the dimension of any representation of the
equivalence class labeled by the frame o,

Associated with every frame there is another, its
conjugate, The frame, «, is labeled by the sequence
of numbers (m,(a),...,m,(@)) giving the lengths of its
rows, or by its column lengths (m{(a),...,mi(a)).
Conjugation interchanges rows and columns, Using a
bar for the conjugate, we have

ma)=mia) (WL 4)

and

mi(a) =m;(a). (1L 5)

Clearly each frame has a conjugate; a frame may be its
own conjugate.

For each standard tableau corresponding to the
frame a, there is a conjugate tableau going with the
conjugate frame. Thus, if 7 is a standard tableau, we
let 7;() denote the column of » in which the number %
lies. We define 7, the conjugate of », by

i) =3i0). (IIL. 6)
It follows that
sy =7, ). (IIL 7)

To show there is a one-to-one correspondence between
standard tableaux and their conjugates, we must show
that

xr)2 §,(r)
and
I i)
whenever k=i, But these follow immediately from

(1. 6) and (I, 7) and the fact that the numbers in any
row or column of 7 are nondecreasing,

There are three standard constructions for the states
ey, they give the seminormal, orthogonal, and natural
representations,

We will discuss only the first two, and are now ready
to turn to their construction,

Associated with a standard tableau of frame a are
three operators. Let P, be the sum of all permutations
which preserve the sets of numbers in each row of 7,
(Such a permutation, o, must satisfy j,,=j, for
k=1,2,...,n.) A second operator @, is obtained by
considering any permutation ¢ preserving the sets of
numbers in each column of », multiplied by the sign of
0. The sum of these terms is @,, We define E” =P.Q,,

The primitive idempotents for the seminormal and
the orthogonal representations are the same, They are
defined by an iterative procedure from the E’s, We let
¥* denote the tableau, in the numbers 1,2,...,n-1,
obtained by deleting the box of » which contains the
number n, and a* = a*(r) the frame for S,_; to which
7* corresponds. We also need the numbers

0% =nl/f*,

Then we define, iteratively,

(III, 8)
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1
e: =5a e*E (r )e*,

1
e* = - eFFEIgxx
80

el=¢,
We see that e is determined by a sequence 7*,7**, -«
of standard tableaux, and not just by 7.

Each e? turns out!? to be a primitive idempotent, The
minimal left ideals O,e” yield equivalent representa-
tions for fixed a and different »’s. Different frames a
give inequivalent representations.

For a fixed frame o, the vectors e are constructed
in a manner discussed in the previous section; their
number is (f%)?, The dimension of O, is n!, and, in
fact, 3o (f*Y¥ =n!. Hence, the set of frames does
provide all the equivalence classes for the left regular
representation of S,. We shall not give the explicit con-
structions for the vectors e when »+s, These con-
structions, as well as proof of the foregoing facts, can
be found in Ref, 13, (As we will see later, the vectors
el may be obtained from the representation matrices. )

We next discuss the matrices for the seminormal
representation. Let us fix an equivalence class, labeled
by a frame «, and a particular representation, labeled
by a standard tableau s, (i, e., we are looking at the
minimal left ideal O,eg, spanned by ey ). We recall,
from (I, 11), that the matrices for S, will be indepen-
dent of the index s;. Since the neighboring transposi-
tions 7, (k=2,...,n) generate S,, it is enough to con-
sider the various matrices u2.(7,).

We start by defining axial distance, Given a tableau
¥, we may label ¥ by the sequence j,(») which gives the
row in which any number % lies, or by the sequence
j1(r}, which gives the column in which any & lies
(k=1,2,...,n). The axial distance, 7,(,k), for 7,
between the two numbers k, 1=1,2,...,n, is defined by

. (IIL. 9)

1,6, k) = [j2) ~ 3,00 | + [0 = 50)
Then, for the seminormal representation we obtain

o +1, if
“rr(TIz) :{_ 1 if

and if the tableau 7’ results from interchanging ¥ and
B—-1in7, withj,(»)>j,.,0),

u:r(Tk) = 1/77’ ugr'(Tk) =1- 1/7)2,
u'a’r(Tk)zli uf'r'(fk)=1/77,

where n=1,(k,k—1). All other entries of the matrix for
T, are zero,

Fet () =74 (7),

i) =il (L. 10)

(. 11)

Using the Greek letter p to denote the matrices in
the orthogonal representation, we have

+1
,U.:‘,.(Tk) ::{__ 1’
»

and, if ' results from interchanging 2 and £~ 1 in 7,
with j,(r) > j,.: (1),

if jp ) =74(7),

i) =750, (. 12)
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Ppp(Tp) == 1/, par)=[1- (l/n)z]t/z,
pi(r)=[1- W/, ude(n)=1/n. (. 13)

For a given a, the seminormal and orthogonal rep-
resentations are equivalent. In fact, the matrix for the
similarity transformation involved is diagonal. Both
representations are, of course, real., However, only
the orthogonal representation is unitary,

We will also need another function, the tableau func-
tion, ¥. It occurs in relating the orthogonal and semi-
normal representations., To define it, we consider a
standard tableau, s, for S,. We let ¢, (r)=1, if n is in
the first row of s, and define it by

i
@)= ;Hi 1+1/¢),

if » lies in row j, where ¢; is the axial distance, rela-
tive to s, from the number at the end of row ¢ to xn.

We next delete the box containing », and find
@sx(n—1), similarly, for this new tableau, We con-
tinue this process until we reach a tableau of one box
(whose ¢ function is one). The tableau function is then

d)s = gﬁs(n)(Ps* (71 - 1)(ps**(n - 2) el (IIIo 14)

The vectors of the orthogonal representation, £; and
those of the seminormal representation, e, are
related by

Er = /) %ef (II1, 15)
and the matrix elements are related by
() = (/U Pu (7). (L. 16)

We note, as shown by Rutherford! and, more elegant-
ly, by Boerner,®

efs=9i 2 ug (T, (IIL 17)
TS S,
and
1
Ere=ga pe(rhT (I1. 18)
TES,
L T par, (1, 19)

using unitarity. Thus one can explicitly obtain the vec-
tors of both representations from their matrices.

By (I 9), (IIL. 17), and (IIL 18),

1
€= 2 e:‘r: 2 F u,‘.",(o)o
[ 4 o= S,

1 .
=2 &= L . 55 Hlo). (III. 20)

Gy 7 Qy Ty O
Then, using (III, 20) and the linear independence of the
elements of S,

b 3}; ul(0)= 2 —;—a 12 (0) = by (I, 21)

o r o

The matrices for a representation and its conjugate
are related, Note that if #=2,...,n, and if for a stan-
dard tableau 7, j,() > j,.1(#), then j, () <j,.;(r). Hence
if » and 7’ are obtainable from each other by inter-
changing the numbers %2 and 2~ 1, then
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Hrp(T) == pigp(Ty). (1L, 22)
Also, since axial distance is unchanged under
conjugation

WiTe) = uFe(7y). (IIL. 23)

If, on the other hand, %2 and k-1 lie in the same row
of v they will lie in the same column of 7, so that rela-
tion (III. 22) holds in general. If »#v', but ¥’ is not
obtainable from 7 by interchanging & and 2 —1, then
both sides of (III. 23) are zero, and this formula holds
whenever v+v'.

IV. THE TENSOR COUPLING COEFFICIENTS

Up to now, the representation space we have used is
0,, whose elements are operators., We next consider
other spaces giving equivalent representations as a
prelude to a concrete realization of the tensor product.

Let x4,%5,...,%, be a set of noncommuting variables
and let V[x] be the set of linear combinations of all
permutations of these variables, that is

Vix]= span{xp(l)x,,(z) Xy PE S,,}g (Iwv.1)

Elements of V[x] are called tensors. We denote the
basis vectors by

p(x):xp“)xafz)“nxp(n)" (IV- 2)

We specify a representation W,, on Vx| by defining
W, (0)(pkx)) = (op) (x), (Iv. 3)

for o,p< S,, and extending it to all of V[x] making it
linear. By (IV. 3), we see that the representation W, is
equivalent to the left regular representation of S, on O,.
Another basis for V[x] consists of the e5(x), for all
7,8, B, (We use the notation of the seminormal rep-
resentation but the present discussion applies equally
well in the orthogonal case,) It is obvious that the
space V[v], built, in an analogous way, on another set
VisV2,. .-, ¥, of noncommuting variables, gives an
equivalent representation, W,

In order to define the Clebsch—Gordan series and
coefficients we must introduce further spaces.

First, we state the definition of tensor product. The
tensor product V& V’/, of two vector spaces V and V',
is the space spanned by all products ¢® ¢, ¢V,

@’ e V', with
og (@i + 9f)= (g ¢)) T (¢2 @3),
(o1t @)@ @' =(91® @) + (91 ¢'),

and, if @ is any scalar,

(ap)® ¢’ = @& (ap’)=a(p® ¢').

If V and V' are the spaces of two representations of a
group G, then the representation U® U’, acting on
Ve V', is defined by

(Us U eo o) =(U(g)e)s (U'(g)¢'),
for g G,

We see that the space Vix]g V{y], acted on by
W,® W,, gives a realization of the tensor product of the
left regular representation with itself. Identifying the
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tensor product of two basis vectors, p(x) and o(y)
(p,0c S,) with the monomial p()o(y) =%,y s2)° * * ¥ ptm
XVq1)Vei2) ° * * Voimys We Write the representation W,@ W,
as

[(W,© WD pk)o(9)) = (Tp)x)(70)()

=1(pk)a(y)), (Iv.4)

for 7€ S,

It is well known that if G is a compact group (as are
all finite groups) then any finite-dimensional represen-
tation of G is equivalent to a direct sum of irreducible
components of the left regular representation of G.
“Equivalent” means there is an isomorphism, between
the given representation and the direct sum, which
preserves the action of G. Thus the tensor product of
the left regular representation with itself is isomorphic
to a direct sum of irreducible components of the group
ring and the matrices for the tensor product and for the
direct sum are similar,

Formally, the decomposition is an isomorphism be-
tween objects which transform as the tensor product
of representations and objects which transform as the
sum of representations, From a matrix point of view,
this says that the representation matrix for the product
is similar to a block diagonal matrix resulting from the
direct sum. This is the usual approach to the direct
sum decomposition problem. As we shall see later, this
latter point of view gives rise to the Clebsch—Gordan
coefficients,

We can examine the direct sum decomposition in
another way. We will show that each element of the ten-
sor product V{x]® V[v] is actually equal to a sum of
elements of various spaces each giving representations
equivalent to the left regular representation on O,, Each
of these spaces will also be be identifiable with a cer-
tain space of polynomials in {x,} and {y,}. The terms of
the sum must, of course, be unique.

We now turn to the explicit construction of the re-
quired spaces. Each one must be a subspace of V[x]
® V[y]. Moreover, each will be modeled on V{x]. We
first define V[x,y] by

Vlx,y]=span{p@y)=plx)p(y): p= S}
Since, for o€ S,
[((Wee W) @) ](pkey)) =[(W, W,)(0)](px)p(y))
= (op)(x)(op)(¥),

V[x,»] is an invariant subspace of Vix]g V[y]. There
must be further spaces. Obviously the dimension of
Vix]e V[ y] is (2!)?, while the dimension of Vx,y] is
only n! A clue to the nature of the other irreducible
spaces we seek is that in each of the monomials which
span V[x,y], the indices on the x’s and y’s occur in the
same order, while for V[x]g V[y] there is no such
simultaneity; any ordering of the x’s can be accom-
panied by any ordering of the y’s. (An example, show-
ing this for S,, is given below. ) We are thus led to
define, foroe S,

Vlx,0y]=span{p(xoy) =p)(poy):pe S,}. (IV. 5)
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Then V[x,v]= Vix,ev]. As shown for V[x,y], Vx,oy]is
an invariant subspace of V{x]g V{v]. Moreover, each
space V[x,oy] gives a representation equivalent to the
left regular representation on 0,, since, for 7€ S,

[W,e WD (pkoy)) = (W@ W,)(7)p)(po)(y)
=7(p(x)(po)(¥))
=7(p(xoy))
= (7p) xoy).

We now state and prove the required direct sum
reduction.

Theovem IV, 1: V[x]g V[y] is the direct sum of the
invariant subspaces V[x,oy], taken over all 0 € S,, that
is,

Vixls Viyl= 2 ®Vix,ov].
oc S,

Proof of Theovem IV.1: The dimension of Vx| V[y]
is (n!)?, that of each of the n! subspaces V(x,ov] is n!
Thus we only need to show that the monomials p(xoy),
for p,o0 S,, span Vix]g V[y]. A basis for Vix|e V[v]
consists of all o(x)7(y), 0,7 S,, and

(Iv. 6)

ox)7(v)=0)o(ory)
=) ("' )y)
as required.

The direct sum decomposition can be described in
terms of the basis vectors, in particular, those
determined by various e’s and products of e’s, We see
that for each o, the set of all e (xoy) is a basis of
Vlx,oy] and the set of e,f"q(x)eﬁ;'(_v) is a basis of V[x]
®V[y]. So what we wish to do is to express each e (xoy)
as a linear combination of various eg (x)ey(y) and each
es(x)ed (y) as a linear combination of vectors e? (xoy),
for various o,

We have by (ILL 17),
1

5 2 ub(ppkoy)
PES,

el (xoy)=

=l

i

Bl

ul (p)px)ploy)

©
m
)

EY

2 b (pug(p)ed (0hugs(p)egi (o).
n
Py @

iy’

[
Q=

b-3

m

n

Now
ehloy)= 2 efuio)eiiy)
'q' ﬂ“
= 2 ufo)ef(y),
q
by (I, 11) and (I, 7). Hence

el 0y) =33 T ub(p i (plugh(P)ui(0)

pesn,l
Dray
b a'y o
1
Xegxeis ). (Iv.7)
Defining
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Aﬁs(p,q,a;p'q',a'h%, 2 ug o™ g phuge(p), (IV. 8)

we have

el lxoy)= 2 AR, a0, 1 a"Yufnlo)el (x)e e (¥).
X
pha’s o’

(Iv.9)

The coefficients A are unique with respect to the ex-
pansion (IV, 9) because the set of eJ (x)egs(y) is
linearly independent, We call the A’s the tensor
coupling coefficients,
Conversely, for each p,q,0,p’,q’, o,
0%6% e (x)efa(y)
= 2 ad(ruZ(p™)T)p(y)
TeC S,
=
T, pE S"
= 2
058,

= 2

HWeES,

Uy (T Yug(p™) Tl T py)

ug (TuS o ) T(xay)

gy (TN (0™ Yugoe(71) T(x0y)
k

= 0

YIS
k,r,s,8

oot
Ugy (T O (7707 (D] (roy),

and
026 e (x)elv)

= g 0PAS.(q,p, ask, p', o Yul(0)el (ko).
ooy,

Ry 1y 5, 8

(IV.10)

The coefficients 4, for the orthogonal representation,
are defined analogously, and we have

1 .
}453(9,4, a;p;q', Q')z BB E uir(p-i)p:q(p)“;q'(p),
6 eSS,

(Iv.11)
Ers(xoy) = ’?a%l?s(p,q, @', 1 , Q)OS () ES(3),
Paet (IV.12)
and
0707 (Ve A Y)
:6625 A%, b, ask, b, @Yo ER (oY), (IV. 13)
ko7, 5, 8
Also,
Abulp,a, 500", o= (% %{é)“z
3 TP 4
x Al (p,q,a;p',q", '), (IV.14)

We consider the case of S, as an example; here the
orthogonal and seminormal representations are the
same, O, is two-dimensional; it is the direct sum of two
irreducible and inequivalent one-dimensional represen-
tations, The symmetric representation is labeled by
the frame a, = (2, 0):[ 1] ; it is spanned by the basis
vector ¢ + (12), where ¢ is the identity of S; and (12)
interchanges 1 and 2. The antisymmetric representa-
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tion is labeled by the frame a;=(1,1):[, and is
spanned by e - (12). Writing

eM=eM=c-(12), e®=eff=c+(12), IV, 15)
we see that V[x] is spanned by

e™1(x) =x Xy — XXy, e2(x)=x1x, + XXy,

Note that since both irreducible representations occur
once and have dimension one, both subscripts, on both
e’s, are ones,

Then the basis vectors for V[x]e V[¥], which is four-
dimensional, are:

e*1(c)e*1(y) = (g = x9%1) (¥1 92 = V2. 31),
e1(x)e®2(y) = (xyxy — x9%1) (9132 + y2 1),
e%2(x)e1(y) = (xpxy +2x2) (¥1 32— ¥231),
e e 2(y) = (e +x9%1) (¥1¥2 + 32 31).

One finds that the matrix elements for the left
regular representation are

uffle) = u2e)=+1,
wud(12)=-1, uf(12)=+1,

The tensor coupling coefficients are given by

A, 1, aq51,1, a) = A2, 1, ay;1,1, ay)
=A2A,1, 01,1, ay)
=A71,1,0,:1,1, ay)
=+1;

the rest are all zero.

We then have
e®l(xy) =e*1(xey) =e*1(x)e2(y) + e (x)e*1(y),
e2(x(12)y) = - e"tx)e“1(y) t e®2(x)e2(y),

and so forth,

In the reduction of the tensor product we have
e1(x)e*(y) = 2e®1(xy) - e“2(x(12)y)),
e®1(x)e*2(y) = 2(e*1(xy) + e “t(x (12)v)),
e*2(x)et(y) = 3(e*1(xy) - e*1(x(12)y)),
e®2(x)e®2(y) = zle®2(xy) + e®2(x (12)v)).

Note that in each of the above sums, the first term is
from V[x,y], the second from V[x,av].

We have given a technique for decomposing the prod-
uct representation on O, ®0,,; we have used a subspace
approach, Of course, O, does not give an irreducible
representation, In fact, our method does not reduce the
tensor product of two irreducible representations into
a direct sum of irreducible representations. To see
this, let

Ve 4x]=span{el (x): any p},
v&s[x,oy] = spanie, (xov): any vy},

These specify two irreducible representations, By
irreducibility, for each o,8, o, a’,s,q,q’, either

v&s(x,09]C Vo xle Vv, (IV. 16)
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or
VEelx,oy]n (V*[x]e V**<[y])=0.
If we could write, for each o, a’,q,q’
voix]e Ve yl= 2 @ V¥ [x, 03],

where the direct sum is extended over all ¢, 8,s such
that (IV, 16) holds, then since Vix]® V{y]

=23 V&S[x,0y], summing over all ¢, 8, and s, we
would have, that for each o, 3, and s

(IvV.17)

Vasx, oy]C Vex]e VU y],

for exactly one value of each of the indices ¢, o', g,
and ¢’. This, in turn, would imply that in the expansion
(Iv. 9), for fixed o, B, and s, exactly one value of each
of the indices o, a’, ¢, and ¢’ can occur in the sum on
the right, There are many counterexamples to this,
such as the case where B is the completely symmetric
representation.

After developing more machinery we will return to
the question of decomposing the tensor product of ir-
reducible representations into a direct sum of ir-
reducible representations,

V. THE CLEBSCH-GORDAN COEFFICIENTS

Instead of constructing further equalities between
basis vectors for various representations, we will view
the decomposition problem more abstractly. In our
second approach, we investigate an isomorphism be-
tween the tensor product of irreducible representations
and a direct sum of irreducible representations, Later
we will see how the two approaches merge.

The notation we will use in this discussion is that of
the orthogonal representation. However, all of our
remarks, except as specifically noted, are also valid
in the seminormal case. Starting with two irreducible
representations, labeled by frames o and o’, and gen-
erated by vectors £ and £%,, respectively (i.e., given
by the minimal left ideals O,£2 and ongg,’q,), we form the
tensor product Ot > 20, £%.,. It is equivalent to a direct
sum 3 On£§‘§30. (For a given frame a,, any tableau s,
can be used; all give equivalent representations.) The
number of occurrences of a particular @, in this sum
is the multiplicity m(a,, o, @) =m(a,), which can be
zero. The direct sum, more precisely, is
2 @span{g 2o} .4, where X runs from 1 to m(a,),
and span{gf‘so(; * gives the Ath occurrence of the class
ay.

Let C=C'@% pe a one-to-one linear transformation
which maps the direct sum onto 0,¢), ® 0,£%., and which
preserves the action of S,. We write

CHEL® ES) = Z; (Cr (D, D) ERE,
A0y Xy T

For the moment, the C’s depend on ¢, ¢’, and s,. Since
C preserves the action of S,

c* (B unmurnste g )

- , A
= L CR(p,p e (MEST, (v.1)
@4, .
and so
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’ - & l- ’ & lx

B,k “gp(T)’J':'p'(T)(C 1);? l(k’k )5‘:20
&o,i:t

ao:A

= 22 (CAp,p s (e

g, AT,y

(v.2)

The set {£79,"} is a basis for the direct sum so that for
each a,, 7', A, p, and p’,

Z BN, (TUC ok, )
=$ (€152 (p,p o). (v.3)

Applying the linear transformation C to (V.1), we also
have

2 b TIL S (TIER D £,

R R

]

2 (CHEp, p I ZATIC(E Y

Qe ATy 1?

2 (Ce(p, 0 2T (C)S8(p, pESDE S

g, A v,
F';l
Thus for each k, %', p,p’,
pHMuEM = 2 (Cp, p a2 Ok, k)

Qo dy 7y 1’
= 2 (O, FumCHxp, )
Gy Ay Ty T
and
Ko (T gp(T)
= 27 (C)2(k, B 22(T)0,, 6 %%(C)S(pp’).  (V.4)
Qe Ay T

oy Myt

The 6’s in the preceding formula display the matrices
as block diagonal, which is the appropriate form for a
direct sum,

Different values of g and 4 actually give the same
(not merely similar) matrices (II. 12). Thus the C’s
can be taken independent of ¢ and ¢’, which justifies our
suppression of these indices. Likewise, the index s,
is irrelevant.

Note that on the left side of formula (V.4) the rows
of the matrix for the tensor product are labeled by
pairs (&, k'), the columns by pairs (p,p’). To interpret
the right side as the (&, '), (p,p’) entry of the product
of matrices requires that we take the rows of the matrix
for C as labeled by (%, #'), the columns by a,,2,7'. For
the matrix for C™!, the rows are labeled by af,\',»
and the columns by (p,p’). The terms u 39(7)85,,,6 %%
form the entries of a block diagonal matrix M(7): The
rows of M(7) are labeled by a,, 1,7, the columns by
aj, A, 7. [The corresponding entry is 1 29(1)5,,0 %0%. ]
Each block is labeled by a pair o .

As we will see later, the C’s, in general, are not
unique.

It is known!® that when all representations involved
are unitary, the transformation used in the reduction of
the tensor product can be taken to be unitary. Thus,
for the orthogonal representation, we choose the simi-
larity transformation to be unitary. This means that
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2 Ce(p,p')Calk, k)

ao,l [ad

6?’26#):' (V" 5)

and
Codp, pICER(D, p') =5%05,,5,,. (V.6)

Also, (V.4) becomes

B (TIL g (T)

= I CRale, )20 6%0%0, X C(p, )
gy r
a's,).',r'

(v.n

Analogous to (V.7) the reduction of the tensor product
in the seminormal case takes the form

Uy (Tt e (T)

1/2
—L(Z%Q Cyg(k, k')

zpa'o 1/2—1————
Xug(7 >( ) Colp,p")
D

by (III.16).

VI. RELATIONS BETWEEN THE COEFFICIENTS

We have decomposed tensor products of representa-
tions in two ways, obtaining two sets of coefficients.
Now we develop relations between these and show how to
construct one set from the other, for the orthogonal
case., We then return to the decomposition problem
discussed in Sec. IV,

We start from an equivalent form of the mutual
annihilation property (IL.7),

2 (T 2(T) = 09595 5,0 (VI.1)
T

We multiply both sides of (V.7) by pu29(7) and sum on 7
to obtain

1 Spmmusmus

eao ‘r(:Srl
mlag)
= E Crolk, K )C33(p, p"), (VL. 2)
A=1
i.e.,
Ak, p, ok, p',a’)
= 2 Coolk, K YCHRp, p). (VL. 3)

If we take the Clebsch—Gordan coefficients to be unitary,
we multiply (VI.3) by Cga(p,p’), sum on (p,p’), using
(V.6) to obtain

Z/J,ﬂ k,p,a; K, p,a’)Ce.p, p')

=C%(k, ¥). (VI.4)

Note that if we multiply both sides of (VI. 3) by u 29(7)
=p%(7!) (by unitarity), sum on 7 and #, and use

(111, 21), we obtain (V,7). Thus, in the orthogonal case,
when the Clebsch—Gordan matrix is taken to be unitary,
(V.7) and (VL 3) are equivalent.
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If y=7', (VI.4) resembles an eigenvector equation,
To so regard it, we must first specify, more precisely,
the way in which the 4’s may be treated as matrices
and the C’s as vectors. Our observation will then be
used to construct the Clebsch—Gordan coefficients.

We will regard A2k, p,a; ’,p’,a’) as an entry of the
matrix 423, whose rows are labeled by pairs (&, &)
and whose columns are labeled by pairs (p,p’). Each
set {C3o,(p, p’)}, for fixed ay, ', v forms a vector
whose coordinates are labeled by pairs (p,p’). Relation
(V.6) is the assertion that the set of such vectors is
orthonormal. Hence the vectors Cyg are linearly inde-
pendent. Then, from (VI.4), the rank of the matrix is
at least equal to the multiplicity m(a,). To see that
equality holds, let Y be a vector orthogonal to each
vector Cg3, i.e., suppose

2Y(p,p )T, p)=0
|4

For each )/,

27 A2k, p,as k', p ,a )Y (p,p")
N4

_Ec o(k, B)C380, p)Y (0, ") =
Thus Y is in the null space of 4,9 and the rank of

A% must be exactly m(a,).

As a result, the coefficients C52 (p,p’) can be inter-
preted as giving vectors which span the eigenspace,
for eigenvalue one, of the matrix ;4;“00,0. Since any vector
orthogonal to these vectors is in the null space of

ror , this matrix gives an orthogonal projection (i.e.,
a self-adjoint projection). We now use the fact that the
columns of the matrix of a projection form vectors
which span the range to determine the Clebsch—Gordan
coefficients.

We begin by picking m(a,) linearly independent col-
umns of A7, , since m(a,) is the dimension of the
range. We can use the Gram—Schmidt process to select
these columns and orthonormalize them. The result is
a set of m{a,) orthonormal eigenvectors, of eigenvalue
one, for the matrix Ao O. Their components are the
coefﬁments Ciolp,p'), A=1,..., m(a,). Note that the
entries of the matrlx ;4]"‘0 are real so that the C’s we
obtain are also real. We now have one of the columns
of the Clebsch—Gordan matrix in each of the m(a,)

sets of columns corresponding to «,; the columns in
question are labeled by o, and A=1,...,m(a,). We

now wish to find the entries in the other columns
corresponding to @,. The above process can only be
used to find one column for each fixed @, and A; we
cannot repeat it for different values of v and expect

(VL. 3) to hold in general. To obtain the remaining
coefficients CZo(k, k') (v #7,), either we can use the
identity (VI.4) or we can solve the Egs. (VL. 3)

with #’ =7,. The second approach uses a system of

X ¥ nonhomogeneous equations, each labeled by a
pair (p, p’). The rows of the coefficient matrix are

thus labeled by a pair (p,p’) and the columns by a
=1,...,m(a,). We have already seen that there are
m(a,) independent columns, so m(a,) is the rank of this
matrix. Thus, of the f*Xf* equations we need only
take m(a,)
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Avo ey pyy s 'y phy ')

miay)
2% Cyo (b, pIC0 (R, '), (VL. 5)

A=1

The pairs (p;, p’) must be chosen so that the rows
Cio(p,, ) (of the coefficient matrix of the system) are
linearly independent, i.e., so that any relation of the
form

m{ag)

25 1,8 (b, P =0 VL6)
J=1

for all x, implies each ,=0. If relation (VI.6) holds,
we multxply both sides by Cyg (g, ¢') and sum on A, using
(VL. 3), to obtain

@ )

JE 'r]/],f(P,,q,Ol p;sqs ):Oy
for each pair (g, ¢'). Hence, if we choose pairs (p;, p}),
i=1,...,mla,), making the rows ;4,0,0([)], a4, a;p5q,a')
1ndependent then the corresponding rows Cgo (p,,p )
are also independent. Because the rank of fi"?o
m(e,), this method of selection gives the correct num-
ber of pairs. Since it is self-adjoint and has only real-
valued entries, the matrix ;43'00,0 is symmetric. Thus,
the labels (p;,p}), found in the process of orthonormali-
zing its columns, are the labels of the linearly indepen-
dent rows of 40

Thus, in summary, we find the coefficients as
follows. We fix an 7, and find m(a,) independent columns
of ;4, ), , label them by the pairs (p;,p}), j=1,

m(a,) and orthonormalize them. The components
labeled by (%, k'), of the resulting vectors, are the
coefficients C,"p (k,k’). We then compute the inverse of
the m(a,) X m(a 0) coefficient matrix (,Mo(p,, p’) and

use it to solve, uniquely, the system (VI.5) for the
coefficients Co(k, k') for » #7,. Clearly, we obtain
real-valued coefficients.

roTo*

We see that our construction requires the calculation

of the following sets of tensor coupling coefficients:
(p k,a;p’, k', a’) for some fixed 7, for all (k, &)

an enough pairs (,b p’) to give m(a,) independent col-
umns [the number of pairs (p, p’) that must be tested is
not known in advance], and the coefficients
Alo(k,p,a; k', p',a’) for all »,k, and k' and those pairs
(p, p') which have just been found.

If the multiplicity, m(a,), is one, the range of the
projection given by /{;"(;J,O is one-dimensional, so that
to eompute C;‘:;) we need use only one column, We may
pick any column, which we label by a pair (p,, p5),
which is not identically zero. Since the real-valued
matrix 4% gives a self-adjoint projection, this condi-
tion means that the diagonal entry

,O,O(po,po, a3pg, Pos @') is strictly positive. That is,

LA (0 bor 3P,y @)
_Zﬂgoro(poapy ,Po,P a’)
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XA %o Bs bos @3 075 b5, @)

=A% o bo» @3 b D5, @)
We then see that the square of the length of a column of
;4:‘00, equals its diagonal element. The only part of the

Gram—Schmidt procedure that is necessary in the pres-
ent case is the normalization. This gives

247(%- (kvpo,a; k',Pg,Gl’)

(VL.T)

Cy "= 9 VI.8

oK) (A7, bos P, @5 oy Poy @I (VL.8)
We note that

Cro (Pos o) =LA 20, (Pos bo» @5 Db, Doy ') JH/2 (V1.9)

To%o
To flnd Clo(k, k'), for r+v,, we note that the system
(V1.5) reduces to one equation, whose solution is given
by
/4 (&, Pova k', pos @’ )
(pm pO)
Since Co(k, k') also satisfies this equation, (VI.10) may

be used to compute all the coefficients, once the overall
sign has been fixed.

Coo(k, k') = (V1. 10)

Since the range of the projection A4 f‘(;)ro has dimension
one, and since we require that the length of the vector
chosen from this space be one, the C’s are determined
up to a phase. We take the C’s to be real, so that only
a sign remains to be fixed and this is done in Eq. (VI.9).

We must now prove that the coefficients we have con-
structed are actually Clebsch—Gordan coefficients,
that is, that they satisfy (V.6) and (VI. 3).

From the definition of the 4’s and the unitarity of the
u’s, we have

LiAwp,a,0;0",d, ) A%k, 0,05 %,q,a")
a9

=A%, k,asp' Ky al). (VI.11)

Moreover, by (VI.1) and the unitarity of the u’s, the
definition (IV.11) of the A’s gives the stronger result

L A%p, kya;p' K, a)ASRD, g, 050", ¢, a')
- ¥4

=5%%5,,, A%k, q,a; k', ¢ ,a"). (VI.12)

Applying (VI. 11), noting that our C’s satisfy the
system (VI. 3) with ' =»,, and using the orthonormality
of the vectors Cge [x=1,...,m(a,)], we have

Arepskya;p’ K, a')
=2, ZJ Co(p, p')C39 (g, € )C Lok, £ )CE9 (g, 4')

pro 4
AP

=2C(p, p )Co (R, R'),

X

and our coefficients satisfy (VI.3), for all » and s.

Next, using (VI.12) with r=s=7,and ' =¢' =7}, we
see that the eigenvectors Cg and C"‘b belong to (sym-
metric) pro]eCthl’lS whose product is zero if o)+ a,,
and so for ay# a,, these eigenvectors must be orthogo-
nal. We must complete the argument that our construc-
tion yields orthonormal vectors for », s ##,; we use the
fact that for »=7,, we have an orthonormal set. Thus
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we may multiply (VL. 3) by C2(p,p') and sum on (p,p)
to obtain

Z/],‘.‘,okp,a ¥,p',a')Cs (b, p')

=Cg¥(k, k).
Therefore,

2 Co(p, p")Ca0, ')
[ ¥4
- Z//f,%(l’: kr cv;p', k,y a’)
0,7

XAB, P, a 050", ' )CP0 (R, k’)Cl,;zo(q, a)

— § %09
=5 “0%p_ kZ;:/]To'ok a0k, qd,a
e

X Cip (k, £)CS8, (4, ¢')

=5%%3,,, L Cio ke, k)Co (k, k')

ZGGO%GM'GN‘ s
and we have the required orthonormality.

We next consider the extent to which the Clebsch—
Gordan coefficients are unique. Starting with the coef-
ficients provided by our construction, we can obtain
further sets of Clebsch—Gordan coefficients in the
following manner: We let T be a unitary matrix with
entries denoted by #'s, whose rows and columns are
labeled by the triplets 8, A, ». We also suppose the t’s
satisfy

if B#p or if r#+/,

toa riB w0 = { 8, otherwise. (VI.13)

That is, the matrix 7 is block diagonal, with blocks
labeled by classes 3, and its entries depend only on the
label given by the multiplicity index A. Then

285,58, =5,, . (V1. 14)
Thus if
D2,(p,p") =226,,C20, p'), (VI.15)
P

the D’s form a second set of Clebsch—Gordan coef-
ficients as can be seen by direct substitution in (V. 6)
and (VI. 3).

On the other hand, suppose we have a second set of
Clebsch—Gordan coefficients, D(p,p’). We shall show
they are related to the C’s by a matrix 7' of the above
form. First, since the coefficients Cp(p,p’) and
Dgo(p,p’) form two orthonormal sets of eigenvectors,
corresponding to eigenvalue one, for the matrix A%,
they are related by a unitary matrix, that is

Do, p’) = Et (r)C (p,p"), (VL 16)
where
Zt o (P)tSo(r) =5, (VL 17)

for each v, Moreover, we can see that the ¢’s are in-
dependent of 7: Relation (VI, 3) must hold for the D’s
as well as for the C’s, and so
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Colp, p")Cso(q, q")

‘EDS‘P(P p" D% (a, ¢)

= 25 t2()tS(s)CRp, p)CH (g, 4).

Py byv
Using the orthonormality condition (V.6) on the C’s,
twice, gives

8= Etps 7)Egs(s).
Thus the inverse of the transpose of {%(7) is ¢%(s).

But the transpose of 1%{7) is also unitary so that #%0{s)
=¢%(r), and the t%’s are indeed independent of 7.

We have indicated how any matrix T, satisfying
(VI.14) allows us to construct a second set of Clebsch—
Gordan coefficients from a previously obtained set.
This method involves taking linear combinations where
the sum is only over the multiplicity indices. Con-
versely, we have seen that any two sets of Clebsch—
Gordan coefficients are related by (VI. 15) for a matrix
T satisfying (VI. 14). We note that if the multiplicity
is one, then (VI.15) reduces to a change of phase.

In Sec. IV we expressed a space for the tensor product
of the group ring with itself as a direct sum of spaces,
on each of which S, acts irreducibly. The carrier space
consists of polynomials. Our approach did not actually
give the decomposition of the tensor product of two
irreducible representations. With the machinery of this
and the preceding section, we again address ourselves
to this question.

Initially we work in 0,®0,. We let
V*e=span{t: any p},
and
alg, 059 ,a")

=gro=2J Clo(k, k)t 2 DES,,

kyk?

(VI.18)

geoe Vg Ve, By orthonormahty, {gA 0} is linearly
mdependent for each o, a’, g, and ¢'. Also, the num-
ber of gi9’s is 3, mlo )f°‘0—f°‘ -f*, so the set {ggo}
forms a basis for V2 V¥, Let

V0= span{g®: any r}. (VI.19)

We have shown that V&g vehe =7, ,® V3o, we must
show that this decomposition reduces p*®p . Thus, fix
a,and x. We have

T(ggo) = 20 CRo(k, B )T(E D E pog)
&,
=27 C(k, I (T) 1 S(TIELDES,
Ry K
by
=21C80(k, k' )CE(p, p' IE(T)Coulle, RNE 5. DES

=

summing over repeated indices, using (VI. 3) and the
fact that the C’s are real valued. Using orthonormality,

T = 22 Colp, p" I o(T)EL®ES,
Y 4
=2iu (g,
S
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and so the representation £ *3u %, restricted to Vo, is
an irreducible representation of class a,. Hence,

VeI e = 5 @V

Gy

(V1.20)
gives the direct sum reduction for the tensor product
of two irreducible representations.
We also note, using (V.5), that
2 Cyolp,p")

Ags Ay 7

En° = Ehe® Epg (V1.21)

Returning to V[x]® V[y], we see that g(q,a; ¢, a') is
identified with

awlag, a;q ,a')x,y)

=geole,y) =27 Cok, B ) (¥ pey). (V1. 22)
R
Moreover,
8% gro(x, y)
=25 0%0%Cok, B )E 2 (X)EE0(¥)
R,k
=27 §%0C8(k, ')A %k, g, a5k, 1 ,a")
Rk
I
GO)E 2o (xoy)
= 72 Colq, Du g0 plxoy), (VL. 23)

I,0,t

using (IV.13), (VI.3), and orthonormality. Relation
(VI. 23) shows the vectors £ %(xoy) are combined to
obtain vectors for reducing tensor products of irreduci-
ble representations. We see how subspaces involved in
the direct sum for such a reduction are spanned by
polynomials and not merely by products of polynomials
as in (VI. 18).

The polynomials we discussed in Sec. IV are labeled
by equivalence class, representation, and vector.
The space of products of pairs of polynomials does not
reduce into a direct sum of subspaces of polynomials
labeled in the same way. Neither does the expansion
(IV.13) give a reduction into subspaces of the tensor
product of two irreducible representations, even
though we introduced further vectors, obtained from
vectors labeled as above with certain changes of vari-
ables as specified by the elements, o, of S,. The
g¥o(x,y) are linear combinations summed over the
representations and over the group of the latter states;
this is the content of (VI.23). For each @, and » we
have a basis for a representation of class o, and when
o, and X are varied we obtain a basis for the tensor
product of the two irreducible representations in
question.

Vil. THE ITERATIVE FORMULA

The tensor coupling coefficients can be calculated
directly from the definitions (IV.8) and (IV.11). To do
this we need each of {n1)’ numbers ug,(7), obtained by
varying a, p, and g and 7« S,. These would first have
to be computed from the matrices for the neighboring
transpositions.
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We will use an alternate approach, and develop an
iterative formula for the S, coefficients which requires
only the S,_; coefficients and the matrix elements for
that neighboring transposition which interchanges
n~1 and n., We use the notation of the seminormal
representation, All the results apply in the orthogonal
case; they are obtained by replacing the A’s with 4’s
and the #’s with u’s.

Our formula is based on the following decomposition
of S, in terms of S,

Lemma VII.1: §,=8, U (S
(a) S m (Sn-l n n-x)_qb’

(b) If 0,4, 64 S,., then the number of pairs ¢,0’
€8, withot,0' =0,7 0} is (n-2)!

.) and

n-l n n-

Proof of Lemma VII.1: Elements of the set
Sp1TnS,-1 do not fix n so that (a) is immediate. To prove

{b) we see that if g,,0), 0,0’ €8S, with

o7,0' =0T 00, (VIL. 1)

then 7, = (03'0)7, 0’0", Note that oj'o,0 o(;‘ eSs,.,. Let
jisn- 1 be the image of n—1 under o’c;!, If j were less
than n - 1 then since 7,(j)=j and (o] o)( i) <n 1, we get
n=7,(n-1)=(o)j)sn-1, a contradiction. Thus,
o’o"‘ fixes n - 1. The same is true of o;lo. Both these
products already fix n so that 05'0=p < §,_, and ¢’oy™*
=p'€8S,.. Then 7,=p7,p’. Elements of S, commute
with 7, which implies 7,=pp’7,, and thus p’=pl. We
conclude that if (VII, 1) holds, there exists pe §,_; with
0=0yp and o’ —p"o Clearly p is unique, I 0 =0yp and
o’ =p-lo} with p< S,.,, then (VIIL 1) holds because ele-
ments of S, , commute with 7,. Since the order of S,_, is

(n-2)!, result (b) is proved.
To establish the main part of the lemma we use a
counting argument. From {b), S,.,7,S,., has [(n-1)!%/

n-2)1=m-1)(n-1)! elements Addmg this number to
the order of S,_;, (n-1)! gives n!, the order of S,. The
disjointness of S, and S,_,7,S,., gives the result

Next we recall the concept of starring. If r is a tab-
leau of frame o for S,, then »* is the tableau obtained
from 7 by deleting the box containing the number n. By
a*(r) we mean the frame, for S,_,, to which * corre- *
sponds. The following result proved by Rutherford!”
relates the matrices u for @ and a*:

Theorem VII.1: If T S _,, then

use (), ifj () =j.(s),
@ —
M) =1, otherwise.
The iterative formula and its proof may now be given.

Theorem VII.2:If a, o, and o’ are frames for S,
then

AX(p,q,a50", ¢, ')

9“0 r) ~ , ,
= 9“0 rs(p,qy ;p ,q’,d)
geXtngaf oy o .
(W)Af?(ﬁ,q,a;i’ 4, a’), (VI1. 2)
where
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A%, 0,00, ¢, ")

=AD %, g%, a*(p);p'*, ¢'*, &' *(p"),
when j,(r)=7,(s), i,(0)=7,(q), 7,(p")=3.(a"),
A’zso(py q, a; P’, q’, a') =0

otherwise, and

(VIL. 3)

ng(p, q,¢; p,’ q,, (X’)
=LAHP O, kE, X () p'*, mE, o' *(p'))
XA EE, a*, 0% () mE, g%, a'* ()

X ugo (T ug (TS o (T,); (VIL. 4)

the sum is taken over only those values of the indices
for which j (i) =3,(s), 7,(6.)=7,(r), i, (k) =30},
inlR2) =3,(q), G,(m) =3,(0"), ju(ms)=3,(q").

Proof of Theorem VI, 2: We use the decomposition

given by the lemma. First, if oS, ,, then the product
is

‘1'2

u20(0 Nul,0)us, )
—u:f,(i)(o")u“*ﬁ&”(ﬂ)uﬁ:}{’( )

if §,(1) =j,(s), j.0)=7n(@), §, (b)) =3,(d), and is
OtheI‘Wl.Se zero Thus, if the appropriate j’s are equal

27 uZ(o g (0)ug,o)
aC Spat

=0 DAL D (0%, g%, a*(p); p'%, %, (")),
by the definition (IV.8), and the sum is zero if not all
the pairs of j’s are equal.

Next, we let 0,0’ € S,_, and we consider o7,0’. We
have (o7,0’)! =0'"'7 0! and

ug, (07 7,0 NV, (07,0 Yy loT,0")

=1 -1
= 20 w0 o, (T ugs o™
KR
mpmz

X u:‘kl(o Vet (Tt a0

Xu,,m o)u g (T (@)
The terms of the sum can be rearranged and the sum

can be taken over fewer values of the indices so that it
becomes

Zu,gfi) o us ;&’(o)u

‘?!’(o)

Xus,.‘?,(s’(a' 1)u:*:£>(o')u,°;':;$>(o')

X g0, (T g (Tt o (Th)s
where the indices range over only those tableaux
iy, 2y Ry, oy My, my with j, (2,) =7jn(s), Fala) jn(") FnlRy)
=5.(0);s Jnllr) =7,(a), jn (ml) =§, "), jalma) =3, (q"). 1f we
now sum this over ¢,0’ €S, ;, applying (IV.8), we
obtain A.

By Lemma VII. 1 the sum in (IV, 8) splits into two
parts, giving
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Afp, g, 50", ¢, ')

eaa‘(r)
“‘60 (P,q,a,b,q a)

gaé‘(r)gaa‘(s) ~
t =T o a5, 4, a')

as required.

We note that a condition requiring the j,’s to agree
for two tableaux simply means that the number » must
be in the same row for both tableaux.

VIil. THE SYMMETRIES

For the orthogonal representation several symmetry
properties of the 4’s follow immediately from the
definition (IV.11) and the unitarity of this representa-
tion, For the seminormal representation, correspond-
ing properties may be obtained from those below by
using (IV.14), and need not be stated explicitly here.

First,
ALp,a, 050", q, 2" ) =A%(g,p,a; ¢ ,p',a’). (VII.1)
Also,
8%0A20(p, q, 050", ¢, @)
=0%AN0, ¢, 2'; p, g, @)
=0%A3r, s, 05, 9, @), (VIIL 2)

and so on. Further symmetry properties can be obtained
by combining formulas (VIII. 1) and (VIIL. 2) in an obvious
way.

We recall that for any » the matrix A2, discussed
earlier, is a projection. Hence, its trace equals its
rank which we found was m(a,, a,a’) =m(a,). This
now gives a proof that the multiplicity is independent
of the order of the three classes a,, o, a’: We have

mlag,a,a’)=2A%p,p,a;p’,p ,a'), (VIIL. 3)
F -4

so that summing on ¥ gives

g%of om(ay, a,a’) = 2 g A %(p, p,a;p',p", ')

by

= 2 0%A%r, 7, a5 0", 0", "),

Pyt
y (VIII, 2) and so, by (III. 8),

n!m(ao’ a, a’)= Z/ ea/]:p(”s 7 ao;p,)p” a')
by

=nlmla, o, '), (VIIL, 4)

as required. Clearly, also m(a,, a,a’)=m(a,,a’, a).

The following constructions expand the discussions
of Hamermesh,!®

To find the symmetries of the Clebsch—Gordan
coefficients we consider (V.6) and (V.7), and note that
the numbers Cgor "+ %(k', k) satisfy the same equations
as the numbers C2%**(k, k). (Here we must write the
symbols @ and a’ on the C’s; elsewhere these are sup-
pressed.) We recall that the C’s are not uniquely de-
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fined; any set of numbers satisfying (V.6) and (VI. 3)
is acceptable.

We order all the representations in some manner,
and we solve for the coefficients CZ» * *(k, &’) for
a<qa’', The A’s obey (VIIL. 2), so coefficients satisfying
(V.6) and (VI. 3) may be defined by

Cooa (k') =C o @ (k' k), (VIIL 5)

for o’ < a. The resulting coefficients are automatically
symmetric.

For the symmetry arising from an interchange of the
representations o, and o', we start from formula
(V.7), which we rewrite as

(T Eu(T)
= 2
LATR 2% o4

taking the Clebsch— Gordan coefficients to be real. We
multiply this equation by Cx," “*(g,q') and sum on ¢, ¢',

using (V. 6) and obtain
#TIC3% > %(q, )

CLo®(p, p" I eyTICLy % (g, q'), (VIIL6)

2 (g,

Qd

=080 % (b, p' I 20(7). (VIIL. 7)

(For simplicity, we will continually drop the “~"’s.)
Then, by unitarity, for any g,

2p (M 8T =2 gy (T ()
b4 4

= IJ»;:'(E) :53‘,,

so multiplying (VIIL 7) by p %(7) and summing on p,
we have

E“'w Cee (g, q')

=25 CLo % ¥ (p, p" ) 29 (T)u 2 (7). (VIIL. 8)
14T

Next, expanding uf‘,g(‘r)pgq(f) =p 5o (T) 29(7), using

(V.7), gives
%S (0, )

_ ano,a w(p P )C y O “O(p,r)

b
B:v

X1 8.(T)CB2 *o(q, 7")

To move the last C over we multiply by cég*- % (g, )
and sum on g and 7', so that

(VIIL, 9)

Z “’P’a'(-r)c).rg & M(q, q )CB' » “o(q’ TI)
7 a,d

=27 Cpo®(p, p')CE % %0(p, 7)ub,.(T).
Yoyt

Now 3, .Cyg **(q,q')C8> *0(q, ') may be viewed as the
entry in row ¢, column ¢ of a matrix

K= K(ao,a a’ B)

A,V
and

E C“Ot"‘ a'(p P )Ca,a,ao(p’ 7)

0

(VIII. 10)
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gives the row p’ column ¢ entry of the same matrix,
and (VIII, 10) states that

oK =Kub.

By Schur’s lemma,

ao’a a ,ﬁ ao’a’al
KOorK( AL )K( N, )I

({ is the unit matrix of appropriate dimension) and
representations @’ and 8 must be equivalent, that is,

K ag,a,a
X, v

is a scalar such that
Z} Cf‘y' o, “‘(p,p’)Cﬁ; o, ao(p, 7)
(2% 4

’
=K(°‘°’°"°‘ )5“'35”. (VIIL 11)

A,V
Next we see that
T ey % =o(p, ICH **(p, )

274;}'(7; ;! ao;p,ﬁ, a)

9&'74 2,0, 050", t,a") (VIIL. 12)

by (VI.3) and (VIII.2). Then an interchange of p’ and ¢
in (VIIL. 11), multiplication by C%:* *o(p,#), and
summation on v gives

k(%) oo,

= L O =(p, )Cy * *op, NICH *“0(p, 7)

TobeV

=2 gaﬂ CRo % ®(p, 1) A%(p, By a; p', T, @), (VIIL 13)
Ty P

Taking p’ =¢ and summing on p’ we see that

% (52) cso 0, p VARG, 5,5, T, @)

Tipep’

= 3 (§o) A0, 05,07, 00050, )

IS4

-7 ~ o~
:Z(g—ar) Cap*®(p,1), (VIIL. 14)

by (VI.4). The terms in the sum on 7 are independent
of v so that it becomes

f“v( ) Cr ()= —.,rC“"'“"""(E,?)

= e G,
by (1IL. 8). Hence

fa'c:"?-“.ﬂf(ﬁ’ E

v,

(aoya a )Cn& o ao(F, 7)

_favz; K("‘o"" @ )cg;-“'“O(E,?).

A, 0
(VIIIL. 15)
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Also, from (V.8) and (VIIIL, 15)
S8, =25w
?

-ZZ ol 0 3 Tol S )

— E K(ama’a, K(ao,aya,
317 A,V x, v
v,

a,oto(ﬁ, ;)
5 K(ozo,oz, a')K (ao, a, oz')
V2 A, v wv

f“'LK(aO’ a,a )K(ao,a,a').
L
From this relation and (VIII, 15) it follows that

Z; (/au @, ao(p,,’,)ca @, Bo(f),s)

o p
S K a',a,q, K a',a,B,
»p v py'
v,

x Cl)aro’ a. a’(P, p,)

xc'%va.ao(z;, ;’)C&’f

(VIIL. 186)

aa'(pp)

’ I3
_sag8 \ o ,a,ao) (01 y &, O
=6 o %/K( v K ) 6rsélu

ot
= ‘){—'&5 530' aoéu‘,,érs
Moreover, by (V.5) and (VIII. 15),
g Ciy * o(p, VICL% *(p, p")

(VIIL. 17)

=2 K (a " a") C2o “(p, p')CE: % (p, p')

b ¥
o', 0,
e

Now suppose we have found coefficients C, P, p")
satisfying (V.6) and (VL. 3), for o' < a,. Then for a,
<o’, we define

cgro. ““""(p,p') — (fuo/fa')l/Zcft;: @, ao(p’ 7).

Note that the multiplicity indices for both triplets of
representations are independent of the order in which
the representations occur. We must show these coef-
ficients satisfy (VI.3) and (V.6) in all cases.

(VIIL, 18)

ao,cx a'(

(VIIL. 19)

First,
21 Co 4 (p, p' O % *(q, q')
A

=L T Cgeo(p, 1)CE; = =o(q, 5)
A

~

%o

f qur(f’y‘ba 7,8, Q)

\,,

% g
_;_a'__a'_/]rs(p,q’a P Q/ C{)

=A%, q,a;p", 4 ,a’),
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by (VIIL. 2). Next

ZJ cg’p,a,aﬂ( p )Cao,a cx'(p’ pl)
1% 4

@y

o

> c:;, °"°‘0(p’ ,r)c‘o:",'a,ao(t)’s)zéxuﬁ,s

= W v
by (V.6). We must also show that ¢, 8, implies that
2_/ Cao,a tx'(p p 50 o, a:'(p p )_

5V
If o’ < a,, B, we already know this formula holds. In

the cases a,<a’ <8, or B,<a’<a,, we use the defini-
tion (VIII.19) and (VIIL. 18). For «,,B,<a’, (VIIL 19)
and (VIII. 17) are used.

Interchanging representations and their conjugates
gives further symmetries. We recall (III, 4) and (II1. 6).
The completely symmetric (one-dimensional) represen-
tation is labeled by

a*=n,0,...,0)

and the completely antisymmetric {one-dimensional)
representation by

a"=(1,1,...,1).

(VIIL. 20)

(VIIIL. 21)

For any frame a, we fix a tableau p,. If p is another
tableau of this frame, then p may be obtained from p,
by applying some permutatlon Oppo € S, on the numbers

of p,. We let A(p)=signlo ”0) The symbol “ame? will
indicate a mapping which gives an isomorphism pre-
serving the action of S,., We will also use the associativ-
ity and commutativity of the tensor product,

(V,2V,)R V==V 3(V,3V,),
and
V,3V,—V,3V,.
Our first isomorphism is
EpDEY — g

The argument is that if 7, is any neighboring transposi-
tion, then 7% =¢", and thus, for any 7¢ S,

(VIIL. 22)

e e, (VIIL. 23)

Hence, for 7¢ S,
T(E 5 DL ™) =TE5, 2T
=TE2 R
and “—" follows.
Since, for 7, any neighboring transposition, we have
TEY =~t*, we obtain, for TS,
TEY =sign(T)E® (VIIL. 24)
It then follows, from (VIII.23) and (VIII. 24), that
X RES e g (VIIL. 25)

We now proceed to relate a representation and its
conjugate. We will show

£y — APNeE®e*],

To show this isomorphism, we apply any 7,=(j -1, j)
to both sides and verify that the correspondence of
(VIIL. 26) is preserved.

(V1II. 26)
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Ty 'égq:Z}u:p(T)E:a
]
and
T, (EEREY ) = - (T £ EOE™)

=1 BT (5

== 125 plm, Pl 2T )eE:®e,  (VIIL 27)
where
-1’ WL:p,
p(m’p):{ﬂ, m#p,

using (II1. 22) and (III. 23). Now T,, acting on the left-
hand side of (VIIL 26) gives

2T AR (EEDES), (VIIIL. 28)
k

and 7; acting on the right-hand side yields
—1A(p) 2ip(m, Pl &, (T e E- D>, (VIIL. 29)

The express’;ons (VIII. 28) and (VIIL. 29) are equal since
= Alp)p(m, p) = A(m), (VIIL. 30)

whenever p2,(r,)#0, that is, whenever m arises from
p by interchanging the numbers j —1 and j. The
asserted isomorphism follows.

We combine our results and obtain the following
sequence of isomorphisms:

APIAD'YE D )
— EEDE)R(FE 9
— EFREF)P (DY)
— EF2E )9
— 52855

that is

APIAD e B S ) — EEB DS

Each equivalence in the preceding sequence of isomor-
phisms is unitary, thus (VIII. 31) also gives a unitary
equivalence.

(VIIL. 31)

Now suppose the Clebsch—Gordan coefficients
C%0 % haye been computed for each a,, for
a <a’, Then

£ Dl g LICE (b, pERS
and thus, by (VIIL. 31),

E5®L B — DAPIAQP e = (p, p')E 20 (VIIL 32)
both isomorphisms are unitary.
We then define, for o’ <a,
Cior @ (p, p") =AB)AP )CEr %% (p, b'). (VIIL 33)

Since (VIII. 31) does give a unitary equivalence, these
numbers are Clebsch—~Gordan coefficients in the case
o' <a.
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We have seen that starting with certain subsets of
Clebsch—~Gordan coefficients, it is possible to construct
the other coefficients such that the total set has the
symmetry properties of a particular class. The differ-
ent procedures do not commute so that not all the
symmetries will hold simultaneously.

An example showing that all classes of symmetries
cannot be made to hold simultaneously is given by a
triplet a,, a, a. For interchange symmetry, we must
have Cgo%3(p,p')=C20 % %(p’,p), for conjugation
symmetry, C2o%%(p, p')=A(p)A(p’)C%*(p,p’). These
coefficients are not equal unless « is one-dimensional.

We will later describe a consistent procedure for
using all the symmetry related constructions to reduce
the number of coefficients that need to be calculated.

To find the symmetries of the 4’s under conjugation,
we use (VI.3) and get

A, q,0;p',q',a")
= AP)AP M@ MA)A D, a, 250", ¢ ,0').  (VIIL 34)

Using the multiplicity formula (VIII, 3), it immedi-
ately follows that the multiplicity is invariant under con-
jugation of o and a’. Using the interchange symmetry as
well, we see that the multiplicity is invariant under con-
jugation of any two of the representations.

We cannot construct coefficients satisfying, simul-
taneously, all the symmetries discussed. However,
we can use all our symmetry constructions, in some
sequence, to define coefficients, allowing us to compute,
simply, large sets of coefficients from just one coef-
ficient. This avoids the need to use detailed calculations
for most of them.

We use different types of operations on ordered
triplets:

T, ,:an interchange of the last two members of the
triplet;

T, ,:an interchange of the first and last members of
the triplet;

T, : conjugation of the last two members of the trip-
let.

The triplets of representations split into equivalence
classes. Two triplets are said to be equivalent if one
can be obtained from the other by any sequence of
operations of the above types.

The representations may be ordered. We do this by
defining “<” as follows: If m,(a)=m,(B) for k> k,,
but mko(oz) > mho(B) then @ <. We divide the represen-
tation into three sets. The first contains the self-con-
jugate representations. The second is given by {a:a
<a}and the third by {o: a <a}.

In each class of triplets we use the methods of Secs.
VI and VII to compute all the coefficients for one trip-
let, the “working triplet.” The coefficients for the other
triplets will then be obtainable using constructions going
with operations of types T, ,, T, ,, and T,. To select
the working triplet (a,,a, '), whose coefficients
C% * % are to be computed, we consider all triplets
(ay, @, a’) for which a,< a <a’. Of these we pick out
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those for which a, is minimum with respect to the
ordering. From that collection we pick out ones with
a the smallest, and finally, we pick out the one with
a’ the smallest. This triplet is unique. We compute
all the coefficients for it.

To find the coefficients for any triplet in an equiva-
lence class, we first list, in order, the operations
which transform the required triplet into the working
triplet. Then we apply the constructions corresponding

Operations

Triplet Conditions (where necessary)

to the operations, but in reverse order, to the coeffi-
cients of the working triplet. This chain of construc-
tions then gives the coefficients for the required triplet.
The reason we use this simple reversal is that each

of the relevant operations is its own inverse.

There are a number of suitable chains of operations;
we discuss one. Suppose the required triplet is
(Byy B, B'). We tabulate the steps necessary to give the
working triplet (a,, @, a’).

Result

Bos By B’}
BO’ éy B,

1. (a) a, in triplet

(B()’ B, B,) Olormin{

1,b

i,a

{b) a, not in triplet Leor Ty,

2

N Ne Bl R

1,0

In either case, we obtain a triplet denoted by:

Y,y
(ay,7,7") a=min 5.5

»Y

II. @)« in pair y,y’

(b) @ not in L
pair v,7’
TZ
Either case leads to a triplet:
(Olo, Ol,p) _
1, @) a#a Let a' =p.
b)a=a Let o’ =min{p, p}

and Ty,

Since the coefficients are not unique, we would ex-
pect different chains of operations to give different
coefficients.,

Finally we note that there is no symmetry corre-
sponding to the conjugation of all three representations
of a triplet. In fact, of the two coefficients
Co 4 ®(p p') and C% % (p, p'), at most one is non-
zero. We see this from (VIIL. 7) with 7 =(12), giving

1 op(12)p 57,(12)CR0 - (p, p") (VIIL 35)

=uo(12)Ci % (p, p').

If an odd number of p, p’, » contain the numbers 1 and
2 in the same column, CZo*¥(p,p’)=~ Co**(p,p’),
so this coefficient is zero. Under conjugation, rows
and columns are interchanged, so the result follows.

IX. THE HOMOGENEOUS EQUATIONS

The tensor coupling coefficients satisfy two systems
of homogeneous linear equations, which are of some
use. We now derive these, using the symbols for the
orthogonal representation. The formulas in the semi-
normal case are the same.
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Qoy Oy =

Qgy &y =,

Uy, Oy .

Qg , .

Qg, 0,0,

I
We start with (IV,12),

solxy)

Afp,q a5, 4, 0 )e g ()5, (),

where x =x,%,* * *x,, and y =¥y, --y,. We can replace
X DY TX =X,y " Xg(ny, and y by Ty, giving

g2o(rxty)= 20 AP, q,a;0",q,a’)
585

XS, (1) 5, (TY).

Since
EpaT= 2 Epuf(NER,=2Lng(nEs,
B,k i j
we get

2o(rxTy)= 22 AP, q,a;p",q,a")

bya,
P&, o
i 2
X & (T) p §u(TIE 55 (x)E 5 (y). (IX.1)
Also
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Ero(rxTy) =£70(T(xy)) = Lu o(7)t 2o(xy)
= 2 pSMALPp, a0, ¢, a")
Tl

X £ 5oV 5 ().

But the products of the ¢’s are independent, so for
each p,q,p', d,r,s we get, by interchanging j and gq,
j" and ¢ in (IX.1),

1.7_:1;4;’3(%]', a;p’ i, a ) (T 5T

—Lz‘irk(P,q,a pid,a g, (IX.2)

We get another set of homogeneous equations by
applying the symmetry property (VIIL. 1) of the A’s
and the unitarity of the representation to obtain

LAG, q,055, 4, 0" (T 5p(T)
F

=DARP, 0, 0, ¢, @ ). (X..3)
kR
Since the p's are unitary, (IX.2) and (IX. 3) both
describe the same system of homogeneous equations.
Moreover, (VIIL.7) is the statement that the Clebsch—
Gordan coefficients satisfy this system.

Formulas (IX.2) and (IX. 3) may be derived for the
A’s and the »’s of the seminormal representation by
applying (ITI. 16) and (IV.14).

We also note that any solution of the equations (IX.2)
or (IX.3) for the neighboring transpositions satisfies
the system obtained when 7 ranges over §,.

X. EXAMPLES

To illustrate our procedures we consider a few ex-
amples, doing the calculation by means of the iterative
formula (VII, 2) for the orthogonal situation, For S;
there is only one 4; it has the value 1.

For S, there are two representations, both one-
dimensional, numbered as listed:

a=;7’:1:, and a=[2; r=2:[1]2],

wagy=-1, pBagy=1.

Both representations star down to |1} of S;,. For both
representations, we also have

(X.1)

8=21/f=2/1=2, (X.2)
Since we have, for S,, 6=1, we get
A%, 1,51, 1, 1)

=3(1) +3DA) (- (- (= 1) =0, (X.3)
AR 1, [1;51,1, 1)

=35(1) +5DM)=1)(-1) =1. (X.4)

It is now obvious that if, in the triplet (a,, a, a’),
there is an odd number of (1] ’s, the corresponding A is
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0; if there is an even number, it is one. [See also
(VIIL 35). ]

These results can also be obtained from the defini-
tion (IV.11),

A%a,1,@;1,1, @D

= ol 802802 812) + 1B w80 s8]

=3l(-1P+
AB@,1, [@;1,1, @) =iQ)-12+@)]=1.

(1)3] = O,

To avoid ambiguity, we will use “a”’s to denote the
A’s for starred representations and tableaux. For S,
there are three representations; two are one-dimension-
al, one is two-dimensional:

a=[1]; r=1:[2, Ha2)=48@3)=-1,
5 wBa2)=pBes=-1,

_@r1r rzres

#3(12) = nB( 12)—(0 _1),

0=6,

-1/2 3/4
1 1/2
-1/2 V373
IJ-@(33)= ’
v3/d  1/2
a= B] EE 6=6,

uB(12) =B(23) =1,
nB2)=pB3)=1.
Then o = I gives a*:l a= E}Z]gives a*(l):@ s

a*(2)=[1] , and o =[3] gives a*=

To compute /]!(1, 1, @ ;1
the a’s are of the form

af(1,1,[3;1,1, [2])=0,

so that

AR, 1,251, 1, @) =0.
Another example is

A%a,2,3;2,1,2)
=0+#alf(1,1,[3 51,1, 2]
xdd(1,1,[@ 1,1, B uBuBud
DVEIV3/d=-1%

[where A =0 since J.0) #i,(@) (or 7,0") #7.@')].

Further,

,1, @ ), we note that all of

=0+3(1)(1)(-
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74@(111’2;111’@»
2a801,1, @ 51,1, )
+3aBa,1, 2131, 1, 2] 7By

=30 (- 3=t
In the same way we obtain

74@(152’@’ ; 2, Z’B):O’
ARG, 1, B 52,2, B)=4.

Shifting our attention, now, to the Clebsch—Gordan
coefficients, we note that for S,, all the multiplicities
are one. Using (VL. 8) and (VI.9) which includes a sign
convention, we have

cBB.B(1,2)=40a,1, 52,2,
=vVi/2= ‘/_272’

ABe,1, B;1,2, )
cElZlIZ](] 2)

Il

and

cp.B.B2 1)=

_—1/2

T V272

Our next examples are for the tableau function .
We give a table of values for some tableaux:

Slzr: ,

= - \/2_/2

52:7:’ 4’:(
7’=, d)F‘:l,

1+P=2

1
S;:r=(2, yB=01+HA+HE)=s,
3
”—ézj, $B=(1+1/2)(1)(1) =3/2,
1]3]
=l B=0@=

r=[1[2[3], 4f=1.

Thus, by (IV.14), for the seminormal coefficients
for S,, we get A=4 in every case. For S; we obtain,
for example,

AHG,2, 22,1, B =A804,2,[2];2,1,[2])
and e
A0G 2, ; 22.,_( ) AYa,2, 252, 2,[2).

Finally, we list the basis vectors, in the space V[x]
[see (IV.1)], for the two representations corresponding
to the frame o =2: , of S;. The examles are for the
orthogonal case. The tablea.ux are r=1: {2 and
r=2: -ﬂ . We have, for the first representation,

Eﬁ(x) = 8lx X% +2p%,%5 + 3 (= %, %%,
- X3gXpX; — XpX3X) = xsxlxz)]’
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£B (x) = 3B/ 2Lx 145, =55y, = XpXgk, +XgX1,),
and, for the second,

£ B (x) = 8VB720x X 4%, = X3y, + KoKy — XoX,Xs),
£B(x) = 3l 3,05 = 2,25 + 5 (%, 24X,
+ XXX, = XK o) — X% %) |

XI. CONCLUSION

A formalism has been developed for describing the
decomposition of the tensor product of two irreducible
representations of S, into a direct sum of irreducible
representations. This has been discussed both for the
tensor product of the vectors and for the tensor product
of the matrices of the representations. We have ob-
tained the tensor coupling coefficients and the Clebsch—
Gordan coefficients. We have considered relations be-
tween the two sets and developed methods of calculating
the latter from the former.

Although done for the symmetric group, the discussion
is essentially unchanged for any finite group.

An iterative procedure for calculating the tensor
coupling coefficients has been derived and discussed.
We have considered, in detail, a systematic procedure
for obtaining the Clebsch—Gordan coefficients from the
tensor coupling coefficients, emphasizing the general
case when the multiplicity may be greater than one.

Thus the paper forms a foundation for an actual calcu-
lation of these coefficients, which we consider in a
future work.!
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Ordering schemes for the frames and tableaux of S, are presented, and some results, expressible in terms
of these, are developed. A formula is derived for the sign function on tableaux. A table of the nonzero
Clebsch-Gordon coefficients for the “working triplets” is given. Methods are described, and a needed table
supplied, for finding the other coefficients from the tabulated ones. The values are forn =2, .. ., 6, with

the coefficients for # = 6 relegated to PAPS.

I. INTRODUCTION

In a previous paper! we have investigated the decom-
position of the tensor product of irreducible represen-
tations of the symmetric group into a direct sum of ir-
reducible representations. The decomposition may be
specified by the matrix of the similarity transformation
between the representation matrices for the product
and the direct sum. The Clebsch—Gordan coefficients
are the entries of the matrix of the similarity
transformation.

Our earlier paper contains much of the theoretical
groundwork for the construction of the coefficients. In
order to calculate them, we must first consider a num-
ber of technical problems. This is done in the present
paper.

The final results, of course, are the Clebsch—Gordan
coefficients. We present them in Table I. However, for
reasons of space, and to reduce the amount of compu-
tation, coefficients for all the triplets of representations
are not listed, but only those for the “working triplet.”
We give simple instructions for finding the others.

Each representation, and each tableau within a rep-
resentation, is assigned an ordinal. In Sec. II, the or-
dering schemes are discussed. Algorithms for generat-
ing the numbers describing the tableaux for the sym-
metric group S, are given. In Sec. III, we treat the
operation of “starring” tableaux for S, to produce the
S,.1 tableaux which are needed in the iterative formula,
and we relate this operation to the ordering schemes.
We also indicate a way of specifying pairs of tableaux
that are needed in the iterative formula. Conjugation
and its relationship to the ordering schemes are dis-
cussed in Sec. IV. In addition, a formula is derived
for the sign function (on tableaux); this is needed for
conjugation. In Sec. V, we describe how the working
triplet may be found, and we give specific instructions
for finding the coefficients of any triplet from those
of the working triplet.

We conclude with the tables., Table I lists the
Clebsch—Gordan coefficients. They are given as deci-
mals. In theory, at least, these coefficients are alge-
braic functions of integers, that is, they may be ob-
tained from integers by taking roots, sums, differences,
products and quotients. However, such expressions
become increasingly complicated as we proceed from
S,.1 to S, by iteration. Thus, it is more practical to
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work with, and express the coefficients, as decimals.

Finally, Table II gives the dimension of each repre-
sentation, the ordinal of its conjugate, and the sign
and psi functions for the tableaux.

The tables are for n=2, ..., 6, with the coefficients
for n =6 relegated to PAPS.?

Il. ORDERING AND SPECIFICATIONS

Frames are described by their row lengths and
tableaux by the sets of numbers giving the rows in which
each of the numerals 1, ..., n appear. We give, in this
section, ordering schemes for the frames and tableaux
(last letter ordering) and describe algorithms for gen-
erating the row lengths and the sets of numbers specify-
ing the tableaux, in order.

We recall that a frame for S, is an array of » boxes,
in rows, each beginning in the same initial column, and
whose lengths form a nonincreasing sequence. If @ de-
notes a frame, we let #,(a) equal the length of its ith
row. Then,

i mi(a) =n, (IL. 1)
=1
and
my(a) = my(a) = -2 my(a) = 0. (11. 2)

We will identify o by the sequence of its row lengths,
that is,

a: (my(@), my(a),...,ma)). (11. 3)

The set of frames for S, may be ordered in the fol-
lowing way. If a and 8 label frames and

mp{a) =m,(B), >k, (@) >y, (B) (II. 4)

for some k, with 1 <kj<n, we say a<B. Then a<f
and B<7 imply a <Y, and for any two frames, « and 8,
either @< B or B< @ or a=4. That is, “<” totally or-
ders the frames for S,.

To each frame corresponds a set of standard tableaux.
A standard tableau, we recall, is obtained from a frame
for S, by inserting each of the numbers 1, ..., into
a box of the frame so that the numbers in each row and
in each column increase. If 7 is a standard tableau,
we identify it with a sequence, that is,

r: (7.1(7’),1'2(7'), LR ,jn(’}’)),
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TABLE I. The Clebsch—Gordan coefficients for the symmetric group. Listed here are the nonzero Clebsch—Gordan coefficients

for the working triplets with nonzero multiplicity, for the orthogonal class of representations of S,, for n=2 through n=5, If a

triplet does not appear, either it is equivalent to a working triplet, or it has zero multiplicity (or both), An unlisted coefficient
for a listed triplet is zero. The rules for obtaining the coefficients for nonworking triplets are given in Sec. V. The table is read
as follows: First the value of » is listed. Then, for each triplet there are four numbers, the ordinals specifying the representa-
tion, ag, &, &', where o labels a summand in the decomposition of the tensor product of ¢ with a’, and, slightly separated from

these three numbers, the multiplicity, Under these four numbers are indices », p and p’, going with, respectively, oy, @ and ¢’

’

followed by the multiplicity index, which labels the occurrence of ¢y The final number is the Clebsch—Gordan coefficient. For
a particular triplet we read across and then down. Note that this table corrects a misprint in Ref, 3, for the multiplicity of the

triplet (3,1%) — (2% x(3,2,1), which, in our notation, is the triplet (4,5,6), See Ref. 1.

S12)
11 1
111 1 1.£€0000
S(3)
11 1
111 1 1.€C0000
12 1
112 1 0.707107 121 1 -0.707t07
2 2 1
111 c.7¢7107 122 1 -0.707107 212 1V  -a.707T107 221 1 -0.707107
S14)
11 1
1111 1.6€0000
1 2 1
113 1 0.577350 122 1 =0.517350 131 1 0.577350
1 3 1
112 1 0.7C7107 121 1 =0.7071C7
2 2 1
123 1 0.707107 13172 1 -0.707107 21 s 1 -0.707107 231 1 0.707107 312 1 0.707107
321 1 -0:.707107
2 2 1
111 1 0.5CC0C0 122 1 -0.500000 132 1 =-0.707107 212 1 -0.500000 221 1 -0.500000
2311 1 0.7¢7107 312 t  -0.707107 321 1 0.707107
2 2 1
111 1 0.408248 112 1 0.577350 123 1 -0.577350 133 1 0.408248 213 1 -0.577350
221 1 0.4C8248 222 1 -0.5717350 232 1 -0.408248 313 1 0.408248 322 1 -0.408248
331 1 -0.816497
3 3 1
1111t 0.707107 122 1 =-0.707107 212 1 -0.707107 221 1 -0.707107
S(5)
11 1
111 1.0€C0C0
L2 1
114 1 0.5C0000 123 1 -0.5000060 132 1 0.500000 141 1 -0.500000
1 3 1
115 1 0.447214 124 1 =N.447214 12y 1 -0.447214 142 1 0.447214 151 1 -0.447214
1 4 1
116 1 0.408248 125 1 -0.408248 136 1 G.408248 143 1 6.408248 152 1 -0.408248
161 1 0.408348
2 2 1
126 1 0.577350 135 1 -0.577250 143 1 €.577350 216 1 ~0.577250 234 1 0.577350
125 1 -8:371338 315 1 0.571350 324 1 =-0.577350 41 1 0:577350 513 1 -0.577350
422 1 6.577330 431 1 -C.577350
2 2 1
111 1 0.149071 112 1 0.210819 114 1 0.365148 123 1 -0.210819 125 1 -0.365148
133 1 0.149071 13§ I -0.51¢6398 143 1 0.577350 213 1 -0:210819 215 1 -0.365148
SRRt ORI 1t O R (11 SR SR I 1t A 5
§3% 1 -0:3d8128 341 1 0.577350 413 1 0.577350 §32 1 -0.577350 231 1 0.577350
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TABLE 1. (Continued).
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6 this table lists the dimensions, ordinals and row lengths of

2 through n =

TABLE II. Functions on the representations, For »

the representations. In addition, it gives the psi and sign functions and the ordinal and j-values of the tableaux. For each value of

the number n and the number of frames (representations} for that », Below we list,

for each representation, its ordinal, its dimension, the ordinal of its conjugate, and, slightly separated from these, its row

7, two numbers are listed on the first line

lengths, Then, for each tableau, there is a line containing its ordinal, the j’s, and the psi function multiplied by the sign function.

(Since the ’s are intrinsically positive, this product gives the sign function.)
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for k

::jk(s);

Ja(®)

L2 ...,

where j,(7) gives the row of » containing # (&

n).

(1. 5)

jko(r) >jk0(s)

We may totally order the tableaux corresponding to a
particular frame. We define “<” for tableaux by saying

r<s if

for some ky with 1 <k <mn.
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Visually, this scheme means that if » lies in a lower
row of » than of s, then » <s. If n lies in the same row
of ¥ and s then the relative order of » and s is deter-
mined by the relative position of » -1, and so on. Our
scheme is that of last letter ordering.

For example, the frame (2,1, 1) of S, gives three
tableaux, listed in order, identified with ordinals:

Ordinal  Tableau Tableau labels (ji, j,, 7a)
1 1]2] 1,1,2,3)
| 3|
4]
2 1[3] (1,2,1,3)
| 2 |
|4 ]
3 174] (1,2,3,1)
2
3]

Note that the position of the numeral 1 in a tableau is
listed first and of », last. This scheme is in contrast
to others which do the listing in the reverse order.

The first tableau of any frame is ordered lexico-
graphically. That is, if we read across the rows, in
turn, we get the numbers 1,2, ..., 7 in order.

The frames are specified by their row lengths; next
we give a method of producing them in the proper or-
der. We construct the frames in stages, according to
the number of rows they are to have. Since, if « has
more rows than 5, a <, we start with the single frame
with » rows, and at each stage we decrease the number
of rows by one. Then, to generate the totality of frames
in order, it suffices to generate them in order at each
stage. The following iterative procedure gives the re-
quired construction at each stage.

To obtain the frames with 2 rows, we use the follow-
ing fact: For any frame of 2 rows the last row has at
most [#/k] boxes where [n/k] is the largest integer less
than or equal to n/k, because all rows of a frame are
at least as long as the last one. For each i:[n/k],
[n/k)-1,...,1, we adjoin a row of length i to the bot-
tom of each frame of S,_;. These frames are taken in
order, skipping only those whose last row has length
smaller than {. We obtain frames for S,, whose last
row, that is, the kth row, has length 7.

Clearly, if two frames with the same number of rows
correspond to different values of 7, the last row length,
then the one with the larger value of { comes first in
the ordering scheme, and is also generated first in our

construction (since the i’s are used in decreasing order).

Two frames with the same number, k, of rows, and the
same last row length, 7/, are ordered according to the
order of the frames given by their first -1 rows,
which is the order for the S,_; frames.

This construction produces every frame for S, ex-
actly once, and in the correct order.

Finally, we note that the lengths, mj(a), of the col-
umns of a frame a are given by

mi(0) =max{i: j < m;(@)}; (11. 6)
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they also form a nonincreasing sequence.

Technically, frames and tableaux are labels. For
simplicity we use the terms “frame” and “equivalence
class,” “tableau, ” and “basis vector” interchangeably.

tH. STARRING

Our method of determining the Clebsch—Gordan co-
efficients uses an iterative procedure, based on the de-
vice of “starring.” If » is a standard tableau correspond-
ing to a frame @, for S,, then deleting from « the box
in which the number » appears in 7, gives a frame
aX(r}, for S,;. We let »* be the tableau, corresponding
to a*(7), obtained by deleting this box from ». Then

ﬂli(a), i#jn(y))

7",-(01*(7)):{ (1. 1)

m; (@) =1, i=j,0).

We must show that this does give a frame for S,,;. I
m,(a)#0, then @: (1,1,...,1) and so m,(a*) =0. Thus
Sidmle*()=n-1. I m(c) =0, it is clear that

T m(a*(#) =n~1. The rows of any frame must be
nonincreasing in length. We thus show that ¢ =j,(v) #n
implies m;(a*(») = m,, (a*(¥)). (This inequality is ob-
vious for other values of i.) Since the numbers in the
rows and columns of 7 increase, the number » must
appear at the end of its row and of its column, so that
we must have m, (@) <m,(@) and so m;,(a) sm;(a) -1
as required.

We note that

r*: G (r*y=7,(r), (111. 2)

for k=i,...,n-1.

We have another means of labeling tableaux, and so
the coefficients, which is based on starring. Each S,
tableau, 7, is labeled by a pair of indices: the frame
{for S,;) to which »* corresponds (given by the row of
v in which » appears), and the ordinal of »*. Running
through the tableaux, in order, for a particular frame
of S,, we obtain a set of S,_; representations, not in
order (which does not matter) and the tableaux of these
representations, in correct order, for each starred
representation.

Selection of tableaux satisfying the conditions in the
iterative formula is facilitated by this labeling scheme.
The conditions are stated in terms of certain pairs of
indices (both of which give a tableau, for the same
frame.)} The condition j,(») =j,(s) amounts to the re-
quirement that the first indices of v and s, in this label-
ing scheme, be the same,.

1V. CONJUGATION

To use the operation of conjugation requires some
facts about the effect of conjugation on the ordering
schemes. We must also describe the sign function in
terms of the tableau labels. We consider these questions
here.

The conjugate, @, of @, is defined by

a: my(a) =m)(a). (v.1)

For a tableau, 7, corresponding to a, we let j,(») be
the column containing #=1, ..., n. The conjugate, 7,
of 7 is then given by
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71 o (7) = i), (1v.2)

Then 7 is a standard tableau corresponding to a.

We observe that the operations of conjugation and
starring commute, in the sense that

() =jx(()*). (Iv.3)

The effect of conjugation on the ordering scheme for
tableaux is to reverse it.

Theovem: H v and s correspond to @ and » <s, then

s <7

Proof: We proceed by induction. For S; the result is
trivial. We take, as our hypotheses:

r<s implies s <7

whenever v and s correspond to the same frame for
S,.1. We must prove the hypothesis holds for S,.

Let v and s correspond to &, with » <s. First sup-
pose j,(¥) > j.(s). Now n can only occupy the last position
in its row, so that j.(») :mjn(,)(a) and j,(s) :mjn(s,(a).
The row lengths of & are nonincreasing so, by (IV.2),

7.7 <j(s) and s < 7.
For the general situation we have

Jer) =5a(s)y ey (1) = iy (s), (1v.4)

for k> k&, some ky<n-1. Starring v and s gives tab-
leaux, corresponding to a*(v) = a*(s) for S,_;, and from
(I11. 2) and {IV.4), we see that »* < s*. We apply the in-
ductive hypothesis and obtain s* <»*, That is,

jk(F) :].k(;;), jkl (V—*) < jkl (q_*)

for k> %y, some k <n-1. Now, from (IV.3) and (IV.2),
Fulr®) =3,((1)*) =, (), and j,(s*) =j,(s) for k<n~1, and
o) :mjn(,,(a) =j(s) by (IV.4). Then (IV. 2) gives

3 =3(9), iy 1) < (9),
for kb, sothat s <7, as required.

For frames, one can show, by inspecting all cases,
that, for n <5, a< 8 implies 8 < . However, no such
relationship holds beyond 5. For S5, we have, for
example,

2,2,1,1,0,00 < (3,1,1,1,0,0) < (2, 2,2, 0,0, 0),
(Iv.5)
but

(3,1,1,1,0,00<(2,2,2,0,0,0) < (2, 2,1,1,0,0).
(1v. 8)

In order to use conjugation we need the sign function
on tableaux. For any frame « there is one tableau, 7,
whose entries are in lexicographic order, that is,

7-0: jk(}VO) S]’)u'l (70), (IV. 7)

k=1,...,n—=1. Then 7, occurs first in the ordering
scheme for the tableaux corresponding to «. If » is any
other tableau of this frame, there is a unique permu-
tation o, ¢ S, transforming » into #;. That is j,_,{(¥)
=jx(vy) and jo_0,(r) =ju(vg), k=1,...,n, which we ab-

breviate as
a,(v) =7,. (1v. 8)
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We define
(Iv.9)
Clearly, A(r)) =1. We find A(»), for any 7, in stages.

A(r) =sign(a,).

Lemma: If » corresponds to @ and 7* is lexicographic,
that is, 7* is the first tableau corresponding to a*(v),
then

A(y) = (< i), (IV. 10)
where
iN= 2, wmya) (IvV.11)

iSip(r)
Proof: Reading across the rows of 7, in turn, gives
the sequence
,...,in=-1,ni»),...,n=1,

since n lies at the end of its row, in ». Then, multi-
plying from right to left, the product of transpositions

(my,m=1)+ ==+ ~(n,i(») + {n, i(r) (Iv.12)

transforms the sequence into 1, 2,...,#, and thus o, is
the product (IV.12). Then o, is a product of # —i(#»)
transpositions so that A(») = (= 1)"#™),

We move on the general case.

Theovem: For any tableau, 7, for S,, and k=2,...,n,
let
v,(¥) =number of &' <k with j,.(») > j,(») (Iv.13)
and
v(r) =27 V(7). (1v. 14)
k=2
Then A(¥) = (- 1)V, (1v. 15)

Proof: First suppose 7* is lexicographic. Then k&
<pn -1 implies v,(#) =0. Thus v(r) =v,(»). Below the
row j,(#) are n - i(¥) boxes and so v,(#) =n —i(»). Using
the lemma gives the desired result in this case.

The theorem is obviously true for S;; we assume, as
an inductive hypothesis,

A@r)=(-1)"",

for S,.;. To prove this for S,, we first suppose that
Fa(¥) = j,(») for each 2 <n. Then v,(») =0 so v(») =

1iv,(#) =v{¥*). Moreover, o,xc S,;CS, and since j,(+)
=j,(ry), 0,x(r) =7, Thus, A(r)=sgn(g,s)=(-1)*""
=(=1)*"; the second equality follows from the induc-
tive hypothesis.

In the general situation, we have 7 corresponding to
a and j,(7) <j,(»), for some k <n. Letting (*), be the
lexicographic tableau for a*(r), we have
Tex (7} = (%), (1v.16)
where o, < S,; CS,. We define »’, corresponding to q,
by
jk(rl) :jk((r*)o)’ jn(y,) :jn(y), (IV- 17)

for k<n-1. Then (»")* is lexicographic, and, from
the first paragraph of the proof,
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A(r) =(= 1),
Also

O, (¥) =" = a71 (%),
and so

(Iv.18)

Gy o Ok (V) = 7.
Therefore,
A(7) =sgn(o,.0,%)
=A()A(r*)
= (= 1w, (Iv. 19)

by (IV.18) and the inductive hypothesis. But

n-1 n-1
virx) :kE v, (r*) :kz_)z v (7)
=2 =

and
v(i#)=n-ilr)=n-i(¥) =v,(r).

Thus (IV. 19) becomes A{») =(= 1), and the proof is
complete.

V. THE WORKING TRIPLET AND ITS USE

Each triplet belongs to an equivalence class and the
coefficients of only one member of this class (the work-
ing triplet) are calculated and listed. The definition of
the classes and the operations for obtaining the other
members are given in Ref. 1 (Sec. VIII). In practice,
these operations need not be carried out as explicitly
as stated there. Instead, we give a procedure for ob-
taining the working triplet, given any other member
of its class, as well as a procedure for construction of
the coefficients of a required triplet from the (listed)
coefficients of the working triplet.

Given a triplet, to find the working triplet of its class,
do the following:

Make a list of six representations, the first three
those of the required triplet listed in the order in which
they appear in the triplet, the last three, the conjugates
of the first three, in the same order. Representations
are referred to by their positions in the table. It is con-
venient to write the table in the form

@y az 013

& a, a.

Count the number of self-conjugate representations in
the given triplet.

Now pick out the smallest of the six representations.
This is the first representation of the working triplet
(tirst “working representation”). Strike out this one and
the one which appears in the same column of the table;
if there are repetitions, it does not matter which, if
any, of the relevant columns is deleted. Of the remain-
ing four representations, pick out the smallest. This
is the second working representation. Strike out its
column. This leaves one of the original three represen-
tations and its conjugate.

Suppose the original triplet contains no self-conjugate
representations. If the first two working representations
were picked from the same row of the table (that is, if
they were both conjugates of the original representations,
or neither were), then the third working representation
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is the remaining representation of the original triplet.
Otherwise, it is the conjugate of the remaining one. If
there are three self-conjugate representations in the
original triplet, the third working representation is the
only one remaining. For the case of one or two self-
conjugate representations, the third working represen-
tation is the minimum of the pair remaining in the
table.

These selections determine the working triplet; how-
ever, we must also specify a chain of operations to con-
struct the required coefficient. We need an additional
specification in the cases of one or two self-conjugate
representations when exactly one of the non-self-con-
jugate representations has been conjugated in arriving
at the working triplet.

For the case of one self-conjugate representation,
we must conjugate its tableaux to construct the required
coefficients. For two self-conjugate representations,
the rule we use is to conjugate the tableaux of the first
one appearing in the working triplet, reading from the
left.

These are the only cases in which we conjugate the
tableaux of a self-conjugate representation.

How do we find the coefficients for an arbitrary
triplet? The first step is to find the working triplet for
its equivalence class. The construction of the coeffi-
cients proceeds, according to the following rules, from
the listed coefficients. We emphasize that conjugation
refers to tableaux as well as to representations. Thus,
we must keep track of conjugation, even for self-
conjugate representations.

1. Write down, in a row, the ordinals of the frames
of the given triplet. Below each put the ordinal of its
conjugate. The result is a two-row, three-column
table.

2. Determine the ordinals of the frames of the work-
ing triplet in accordance with the rules of the previous
discussion. For each frame chosen note whether the
choice came from the first or second row of this table.

3. From each column of the table exactly one entry
has been chosen for the working triplet. Determine
the position of this entry in the working triplet.

4, Write down, in order, the ordinals of the tableaux
labeling the desired coefficient. If a frame ordinal was
chosen from the second row of the table (that is, the
representation was conjugated), replace the correspond-
ing tableau ordinal by the ordinal of the conjugate. This
latter number is obtained by subtracting the original
ordinal from the dimension of the frame, and adding one.

5. Arrange these three resulting numbers. The final
order must be the same as that in which their corre-
sponding frames appear in the working triplet.

6. Look up that coefficient of the working triplet
labeled by the resulting triplet of tableau ordinals,

7. For any frame of the working triplet which was
selected from the second row of the table, write down
the sign function of the corresponding working tableau.
Multiply the coefficient by the product of all of these.
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8. Multiply the number obtained by the square root
of the quotient of the dimension of the first of the three
given frames divided by the dimension of the first frame
of the working triplet. The result is the required
coefficient.

The coefficients obtained here may not be the same as
the coefficients obtained by using the table in Ref. 1,
Sec. VIII.

We list, for S;, the working triplets together with the
members of corresponding equivalence classes. First,
we give the frames for S;, specifying, for each, the
frame ordinal, the corresponding tableaux, and the or-
dinal of the conjugate frame,

Frame ordinal Corresponding tableaux Conjugate

frame
1 T:L ordinal
3
2 r=1 [1]2]; r=2:[1]3] 2
3] 12]

The working triplets, equivalence classes and instruc-
tions for obtaining a member of a class from its work-
ing triplet are as follows (frames are labeled by
ordinals):

Working triplet Equivalent triplets Representations in

equivalent triplet
whose tableaux are

conjugated

L1 1,1,1 ——

13,3 second and third

3,1,3 first and third

3,31 first and second
1,1,2 1,1,2 ———

1,2,1 -

1,2,3 second and third

1,3,2 second and third

2,1,1 —-—-

2,1,3 first and third

2,31 first and second

2,3,3 second and third

3,1,2 first and third

3,2,1 first and second
1,1,2 3,2,3 first and third

3,3,2 first and second
1,1,3 1,1,3 -

1,31 -—--

3,1,1 -—

3,33 first and second
1,2,2 1,2,2 -—--

2,1,2 —--

2,2,1 ---

2,2,3 first and third

2,3,2 first and second

3,2,2 first and second
2,2,2 2,2,2 -——-

We give a specific example of the way in which the
coefficients for a given triplet are found from those of
the working triplet, for the 2, 3, 2 triplet. The working
triplet is the 1, 2, 2 triplet; the multiplicity, m(1, 2, 2)
is one.
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To find the required coefficients, we first note that

(2 /2y g

The sign function, A, on the (only) tableau of the rep-
resentation of the representation of the representation
a=3 is 1 and the sign function on the tableaux of =2
becomes A{1)=+1 and A(2)=-1.

The chain of operations used in arriving at the cor-
responding tableaux for the working triplet may be de-
scribed schematically as

3, 2,2
)‘) },],

2
I (conjugate)

(conjugate)
We thus obtain the following:

Ordinals, p,7,p’,
of corresponding

Ordinals, 7,p,p’,
of tableaux of

Multiply working
coefficient by

2,3,2 tableaux of 1, 2, 2
1,1,1 1,21 V2A(2)=-
1,1,2 1,2,2 VZA(R)=-
2,1,1 1,1,1 V2 A1) = \/_
2,1,2 1,1,2 VZAQ1)=V2

The required coefficients are
C232%(1,1) =~ V2Ch223(2,1) =1,
C232(1,2) = - V2CH3%(2,2) =
C33(1, 1) =v2Cchdi(1,1) =
C¥32(1,2) =V2Ch P21, 2) =1,

where we have used the values of the working coeffi-
cients obtained from Table I, expressed in radical
form, which are

Ch3:2(1,2) =v2/2, C“$32,1)=-V2/2, and
Ch32(1,1) = Ch22(2,2) =0
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We show that a class of diffusion equations, related to superradiant emission, forms a subset of a wider

class of equations which are invariant with respect to some one parameter group of transformations. This
property gives rise to solutions which are invariant with respect to the aforementioned group. In particular
we show that a solution found by L. H. Narducci et al. [Phys. Rev. A 11, 1354 (1975)] for one of these

equations is an invariant solution.

I. INTRODUCTION

Recently Narducci et al. showed!*? that some super-
radiant emission processes can be described by a single
Fokker—Planck equation of the form

fx(1 +x)ul,, +[(1 +NoYul, =u,, x,t>0, (1.1)

where N is a constant and subscripts indicate differen-
tiation with respect to the indicated variables. In the

lowest order approximation Eq. (1.1) reduces to
XUy + (1 = Nx)u, — Nu=u, (1.2)

and it was demonstrated in Ref. 2 that this last equation
admits a solution of the form

ulx,t) =b"1(t) exp(—z), z=xb"'(t), (1.3)
where
b(t) =N~ exp{Nt) - 1]. (1.4)

This solution of Eq. (1.2) is interesting from a physical
point of view as it represents a conservative diffusion
process with a delta function initial conditions.

Lately?® this result was generalized to a wider class of
equations in the form

AWy, + Bx)u, + Clx)u=u,, (1.5)
where the coefficients A, B,C are given by
Alx)=ax™?, Bx)=ps™' +8x, a>0
(1.6)

Clx) =By~ a2 +1)x* + 8y,
and where A, 84, 3, are arbitrary constants,

We note, however, that these results were derived in
Refs. 2 and 3 through analytic techniques. In this paper
we approach this same problem from a group theoreti-
cal point of view and demonstrate that this approach
can contribute a new insight into some of the equations
mentioned above and their solutions. At the same time,

nevertheless, this new approach can be used to solve
other classes of equations of the form (1.5) which might
be relevant to the description of other superradiant
processes under current research,

In Sec. II we consider the general set of equations of
the form (1, 5) and find the constraints that the coeffi-
cients A, B, C have to satisfy for such an equation to be
invariant with respect to a one-parameter group of
transformations. We then exhibit explicitly in Sec, III
some of these classes of invariant equations and show
that Eq. (1.2) as well as Egs. (1.5)—(1.6) for B, =0
belong to this class of equations.

Invariant equations of the form (1.5) are reducible to
an oridnary differential equation in the invariants of the
groups (other reduction techniques are of no relevance
in our context). The solutions of the reduced equations
provide, then, invariant solutions for the respective
original equations. This program is carried out expli-
citly in Sec. IV for those classes of invariant equations
discussed in Sec. III. In particular we show that (1.3)
is an invariant solution of (1.2) and construct a second
one in the same similarity variable.

1. CONDITIONS FOR INVARIANCE

To find out those equations of the form (1.5) which
admit a one-parameter group of transformations we
subject them to a general infinitesimal transformation
of the form

T=x+eX0r,t,u)+0(?),

t=t+eT(x,t,u) +0(), (2.1)

A=u+eUlx,t,u)+0(E),

and require that the original equation remain invariant
to first order for a proper choice of X, T and U. After
a lengthy calculation* we thus obtain;

A@ugz + Bz + C(®)it — iy =[A®)tye + B(xhu, + Co0)u = u,] + e {LAG)U, e + Bx)U, +Cx)U = U,] +u,[A(x)(2U,, - X,,)

+(Uy= X,)B(x) +XB, + X, ] +uy[- AX)T, = Bx)T, = (U, - T )]+ u2[A (x) (U, - 2X,,) = B(x)X,]

oty [~ AX)Tyy + X, = BOT,] - ud AN = du, AGT  +u[A (U, - 2X,,) + XA, ] = 20, A(x) T, = Supu, A (X)X,

=ttty AT, — 2u, 0, AT, + 03T, +uXC,} +O(e?).

To achieve invariance we must nullify the first order
terms. The classical method to achieve this is to re-
quire that after substituting for u, in terms of Eq. (1.5)
each separate coefficient of # and its derivatives be
Zero,
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(2.2)

I This leads, after obvious simplifications, to the
following system of equations:

AU, +BU,+CU-U,=0, (2.3)
XA, +A(T,~2X,)=0, (2.4)
Copyright © 1977 American Institute of Physics 1705



A(ZUxu‘Xxx)+B(x)(Tt—Xx) +XBx+Xt=0) (2.5)
XC,— C(U,~T,) =0, (2.6)
T,=T,=X,=U,,=0. (2.7)

We stress at this point that the classical method pro-
vides only sufficient conditions for invariance of Eq.
(1.5). In fact we could choose to nullify the first order
terms in (2. 2) in any appropriate combination, e.g.,
replacing Eqs. (2.3), (2.6) by a single equation

AU +BU,+CU = U, +[XC, = C(U,~T)u=0. (2.8)

We shall see later on that while there exist no solution
of the classical system which yield Eq. (1.2) we can
recover it (and a whole family of related equations) by
using the nonclassical system.

In the following we do not attempt to solve the classi-
cal or nonclassical system in all generality. In fact we
shall concentrate our attention to some particular fam-
ilies of invariant equation and thus show that Eqs.
(1.2), (1.5)—=(1.6) form a subset of this wider class.

1. INVARIANT EQUATIONS

We start with some general remarks regarding the
analysis of the classical system (2, 3)~—(2. 7).

If we are given an equation of the form (1.5) then
from (2.7) we infer that X, T, and U are of the form.

T=T({), X=X(x,t), U=F(x,tlu+G(x,1). (3.1)

To proceed, we assume, X =a(x)g(f) and use (2.4) to
obtain after separation of variables

alx)(A,/A) - 2a, =~v, (3.2)

T,/gt)=v, (3.3)
where v is a constant. This yields

alx) =AY (/2) [ AV 2dx +E], (3.4)

where k is a constant. Equation (2. 6) then leads to
U=gt)v+(C/Clalx)lu+Glx,1).

Equations (2. 3), (2.5) can now be used to determine
G(x,?) and to check whether the system (2.3)—(2.7) is
consistent with the given functional values of B and

Flx,1).

In this section, however, our approach is different.
We usually choose an appropriate value for U and use
A (or C) as a parameter to determine the possible val-
ues of B and C (or A).

(3.5)

We point out nevertheless that the preceding analysis
will serve for guidance in the following:

Case 1: We assume U =0 and C,# 0 and use the classi-
cal system.

As a result of (3.1) we can put T, =f(t). Equation
(2. 6) then implies

X =-f@)(C/C,). (3.6)
Substitution of (3. 6) in (2. 4) and integration yields
A=n(C?/cY), (3.7

where 7 is a constant, From (2.5) we then obtain after
separation of variables
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F®/f@) =8, (3.8)

cZ<c> cx[ (c
ncx cx xx+—c— 1+ Cx>x]B_Bx:ﬁ.

Thus f(t) =k exp(Bt) and Eq. (3.9) is a linear ordinary
differential equation for B in terms of C and its
derivatives.

Example 1: If C=pux* x#0 then A =nx*? and B = 5x**!
+(8/\)x, where u, 1, 5 and 8 are arbitrary constants.
Thus we find that the family of differential equations
of the form

(3.9)

M, + (8™ + (B/M)x Ju, + potu =u, (3.10)

admits a one-parameter group of transformations in the
form

U=0, X=-kxexp(Bt)/x, T =g"k(exp(Bt)-1)+v,
B,vcR, (3.11)

Remarks: 1. We note that the form of the infinitesi-
mal generator T has been chosen so that the limit 83—~ 0
is meaningful.

k+0,

2. The same set of invariant equations can be obtained
by using the nonclassical system viz. Eqs. (2.4), (2.5),
(2.7), and (2. 8). In this case, however, U can take a
more general form U =ou, where ¢ is an arbitrary con-
stant while X, T remain the same.

3. When 8=0 Eqs. (3.10) coincide with Egqs. (1.5)—
(1.6) with g, =0.

Case 2: We assume C, =0, U=F(x,t)u, and use the
classical system.

From (2.6) it follows that
U,=T,=f(t)

and Eq. (2.3), then yields f =% exp(Ci). Assuming X
=alx)g({t) we can use Egs. (3.3), (3.4) to determine
a(x) and g(t) while (2.5) is a linear differential equation
for B in terms of A, X, and f,

Example 2: If A =x then
alx)=vx +kx!/? (3.12)

where % is a constant. If we put #=0 in (3.12) then we

obtain for B
B{x)=-Cx +p, (3.13)

where p is a constant. Thus the family of invariant
equations obtained in this manner is

(3.14)

Although (3.14) resembles Eq. (1.2) there is still a
sign discrepancy in the coefficient of B(x).

Xty + (5= Cx e, +Cu=u,.

We remark that we could have had adopted a different
approach to this problem with C, =0 by assuming U
=0, From (2. 6) we then obtain T =const and from Eqg.
(2. 4) that X =A'/%f(f). Equation (2.5) then yields after
separation of variables

F10)/f@) =8, (3.15)

1 (Ax)2 1 1 éﬁ .
-2 T+2A""+2BA_B"_B' (3.16)
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For A =x we obtain

B=—28x+5 +kx'/%, (3.17)
Once again we do not recover Eq. (1.2), This and sim-
ilar deliberations lead us to conclude that the classical
system cannot generate a one-parameter group with
respect to which Eq. (1.2) is invariant.

Case 3: We assume that C =const., U =F()u and use
the nonclassical system,

By our assumptions Eq. (2. 8) reduces to

F'(t) =CT,. (3.18)
Assuming X =a(x)g{t), Eq. {2.4) yields Egs. (3.3),
(3.4), and Eq. {2.5) reduces after separation of vari-
ables to

g't)/gt)=8 (3.19)

—A%‘-"—+B fi;‘i +B,=-—

(3.20)
Thus g(t) =k exp(Bt) and hence F(t) = (1/8)[KCv exp(Bt)
+9y], where 8,y are arbitrary constants.

Example 3: If A =x we still obtain Eq. (3.12) but if
we now put 2 =0 and use Eq. (3.20) we obtain

B=@x +6. (3.21)

Thus the family of equations obtained in this manner is

ity + (65— PxYu, + Cu =u,. (3.22)

Equation (1.2) obviously belongs to this family of
equations.

IV. INVARIANTS AND SOLUTIONS

An equation of the form (1.5) which admits a one-
parameter group of transformations characterized by
X, T, and U can be reduced to an ordinary differential
equation through the invariants of this group.

These invariants can be obtained as solutions of the
linear equation?

ol al ol
X5;+T-5+Ué‘;‘-=0. (4.1)
This equation has two independent solutions. The first
has to be used as the independence variable in the re-
duced equation while the second serves as the dependent
variable, The solutions of the reduced equation then
furnishes invariant solutions for the original equation.

In the following we compute explicitly the invariants
and the reduced equations for the families found in
examples 1—3 and thus show the origin of the similarity
variables found in Refs. 2 and 3. Moreover we show
that the solution of (1.2) given by (1.3) is invariant
solution.

Example 1 (continuation): For equations of the form
(3.10) and X, T, and U given by Eq. (3.11) the invari-
ants are

I =C[g R(exp(Bt) = 1) +7], L=u. (4.2)
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Thus to reduce these equations we have to choose z =1I;
as the independent variable and g(z) =, as the depen-
dent one. The reduced equations are then in the form

mM2zlg” + {[x6 + (A - 1) + upy - uklq’ +pg =0,
(4.3)
where primes denote differentiation with respect to z.

These reduced equations can be easily solved by a
power series or in an integral form through Euler
transformation.® We note however that the parameter
¥ in (4. 3) is arbitrary and this gives rise to a family
of invariant solutions for the original equation. This is
a result of the translational invariance in time of Eq.
(1.5).

Remarks: 1. The subclass of Eqs. (1.5)—(1.6) which
are in the form (3.10) is characterized by 8 =8, =0.
Equation (4, 3) is then an Euler equation.®

2. If instead of using the infinitesimals given by Eq.
(3.11) we used those obtained from the nonclassical
system I, will change to

I, =u®[CK exp(Bt)]-!/?,

where ¢ is an arbitrary constant. However the reduced
equations are still similar to Eq. (4.3).

Example 2 (continuation): For equations in the form
(3.14) X, T, and U are given by

X =Kx exp(Ct), T =C"Kexp(Ct)+y],

U =K exp(Ct)u. (4.4)
The invariants are

I =x[K exp(Ct) +¥]™, L, =u/x. (4.5)
The reduced equations are then in the form

22q” +{(5 +2)z - vCz%]q’ + 8¢ =0. (4.6)

Example 3 (continuation): For Eq. (3.19) the infinitesi-
mal transformations are

X =Kux exp(pt),

T =B '[Kv exp(Bt) +7], (4.7)
U =[(KCv exp(Bt)/B) +p]u.
{In the following we put p=0.)
The invariants are
I =x[Kv exp(t) +y]! L =x"C'*u, (4.8)

and the reduced equation is
22" +[(6 +2a)z - Byz*]q’ +[6a + a(a - 1)]lg =0, (4.9)
where @ =C/B. In Eq. (1.2) B=N, C=-N, and §=1.

If we substitute these values in Eq. (4.9) and choose
By =-1 we obtain
2" + (2% =2)q' +¢ =0. (4.10)
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A fundamental system of solutions for this equation is
given by
g1 =zexp(—-2z), ¢,=2zexp(-2z) f z lexplz)dz. (4.11)

Thus two invariant solutions of (1. 2) are uy =x"1g, and
Uy ::x"qz. The solution given by #, coincide with the one
given by Eq. (1.3), while u, is a new solution whose
physical significance has to be explored.
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In this article, a proof was claimed for the proposi-
tion that sufficient conditions for finite polynomials of
grand canonical partition function form, (M)
=Y ,@,(M)Z" to have all zeros on the unit circle | z| =1
are:

(1) symmetry, @,(M)=@q,_ (M),
(2) boundedness by the binomial series, @, (M)s (¥),

The proof given is incorrect. The error is in the
assertion |Q®'1 = N,| |R(k;k +1)| following Eq. (10);
the stated conditions are not sufficiently strong to
guarantee validity of this inequality.

It is instructive to consider the character of counter-
examples. Those which we have been able to construct

either have oscillating coefficients @,(M) (as in 2*

+412z% +1) or sharp jumps in magnitude of some @ (M)
(as in z* + 2% +62° +z +1). Such properties do not violate
conditions (1) or (2) above, but are inconsistent with the
criteria for thermodynamic stability.' A plausible con-
jecture is that the additional conditions required to
guarantee that all zeros lie on the unit circle in the z
plane amount to a certain smooth convexity in the @, (M),
perhaps no more restrictive than that necessary for
thermodynamic stability.

1K, Huang, Statistical Mechanics (Wiley, New York, 1963),
Chap. 8.

Erratum: A C*-algebra formulation of the quantization of
the electromagnetic field [J. Math. Phys. 18, 629 (1977)]

A. L. Carey, J. M. Gaffney, and C. A. Hurst

Department of Mathematical Physics, University of Adelaide, South Australia 5001

(Received 27 April 1977)

The proof of Theorem 3.1 is incorrect as A(N)# A (N)
(cf. Ref, 1). A correct proof is obtained by observing
that 7 is continuous provided its restriction f, say, to
A(T) is continuous. Now the Schrédinger representa-
tion, p, of A (M) provides a faithful representation of
A(T). The direct integral decomposition of p restricted
to A,(N) described in Sec. 3, is a direct integral over
the spectrum % of A (T). As p is faithful, we have A (T)
isomorphic to the C*-algebra of continuous functions,
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C(Z) on T. The map f is an evaluation map on C(Z) and
so0 is continuous in the sup norm on C(Z) and hence is
continuous on &,(7). Thus 7 is continuous. We would
like to thank the referee for pointing out this method of
proof.

13, Manuceau, M. Sirigue, D. Testard, and A, Verbeure,
Commun., Math. Phys. 32, 231—43 (1973).
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given by
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